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Klein and Meijer gave a proof of the minimum entropy production in the steady state based on the 
principles of statistical mechanics, making use of a simple model of a nonequilibrium system. In the first part 
of this paper it is shown how such a proof has to be modified in case we are dealing with particles that obey 
Fermi-Dirac or Bose-Einstein statistics. It is found that the constraint that the total number of particles has 
to be constant does not have to be made. The second part of the paper describes a different generalization, 
vig. to systems in which the total number of particles is variable. Both results will serve as a description for 
models less restrictive than that used in the paper mentioned above. 





I. INTRODUCTION 


STATE in which the entropy production is 

smaller than in any other state that obeys the 
same external contraints is identical with the steady 
state. This minimum principle in irreversible thermo- 
dynamics, originally formulated by Prigogine, has been 
studied by several authors.!? A derivation by the 
methods of classical statistical mechanics has been given 
by Klein and Meijer® for the case of two containers 
filled with an ideal gas which are connected through a 
narrow capillary tube. Each container is kept in contact 
with a heat bath. One has the temperature 7; and the 
other the temperature 7». 

Klein and Meijer showed that in case the relation 
2(T:—T:2)/(T:+T2)<1 is fulfilled, the state steady is 
identical with the state of minimum entropy production ; 
this condition is consistent with Prigogine’s results.‘ 
Klein has applied similar considerations to the Over- 
hauser effect.® 

The criterion of minimum entropy production as ex- 
pressed in terms of statistical mechanics is certainly less 


* This research was supported by the Office of Ordnance Re- 
search, U. S. Army, Durham, North Carolina. 

t Present address: Department of Physics, Catholic University 
of America, Washington D. C. 

1T. Prigogine, Etude Thermodynamique des Phenomenes Irre- 
versibles (Editions Desoer, Liege, 1947), Chap. V. 

2S. R. de Groot, Thermodynamics of Irreversible Processes (North 
Holland Publishing Company, Amsterdam, 1951), Chap. X. 

3M. J. Klein and P. H. E. Meijer, Phys. Rev. 96, 250 (1954). 

4T. Prigogine, Physica 5, 272 (1949). 

5M. J. Klein, Phys. Rev. 98, 1736 (1955). 


practical [compare Eq. (18) in reference 3] than ex- 
pressing the condition for a steady state. The latter is 
the statement that the time derivatives of the occupa- 
tion probabilities of the different levels have to be 
constants, excluding oscillatory systems for the time 
being. However, the study of this relationship may 
reveal possible generalizations of the minimum-entropy 
principle. In order to formulate the proof for a more 
general situation involving, for instance, radiation 
quanta, lattice vibrations, or multicomponent systems, 
two generalizations are necessary. 

The modification for particles obeying Fermi-Dirac or 
Bose-Einstein restrictions,® a situation commonly re- 
ferred to as “quantum statistics,” is given in Sec. II. In 
order to develop the expression for the entropy produc- 
tion, the restriction that the total number of systems is 
constant does not have to be used. One is free either to 
impose or not to impose this condition, giving only a 
slight modification in the later steps of the proof. The 
second possibility is, of course, only realized in case we 
deal with photons. 

In order not to begin with too complicated formulas, 
this section starts by considering a single isolated con- 
tainer, a microcanonical ensemble, then describes a 
single container connected with a heat bath, a micro- 
canonical ensemble. For such a system, minimum 
entropy (or free energy) production implies that the 


® Compare, e.g., E. Schrodinger, Statistical Thermodynamics 
(University Press, Cambridge, 1952), p. 44. 
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system is in thermodynamic equilibrium.’ Finally, the 
case of two coupled containers is considered. As a 
secondary result some attention is paid to the fact that 
the hypothesis employed by Thomsen seems to be 
inadequate in “quantum statistics.” The much nar- 
rower assumption of microscopic reversibility, or its 
equivalent for a canonical ensemble, has to be used. 

The next section, in which the proof of the minimum- 
entropy theorem is developed for a grand canonical 
ensemble, consists of two parts. The first deals again 
with a single system. This means that the container 
which we are considering is connected with a large 
particle supply that tends to keep the number of 
particles near a given equilibrium value. Both systems, 
the container and its supply, are kept at a constant 
temperature by a large heat bath. In the second part of 
this section, two such systems with slightly different 
temperatures and slightly different densities are con- 
nected and the entropy production calculated. 


II. “QUANTUM STATISTICS” 


a. Single System 


The usual derivation of the distribution functions in 
“quantum statistics” starts out by granting Z; levels to 
the energy eigenvalue ¢;. Z; can either be considered as 
the degeneration of a discrete level or as the number of 
levels between €; and ¢;+de; in case the levels are 
continuously distributed. The latter, of course, is the 
case in the statistical mechanics of a many-particle 
system. In spite of this we will use the discrete concept 
because of its simplicity, and assume as usual that the 
results will hold in the other case too.® 

Let us consider first a single isolated system. The 
description of such a system is equivalent to Thomson’s 
proof’ of the second law, but now modified for “quantum 
statistics.”” The equation for the rate of change of the 
occupation numbers, as well as the definition of the 
entropy, have to be modified. The first can be written’ 


dN; 
GLA ileitaN A isN (Zj+aN j)], (I1.1) 
1 


where a=0, 1, —1 represents the Boltzmann, Bose- 
Einstein, and Fermi-Dirac cases. In the first case, A ;;Z; 
stands for the transition probability from the jth level 
to all the z levels, A ;; being the transition probability to 
one of them and Z; the number of them. 

In the Fermi-Dirac case, the number of levels has to 
be replaced by the number of empty levels Z;— N;. In 
the Bose-Einstein case, it is difficult to give a short 
argument that makes the factor Z;+N; plausible. We 
postpone a rigorous analysis until the introduction of a 
temperature bath. 

™Compare J. S. Thompson, Phys. Rev. 91, 1263 (1953), 
theorems 1-3. 

® The matrix elements A;; used here would have continuous 


varying indices and the determination of the minimum would 
need a functional derivative. 
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The definition of the entropy can be written in the 
following form’: 


S/k=InW => [(NitaZ,) In(e+Zi/N,) 


—aZ;\n(Z;/N,)]. (11.2) 


Differentiation with respect to the time gives the 
entropy production 


dS/kdt=>;N {n(a+Z,/N 3) 
+(1—a’)/(1—aN ;/Z;) ]. 


In the case of “quantum statistics” the last term is zero, 
and the restriction that the total number of particles is 
constant does not have to be made at this moment. 
Substitution of (II.1) in (I1.3) expresses dS/dt as a 
function of the V,’s. The minimum entropy production 
is found if the derivatives of this function with respect 
to the N,’s are all equal to zero. If the total number of 
particles is constant an additional term, «(N— 3; Ni) 
should be added to the entropy production. In this case 
all derivatives must equal the Lagrangian multiplier x. 
The terms in the resulting expression will be written out 
in two groups: 


(0/AN,)(S/k)=L'+X"=«, 
L’=-Li In(e+Z,/N)(9/aN)N; 
=> {4-(Z:+aN )—aA iN i] 
N(Z,+aN ,) 
"N(ZetaN) 
LD” =-Xs N«(9/AN,) n(@+Z,/N i) 
=LifAi(Vi/N,)Z, 
—A,Z,(Z;+aN i)/(Z,+aN,)}. 
Under the assumption of microscopic reversibility, 
Air=Ariy (II.5) 
Eqs. (II.4) can be written in the following form: 
N(Z,+aN,) 
"N(ZctaN)’ 
ZitaN; [Ni(Z,+aN,) 
"ZtaN, i 


(IL.3) 


(II.4a) 


(II.4b) 


DL’ =LiArZil (1I.4a’) 





L”=LiA i} (I1.4b’) 


This form enables us to show that 


pi:=N./(Zi+aN ,)=constant for alli (11.6) 


is the unique solution of (II.4). This finally leads 


®D. ter Haar, Elements of Statistical Mechanics (Rinehart and 
Company, New York, 1954), p. 77. 

0 For practical reasons we repeat the arguments: a the 
p’s are unequal. Then there must be at least one which is the 
biggest p»=P and at least one which is the smallest p,= p. In case 
we write down the Eq. (4’) for r=, we find that «<0 because the 
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through (II.2) to the statement that all N, are zero 
(steady state). 

The somewhat broader “A hypothesis” which Thom- 
son, Feller, and Frechet'' used instead of Eq. (II.5), 
v12., 

Di Aw=Li Ais, (I1.5’) 
does not seem to accomplish this result, as A,; in Eq. 
(I1.4b) is multiplied by Z;+aN; inside the summation 
sign. We do not see at present whether such a narrowing 
has any implication as far as physical interpretation 
goes. For Boltzmann statistics the \ hypothesis can be 
maintained by using >>; Ai;Z;=)0; A;:Z; instead of 
(II.5’). 

For a system coupled to a temperature bath the 
relationship 

Aj; exp(—pei)=A ji exp(—we;), (u=1/kT) (II.7) 
for a macrocanonical ensemble has to be used.’ The 
result is that (II.4b) can be written 


ZitaN; 
"ZraN, 
Eaee exp (ue;) 





# = i} (II.4b’’) 
N(Zit+aN ;) exp(uer) 


A second modification, which has to be made, is to take 
into account the entropy exchange between the heat 
bath and our system. The additional entropy produc- 
tion, being 

Sf — AT) LN, 

sums contain only terms which are negative or zero. In case of 
r=s, however, we find x>0, which leads to a contradiction as x is 
independent of r. Because we assumed that the coefficients of the 
logarithm and the square bracket are positive, the restriction 
Z;>N; has to be made. This point is discussed later in the paper. 

1 Reference 7, note 10. 

2 To show the relationship (II.7) as well as the factor Z+aN in 
Eq. (II.1), we take Eq. (A1.706) of ter Haar® and interpret the 
states k and / as applying to a reservoir with Boltzmann distribu- 
tion (a=0) and the states i and 7 as applying to the system in 
consideration, which is either Bose-Einstein or Fermi-Dirac de- 
pending on a. Thus we obtain 

aN; 
dt 


Making the substitutions 
N= BZ, exp(—ye), 
Ni= BZ; exp(—pex), 
we find (II.1), where 
Ay=B 2 A pit;Z1Z, exp(—per), 


= 2 Aiai(NW; Zi(ZitaN ;)—NiNiZi(Zj;+aN ;)}. 


Ajj;=B 2 A pitj;ZnZ1 exp (—pex). 


Under the assumption that energy is conserved in the transition 
processes, €;—€,=€;—€;, (II.7) follows from this result. 
I would like to thank Dr. Callen for this derivation. 


adds another term to >.’, giving 
LD’ =—-Li In[(@+Zi/N i) exp(ues)](0/N,)N; 
=> (Ari(ZitaN )—aA iN] 
N (Z,+aN,) exp(ue:) 
"WV, (Z;-baN i) exp (wer) 





(II.4a’”) 


A different formulation of this step would be to say 
that, for a macrocanonical ensemble, the free-energy 
production has to be minimized. One starts out with the 


equation 


—pF=InW—p Dd: Nie: (11.8) 


and goes through the same procedure. Either way the 
minimum condition for the total (i.e., internal plus 
external) entropy or the free-energy production for a 
macroscopic ensemble is expressed by the following set 
of equations 


eles Z:+aN; pee exp(ues) 
ZrtaN, N,(Z;+aN ;) exp(ue,) 
+> [A-i(ZitaN ))—aA iN i] 
N (Z,+aN,) exp(ue:) 
"V.(Z;+aN) exp(ue,) 





(r=1,2,3--+). (IL9) 





We introduce the quantity 
=(N,/(Z:+aN,) ] exp(ue,), 


and we see that: p;=constant, say \ (for all 7), is a 
possible solution, making the right-hand side of the 
equation equal to zero for every value of r. The result 


(IT.11) 


(11.10) 


Nj/Z;= 1/(A“e#*'— a) 


shows us that A, the so-called absolute activity, has to be 
a positive quantity. We shall restrict ourselves to the 
group of solutions for which p;>0, i.e., Z;—N;>0 in 
the Fermi-Dirac case. Actually this is nothing but the 
convention that only those initial conditions shall be 
given for which Z;> N ;. One sees that the “equations of 
motion” (II.1) are unable to transfer distributions for 
which NV ;(t1:)<Z; into those for which N;(t2)>Z,; and 
reverse. 

We now want to show that our solution is unique. For 
a=( or —1, we may go through the same type of argu- 
ment that unequal p,’s lead to a contradiction. For 
a=1, the proof has to be modified as follows. Equation 
(II.9) can be written as 


K+Ds A ieN « In(pi/fr) 
Zit N; i 

rete (1) 
Z,+aN, pr 


+2 Ayi(Zi+aN ) In(p./P,). 
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For r=b, we have 
K+); Avs In(pi/P) <0, 


with the result that x <0 because the terms in the sum 
on the left hand side are all negative or zero. In the 
same way one can show x>0, and we see again that the 
supposition of unequal 9,’s leads to a contradiction. 

We would like to make again a side remark on the 
necessary condition (II.7). In case of Boltzmann 
statistics it can be shown that 


25 A isZ; exp(—wei)= 205A 5:Z; exp(—ue;) (I1.7’) 


is sufficient, but in F.D. and B.E. statistics this restric- 
tion is too narrow. We did not investigate whether 
(II.7) is a sufficient condition. 

We would like to remark that the quantum statistical 
case is not a modification of the Boltzmann case in the 
sense that the proof can be obtained by a simple trans- 
formation of the proof already given. If one substitutes 
p; instead of N; with the help of (II.6) or (II.10) into 
the equations of motion (II.1) and the entropy defini- 
tion (II.2), the result is neither equal nor analogous to 
the Boltzmann case. 


b. Coupled Systems 


The equations of motion for two coupled systems at 
slightly different temperatures 7; and T> are 


aN é (— ‘ 
dt dt ) internal 


=B:{M(Z;+aN )—N(Xi+aM)} 


=Bi(MZi—N.X)), 
(I1.1’) 


dM; (— ‘) 
dt dt J internal 


= Bi {N(Xit+aM)—M,(Zi+aN,)} 
= Bi(N Xi— M Z)). 
N;, is the number of particles in the ith energy level of 
the first system, M; the same of the second system, Z; 
and X; the degeneracies of the levels in the first and 
second systems, respectively. Minimizing the entropy 


production under the condition that the total number of 
particles is kept constant, leads to 


ZitaN; (pi 
=> An— “z,(~-1) 
ZitaN, \o, 

+ {A ri(ZitaN i) —aA ir} int 
(Z,+aN,)M, 
(X,+aM,)N, 

M, X,+aM, 


+ Bribe ——— 
N, Z,+aN, 


+B,,X, In 


), (1.12) 


PAUL A. ©. 
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and a second set of equations in which Z; is replaced by 
Xj, Ni by M; and A;; by C;;, the internal transition 
probabilities of the second system. The important 
difference between A and C is that in the symmetry 
relationship (7) the temperature T has the value 7, in 
the first case and T: in the second case. We have intro- 
duced as a shorthand 


pi=N; exp(mie,)/(Zi+aN 3), 
qi=M;; exp(ure:)/(XitaM)). 


In order to show the sufficiency of our theorem, we 
first remark that in the steady state (dN ;/dt=dM ;/dt 
= 0) the first group of terms plus the last one equal zero. 
This result is trivial as these terms originate from 


¥ (dN ,/dt)(8/AN,) In(a+Z,/N,) 
=Z,(dN,/dl)/(Z,+aN,)N;. 


We will show that the remaining terms are approxi- 
mately equal to the ones just mentioned, and so their 
sum is also equal to zero, at least in first approximation. 
We make the assumptions that p;=),+pir (and a 
similar equation for g: ¢:=4q,+0 ir), where p and o are 
small compared to p and gq. This is a consequence of our 
considerations in Sec. Ila, in which we showed that the 
equation p;= constant holds for thermodynamic equilib- 
rium, and the fact that our coupled system is near 
equilibrium: 2(7,—T2)/(7:+T2)<1. As a result, we 
find for the second term 


DX i(ZiteaN )Ari{1—a(p,+pir) exp(—mer)} 
XIn(1 +pi-/p,) 
ZitaN ; 


‘ZrtaN, 


at > A Zi (pi/Pr)—1}. 


In order to make the last two terms of (12) equal to 
each other, the assumptions Z,=X, and N,=M,+4, 
have to be made. The result is that all the equations can 
be satisfied with x=0. 

The necessity part of the proof makes use of the same 
considerations to show that (II.12) can be written as 


K(Zit+taN )N i/Z; = 2 (dN ;/dt), 
x(Z;+aM ,)M/Z;= 2(dM,/dt). 


(11.13) 


The sum of all these equations is 
DX f{Nit+M +0(M 2+N ?)/Z}x=0. 


The coefficients of x could only be zero in the Fermi- 
Dirac case, but our restriction to distributions with 
Z;> N; prevents this. So x must be zero, and that implies 
the steady state according to (II.13). 
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Ill. GRAND CANONICAL ENSEMBLE 
A. Single Systems 


In considering a variable number of particles, as for 
instance the case in a thermal-diffusion process, we 
encounter two complications. The first is the fact that a 
state, which in the microcanonical case gets merely a 
label, and which in the macrocanonical ensemble has a 
label that characterizes the energy value, now has to be 
described by at least two indices. One indicates the 
energy value and a second, say a, represents the number 
of particles V, in that state. So most of the sums will be 
double sums, as for instance in the equations of motion, 
which become in the Boltzmann case (dealing only with 
one type of particles) : 


dp ia/dt - s (A 3B, iaP jp— A ta, iBPia), (ITT.1) 
iB 


where fia is the probability that the particle has the 
energy ¢; and is part of a system containing N, particles 
in total. A second point of consideration is the fact that 
the entropy cannot be defined for an undetermined 
number of particles. The number of particles is not, 
however, completely arbitrary because there is a tend- 
ency towards an equilibrium number of particles and 
this tendency should be expressed in our formulas. 

A macrocanonical grand ensemble can be looked upon 
as a part of a bigger ensemble consisting of a large 
number M of repetitions of the original one. The 
(M—1) repetitions form the particle supply that tends 
to keep the number of particles near a given equilibrium 
value. The total number of particles of this large system 
is constant and the probability for finding NV, particles 
in a subdivision is given by W,«)%2, which gives 


InW.=N, |In\+ const. 


We will postulate now that the entropy contribution 
is found by taking the weighted sum over all con- 
figurations, 


AS/k= Dia palnWa=Dia PaNalnd,  (III.2) 
where pa=)vi Pia is the probability for a particular 
configuration. The quantity d is called the activity and 
the symbol v=InA will be introduced. The large supply 
system, which tries to maintain the equilibrium concen- 
tration has been called an activity bath in comparison 
with a temperature bath. This analogy is quite close, as 
kT is equal to the total energy of system plus bath 
divided by the number of copies [compare Appendix of 
reference 3] and the activity is equal to the total 
number of particles divided by the number of copies: 
\=MN/M=N. 

A different way to establish (III.2) is to look for the 
generalization of Eq. (II.8). The quantity to minimize 
for macrocanonical grand ensembles will be Kramers’ 


18 See reference 9, Chap. VI, Sec. 1, 
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grand potential": 
q=InW—p ds Nietr'N. (III.3) 


The use of NV as a label and as the number of particles 
may cause confusion later, and we change to the 
probability notation used in reference 3: 


InW = —D ia N pia In(N pia) 
=—N Dia Pia INPia+const, 
Nia=Npia; N=Lia Piao. 
Now we can rewrite (III.3) as follows: 
9=—N Ya Pia(Inpiatner—vNa); v=v'/N. (II13’) 


The g production or the total entropy production should 
be minimized. The derivative of ¢, using (III.2) is 


Pia 
; ( A 5p, ia —— Ary, ) 
Prp 


Pia exp(ue;—vN a) 


IPrp 





+¥ ia A rp, ia In 


} (IIT.4) 


Pro exp(ue,— vN,) 


We are able to prove the second law along the same 
lines, if we use a relation similar to (II.7),'> viz., 
A ia, jg EXp(— pes +vN a) 

=A jg, ia EXp(—pwejt+vNg), (IIIS) 
the minimum being obtained for a distribution 


Pia exp(ues—vV.)=C, (ITI.6) 
where C is a constant. If we impose the condition that 
Pia, summed over all 7: 


Dd: Pia= pa=C Ye" exp(vN 2) =CZ exp(vN a), 
and over all configurations: 


Pa exp(vV 4) 
> conf po= 2 =CZ >- a —=CZ exp(e’), 
N,! ye Nl 


should be equal to one, the constant in (III.6) is 


1/C=Z exp(N)). 


B. Coupled Systems 


In order to prove the minimum entropy production in 
the steady state for two coupled systems, we will 
proceed along the same lines as in reference 3. The 


“4H. A. Kramers, Collected Scientific Papers (North Holland 
Publishing Company, Amsterdam, 1956), p. 738 [Proc. Acad. Sci. 
Amsterdam 41, 10 (1938) ]. 

16 This relation has also been established by ter Haar, reference 
9, Appendix IT, Eq, (A2.113), 
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equations of motion (III.1) are now 

dp ia/dt=> ja(A 58, af ip— A ia, 58 ia) 
+20 ( Biz, iaQiy—B 

dq ia/dt=¥° jp(C jpiaQ js—C ia, 399 ia) 
+5 1(Biyiabiy— Biaiygia), 


ta ivPia); (ITI.7a) 


(IIT.7b) 


with the difference that the B’s are not entirely diagonal. 
In case of the petit ensemble the 6’s were chosen 
diagonal, accounting for the fact that there would be no 
energy loss or gain during transfer from one vessel to the 
other. With regard to the second index, however, the 
situation is such that the initial state in the other 
container may have a different number of particles. 
Also Bjaiy= Biyia will be assumed, which means that 
there are no other “forces” besides temperature gradient 
and activity difference. 

The entropy production is, apart from the terms for 
each separate system, mentioned in (III.3’): 


(S, /k)— (S/k) system es (S/k) system II 
= pe ce as (Ingiy— InP ia) Bia, iyP ia 
+L ay(Inpiy— 


A(S/k)= 


Ingia) Bia, ivgia], (TII.8) 


and extra terms in the derivative due to the coupling 


are 
-1) 


+Z,B 


4 qry 


AS 
—) =D Bron 
k p 


OPrp 


ry 


Qry 
rpry in—, 


(IIL.9) 


ry 


and the same type of expression for q,->. 

The assumptions that the temperatures and »; and v2 
are nearly the same, and that both systems are nearly in 
equilibrium, lead to the equations 


Pia exp(urei— NV 2) 





=1+>ie,js,  (I11.10a) 


pis exp(ure;— iN 8) 


Jia Exp(w2€i— v2N a) 





=1+¢%0,;s, (III.10b) 


qi8 €Xp(u2€;— v2N 8) 


qr/Pr=1+6,. (IIT.10c) 


Under these restrictions, it is possible to rewrite the 
equations of motion (III.7) for the steady state (that is 
the state in which all time derivatives are zero) in the 
form 


pis exp(ur€;— 71g) 
Die A iaja In 


i aes 





=-—),B 


ta iy | 


Pia exp(ures +71 a) 


yn 


E. 
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Substituting this and (III.9) into the conditions for 
minimum entropy production 


88/8p,,=x; 9S/dq,,=«, 


we find that these are satisfied for all r and p with x=0. 

The proof of the reverse, i.e., given the state of 
minimum entropy production then the state will be 
steady, can also be given along the same lines. 


C. Entropy Production 


Finally we will determine the amount of entropy 
produced in this state. With the help of (III.8) and the 
time derivative of (III.3’), we find 


S ike —-NV> ia Dia InpiatGia Ingia 
+ (uie:— ¥1N a) (Pia)int 


+ (w2€i— voN a) (Gia)int ], (ITT.11) 


where (Pia)int is given by (III.1) and (Gia)int by an 
equation similar to (III.1). Substituting the steady- 
state conditions pia=0, Gi2z=0, gives with the help 
of (III.7) 


S/R=N ¥ ial (urei—viNa) dy B 
+ (u2ei—v2Na)>, B 


An interpretation of this equation can be given, if we 
make some restrictions on the B’s. It is clear that 
(III.12) now is the generalization of a well-known 
thermodynamical expression for the entropy pro- 
duction"*: 

S=W grad(1/T)—J grad(g/T)= © JiX;,. 


i=1 ,2 


Pia) 
a). (111.12) 


iyia (Qiy— 


ivia(Piy—Q 


(111.13) 


Suppose B ja, :y=5ayC, where C is independent of 7 or a; 
we find 


S/k=B > ia(NQiati—N P in€:) (ui— ue) 
ez: B Z ta (qiaVa— PiaN a) (v;'— v2’) 
= BL(@1— (82 ](ui— m2) 


—BU(N):—(N)2](v1’— v2’). (11.14) 


In case we use the picture of two containers connected 
with a narrow tube, B can be considered a transition 
probability per unit area and B(e,—é2) can be inter- 
preted as an energy current W (flux J;). In the same 
way the coefficient of v;’— v2’ can be read as a particle 
current J (flux J2). The “forces” or affinities X; and X 
are grad(1/T) and grad(g/T) after multiplication of 
(III.14) with the Boltzmann constant. (g=kTyv’ is the 
thermal potential.) 


1% K. G. Denbigh, The Thermodynamics of the Steady State 
(Methuen and Company, Ltd., London, 1951), p. 57. 
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Starting from the Boltzmann transport equation, a formula is derived for the rate of change of electron 
density in a gas plasma. With its aid a study is made of the oscillations of electron density (about the 
steady state value) in a discharge confined between parallel plates. The oscillations are described in terms 
of a set of normal modes characteristic of the plasma under study. An expression is obtained for the im- 
pedance of the discharge as a function of frequency: for the one case calculated in detail, this formula gives 
a resonance in power absorption at a frequency of 0.7 of the plasma resonance frequency corresponding 


to the central electron density. 





i. 


ECENTLY several papers' have been published 

dealing with the electrical properties of gas plasmas. 
In all cases, however, important assumptions (such as 
neglect of diffusion or assumption of ambipolar condi- 
tions) were made in order to treat the behavior of the 
discharge. The necessity for such simplifications comes 
about because of the complexity of the basic plasma 
equations, which are highly nonlinear and hard to 
solve under even the best of circumstances. In the 
present work a different point of view will be adopted: 
It will be assumed from the start that the fields which 
are used to probe the plasma are small and that, in 
consequence, any fluctuations induced in the plasma 
density or other properties of the plasma will also be 
small. The equations of motion then become linear 
and, in this limit, can be solved exactly. Thus, this 
approach permits one to take account of effects that 
have been neglected in previous treatments. In addition, 
this point of view has an important conceptual advan- 
tage. It turns out that the solutions of the linearized 
equations can conveniently be expressed in terms of a 
set of normal modes that are characteristic of the 
discharge in question. These normal modes are anal- 
ogous to those of a mechanical system so that, in the 
small-signal limit at least, the behavior of the discharge 
can be thought of in terms which are familiar from other 
branches of physics. 

In performing actual calculations of the properties 
of a plasma, attention will be restricted to the case of a 
discharge between parallel plates. This geometry, 
which is about the simplest realizable experimentally, 
has the great advantage over others that the plasma 
density, space charge, etc., within it vary in only one 
dimension. Furthermore, in certain cases, at least, its 
steady state properties are well understood. In par- 
ticular, Allis and Rose? have made a thorough investi- 
gation of the behavior of a discharge between parallel 
plates in an atmosphere of hydrogen gas. Their work 
includes detailed calculations of the ion and electron 


1 E. Everhart and S. C. Brown, Phys. Rev. 76, 839 (1949). W. 
O. Schumann, Z. Naturforsch. 4a, 486 (1949); 5a, 181 (1950). 
2 W. P. Allis and D. J. Rose, Phys. Rev. 93, 84 (1954). 


densities and space-charge fields within such a plasma. 
Extensive use of these results will be made in the suc- 
ceeding development; the computations for the one 
case to be worked out in detail will be directly based 
upon the Allis-Rose work. The numerical results of this 
paper will thus only be applicable to a hydrogen plasma 
such as they studied. However, the problem will be 
formulated and solved in a general enough way to 
provide considerable qualitative insight into the be- 
havior of gas plasmas in general. 

The first step in the treatment of the plasma reso- 
nance problem is the derivation of equations of motion 
describing the dynamics of an ionized gas. This develop- 
ment, which proceeds from the fundamental transport 
equation, will be presented and discussed in the follow- 
ing section. Succeeding sections of the paper will then 
be concerned with the solution and application of these 
basic formulas. The latter, as was mentioned earlier, 
will be treated by assuming that any disturbances of the 
plasma are small fluctuations about the steady-state 
densities and fields (these are the quantities calculated 
by Allis and Rose for the case of Hz). The equations of 
motion then become linear and can be solved by 
standard techniques. In this way one arrives at a small- 
signal theory of plasma resonance, valid when the 
perturbing fields giving rise to the excitation are small 
compared to those normally present in the plasma. 

In the final section of the paper a particular dis- 
charge, which is among those investigated by Allis and 
Rose, is studied in detail. This application is made with 
an experiment in mind and includes a calculation of the 
impedance of the discharge. The frequency variation 
of this quantity reveals possible oscillatory modes of 
the plasma: in the example treated, there is a resonance 
in power absorption whose width and frequency are 
determined in terms of the steady state properties of 
the discharge. 


IL. 


The transport equation,’ from which equations 
describing the plasma oscillations of an ionized gas 
will be derived, is 

OF /dt=C—V,--VF+9,- (eE/m)F. (1) 
2 D. J. Rose and S. C. Brown, Phys. Rev. 98, 310 (1955). 
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Here F is the distribution function of electrons in 
velocity and configuration space, C represents the 
effects of collisions on F, V, and ¥, are the gradient 
operators in configuration and velocity space, and 
v, m, and e are the velocity, mass, and charge of the 
electron. Besides this equation there should also, in 
principle, be a similar one describing the motion of 
positive ions. However, for perturbing fields of high 
enough frequency the large inertia (compared to 
electrons) of the ions prevents them from moving 
appreciably, and the major part of any disturbance in 
charge distribution is due to electron motion. It will be 
assumed in subsequent work that all perturbing fields 
are of this high-frequency type so that the positive-ion 
distribution, although not constant in space, is station- 
ary in time. For frequencies of interest as far as plasma 
resonance is concerned, this approximation is quite 
accurate. 

The first step in the treatment of Eq. (1) is the ex- 
pansion of the distribution function, F, into spherical 
harmonics in velocity space 


F=Fo+v-F,/o+--:. (2) 


Higher harmonics in this series can safely be neglected 
under a fairly wide range of conditions.‘ Within these 
limitations, the equations determining Fy and F;, are 


OF v 
—+ (vet+u;—9)Fo= —-V--F, 
ot 3 


2¢E F, 


1 cE OF, 


+----— +0, (3) 
v 3m ov 


oF; 


eE OF y 
—+u,F,= 
at 


—W Pet —. (4) 


m Ov 


Here v,, vz, and v; are the collision frequencies of an 
electron for momentum transfer, excitation, and ioniza- 
tion, respectively. Co represents the effect of elastic 
collisions on Fo,' and the quantity gFo is the rate of 
appearance of new electrons at low energies as a result 
of excitation and ionization. As Rose and Brown’ point 
out, these equations may be integrated over velocity 
space to yield formulas which determine the spatial 
variation of electron density. The result of performing 
this operation on Eq. (3) is 


-[= —Vv -F dv. (5) 


where JN is the electron density and (v,;)N, the total 
ionization rate, is defined in reference 3. The latter, 
however, is usually small and will be dropped from 


ON NV 
vs (vs) N= 
at 


*S. C. Brown and A. D. MacDonald, Phys. Rev. 76, 1629 
(1949). 

5 An explicit form for Co is given in the paper of Rose and 
Brown (reference 3). 
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subsequent equations. Differentiating Eq. (5) gives 


aN 4a of oF, 
—=--- f vv ,-—d». (6) 
or 3 + dt 


Substituting for dF,/dt from Eq. (4), one obtains the 
result 


ON 4r f* 4r * 
—=— Pee Fdot— f vV 2Fodv 
3 5 


oF 3 
4dr - cE OF 
foe (ea. 09 
3 vo m Ov 


For hydrogen v, is approximately constant so 


4r 7” 4m. f* 
— f Pov Fdo=— f Y—,°Fydv 
3 a5 3 0 


=—v,0N /dt. (8) 


Using this expression in Eq. (12) and integrating the 
last term by parts yields 


aN aN eEN 
=f = —'V 2Paietv.-(— ). (9) 
m 


a"; 

oF 
Finally, if one assumes that the average energy of 
the electrons is constant throughout the plasma the 
term fo” (4/3)mv'V,*Fodv may be written in the form 
3(v*)V2N. This condition is substantially satisfied in the 
types of plasma of interest for the present work. 
Equation (9) then takes the form 


fN ON (r*) eEN 
=—VN+Vr° (—). 
3 m 


sine om 
of ot 

This formula is the one which will be used to discuss 

the dynamics of electron motion in the plasma.® 


III. 


The exact solution of Eq. (10) is made exceedingly 
difficult by the fact that its last term is nonlinear. For 
this reason, a perturbation theory approach will be 
adopted and N and £ will be expanded in the form 


N=NO4NO4..., 
E=E®4E®4+..., 


(10) 


(11) 


with the basic assumption that VN“ and E® are 


“6 The author is grateful to D. J. Rose for suggesting the method 
used to derive Eq. (10). A formula similar to (10), but without 
ps diffusion term, $(v*)V2N, may be derived in a very simple 

y by eliminating the current, J, between Newton’s law, 
m (dv /di+ vev) = (m/eN) (d3/di+v.J) )=eE, and the continuity 
equation, V-J+0(Ne)/di=0. It has been used to discuss the 
reflection of radio waves from meteor trails [T. R. Kaiser and 
R. L. Closs, Phil. Mag. 43, 1 (1952); R. E. B. Makinson om 
D. M. Slade, Australian J. Phys. 7, 268 (1954) ]. For the ah 
plasmas investigated by Allis and Rose, however, the diffusion 
term is comparable in size to others appearing in the equation 
and cannot be neglected. 
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small. The functions VN and E® are the steady- 
state electron density and field in the plasma. They are 
known, for the case of the hydrogen discharge, through 
the work of Allis and Rose. V™ and E™, on the other 
hand, represent small amplitude fluctuations about 
the steady values caused by small external fields applied 
across the plates which confine the plasma. The first- 
order equation relating VN“) and E® may be obtained 
in a straightforward way from Eq. (10). For the 
particular geometry under consideration here the func- 
tions V, E®, N®, and E® depend only upon a 
single variable, x, which is the distance coordinate 
measured normal to the parallel plates. Because of 
this fact Eq. (10) reduces, for a harmonic applied field 
of frequency, w, to the ordinary differential equation 
(?) PN® 
(—w*+twu,) VN © =— 
3 

dfeEYN® eEON® 

ny 


c. 4 » os 
dx mM m 





Since it has been assumed that the perturbing fields 
vary too rapidly to alter the positive ion distribution, 
the only fluctuation in charge density is that due to 
changes in electron density. Thus, E® and NV are 
also related through Poisson’s equation, 


dE” /de= —4reN, (13) 


The boundary conditions which apply to this density 
fluctuation are the same as those which hold for V; 
namely, that V should vanish on the walls of the 
tube containing the plasma. 

Equation (12), as it stands, is an integro-differential 
equation for V™ since E®, which appears in the last 
term of the formula, is related to NV through Eq. (13). 
However, by integrating the whole equation (the 
integral being from « to d minus that from —d to x) 
and making use of the boundary conditions on V“ 
and N“), one arrives at a simple differential equation 


for E®; 
1 (2?) PE® 
LEY —G]=— 
: 3 dx 


cE dE® 


m dx 





4eEeNOE® (2%) PE (d) PE®(—d) 
| + | (14) 


m 6 dx? dx? 


Here 9 is used as an abbreviation for the quantity 
w'—iw, and G=4no is the field due to the surface 
charge, a, on the plates that confine the discharge. 

To solve Eq. (14), consider first the eigenvalue 
problem 


(*) PE; eE dE; 4reN© 
putes 8 ale inte 


+ E;+w7E;=0, 
3 dx? m ax m 





(15) 
dE; 
—(+d)=0. 
dx 
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The functions, Z;, that satisfy these equations form 
a complete, orthonormal set on the interval (—d, d); 
consequently, the solution of Eq. (15) can be written 
as a sum of the form 


EY =) BiE;. (16) 


Letting 
(v? 


) 
— © BLE ()+E,"(-d)) 


Byw? 
= > “7 A+B -O< K, (17) 


one obtains 
> 5 (w7P—0) 8 ;Ej= K-OG. (18) 


From this equation, a formula for 8; may be obtained 
in the usual way by multiplying by WE; (W is the 
weighting function for the eigenfunctions, £;) and 
integrating from «= —d to x=+d. The result is 


aj 
6;=———_(K--°6), 


(w ? iat ) 


d 
a;= f WE, dx, 
d 


(19) 


(20) 
and 
D ja;E;=1 (21) 


for —d<x<d. Combining these equations, one obtains 
finally the result 


aE; a E;(d)+E,(—d 
E=G x|——|/z| LEA) +E;( “I (22) 
7 wP—-O? 7 2(w?—2) 





This formula represents the solution of the plasma 
oscillation problem for a harmonic exciting field; its 
implications will be discussed in connection with an 
example to be treated in the next section. 


IV. 


In the preceding section, a formal solution was ob- 
tained to the plasma oscillation problem for the par- 
ticular geometry of a discharge confined between 
parallel plates. Unfortunately, however, the result 
[Eq. (22) ] is rather complicated in nature and does not 
lend itself readily to physical intuition. The present 
section, therefore, will be devoted to a detailed examina- 
tion of this solution for a particular discharge. The 
results of this investigation will, it is hoped, illustrate 
the nature of the formulas and give some feeling for the 
behavior of the sort of plasma being studied here. 

The first step in the evaluation of Eq. (22) is the 
calculation of the eigenfunctions, E;, from Eq. (15). 
For this purpose one must know E® and N which 
are the space-charge field and electron density in the 
unperturbed plasma. In the example to be considered 
here, these quantities were taken from the work of 

















x=0 x=d 


Fic. 1. Electron density (n) and field (H) as functions of position 
for the steady-state hydrogen plasma. 


Allis and Rose. Curves of H and (these are dimen- 
sionless variables, proportional to E® and N®, 
defined by Allis and Rose) are illustrated in Fig. 1. 
For a tube with plate separation of 1 cm and D_/p_=2 
volts, the value of » at «=0 corresponds to an electron 
density of ~5X10’ cm. Having chosen the various 
coefficients which appear in Eq. (15), one is then in a 
position to compute the £;’s. This was done with the aid 
of a differential analyzer. Since only even eigen- 
functions (with respect to the transformation «——~) 
play a role in determining E“, the differential equation 
(15) was integrated from x=0 to x=d with the bound- 
ary conditions 


dE 


oF dE; 
(0) =——(d) =0. (23) 
dx dx 


Figure 2 illustrates the first few eigenfunctions obtained 
in this way. The corresponding eigenvalues, w/, and 


expansion coefficients, a;, are listed below, values of 
w/ being given in terms of the plasma frequency 


w2=4reN (0)/m, 


which is the natural unit of frequency appearing in 
the problem. 

w7*/w;* a; 

2.13 

0.441 


0.085 
0.0066 


Eigenfunction 


1 0.056 
2 0.91 
3 1.47 
4 2.58 


As this table shows, the values of a; fall off rapidly 
with increasing j—so rapidly, as a matter of fact, that 
only the first two of them are large enough to make an 
appreciable contribution to E“. This situation, which 
arises from the oscillatory nature of the eigenfunctions 
for large 7 values, has here been shown to occur for a 
particular discharge. Other plasmas will, undoubtedly, 
behave somewhat differently but one would anticipate 
that for them, as for the present case, the expansion 
coefficients, a;, would fall off with increasing 7. These 
facts suggest that the field, E®’, can often be repre- 
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sented by the formula 
pag | /[eS on 


+ 
or—-Y  wP—? 





wr— w2—? 


(24) 


For frequencies low compared to w, (or w2) the terms in 
this formula involving E, are small and E“ goes to 
the limit 

E%~GE,(x)/E;(d). (25) 


Thus, as can be seen from the graph of Z, in Fig. 2, the 
main effect of the plasma at these low frequencies is to 
screen out the external electric field and prevent it 
from penetrating into the center of the tube. Qualita- 
tively speaking, one would expect the depth of penetra- 
tion to be of the order of the Debye length which, in 
our example, is about } the tube size if one uses for 
the electron density the value of NV at «=0. This 
figure is in approximate agreement with the value one 
would deduce from the shape of F). 

In the high-frequency limit (w>>w,), the formula for 
E® takes the form 


Ew a) 
la aE; (d)+a2F2(d) : 


which, because of Eq. (21), reduces to E =G. At high 
frequencies, therefore, an external field penetrates into 
the plasma without loss of intensity. 

The intermediate region where w~w: is more com- 
plicated and will now be considered in detail. For this 
purpose it is useful to have a formula expressing the 
impedance of the plasma (with its associated capacity 
due to the parallel plates) in terms of the a;’s and E,’s. 
This quantity is also of particular interest from the 
experimental point of view, since it could well be 
measured for the sort of plasma under consideration 
here and thus afford an experimental check of the 
theory. The impedance of the plasma is given by the 


ratio 
(27) 





(26) 


Z=V/j, 





ae ee ae ome 
~. 
a 
\ E2 














i 


Fic, 2. Eigenfunctions of hydrogen plasma. 
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where V is the voltage across the plates and 7 the 
current in the external circuit. The current 7 is made 
up of two parts; a current due to motion of electrons in 
the gas, and a second part representing charge piling 
up on the surfaces of the plates. Thus, one may write 


j = jplasma (d) +o 


(28) 
= Jplasma (d) + (iG /4:re). 


The quantity jpiasma, Which is the current carried by 
electrons moving in the gas, may be evaluated by 
multiplying Eq. (4) by 4rv*/3 and integrating over 
velocity space. The result (for harmonic time de- 
pendence) is 


o 4rv® : Jplasma 

(iwtv.) f ——F ,dv= — (tw +v,)——— 
0 3 é 

(v*) eEN 


= ——¥,N-—. 


m 
The first-order terms from this equation are 


ee ane | = 


4rre (iwtuc) 
cE dE® 4rPNOE® 
y acperal ————} (30) 





3. 


m ax m 
Therefore, from Eq. (15), 


jplasma? —1 1 


= —_ ——__—_ (-#@"-6 
e€ dre (iw+v,) 


(c?) PE (d) 
+— — ). (31) 


3 dx? 
At the wall, 


jplasma? —1 1 (v*) PE (d) 
e o dre (iwtv,) 3 
RK a;E;(d) 
“eceab/aCS) 
4re (iw+uc) i \w?—-O? 


(33) 


(32) 


and the total current therefore is 


ajE;(d) 


1 G 
j---—— / , (34) 
4m (iwtv.)/ i (w?—2?) 


The voltage, on the other hand, is given by 


d 


y=2f E™ (x)dx 
0 


-or(.) /z(=2). 


6 


+ 
Uc /Wp = 0.5, 


eh) 


0 0.1 a2 03 OA OS O06 O7 0.8 O9 10 
W/Wp 


Fic. 3. Real part of admittance vs frequency. 


where 


(36) 


d 
i= 2a; f E;(«)dx. 
0 


The final result for the impedance per unit plate area 
is the rather simple relation 


s V ' Yi 
Z=—=4aint+v)E( —). (37) 
Wj 


j i 2—(? 


In the high-frequency limit, this formula approaches 
the value 


(38) 


which is the impedance, per unit area, of a parallel 
plate condenser with plate separation of 2d. This, of 
course, is just the result one would expect from the 
earlier discussion of the behavior of the plasma for 
WW p. 

For the particular example discussed earlier in this 
section, only the first two terms in the sum in Eq. (37) 
are of importance. The y; values upon which this 
conclusion is based are 


1=0.48, y2=0.38, y:=0.01. 


The impedance of this plasma, as well as that of others 
whose y values fall off sufficiently rapidly with increas- 
ing j, can therefore be expressed in the form 


¥1 72 
Z=4n(iwt+v-) (- —— + “). 


wr—-Y? we—1? 


(39) 


Values of the real and complex parts of the admittance 
(Y=1/Z) calculated from this formula, using the 
7; and w;* values tabulated above, are plotted in Figs. 
3 and 4 for two values of v./w,y. The most striking 
feature of these graphs is the resonance in the real part 
of Y (which measures power adsorption) at a frequency 
of about 0.7w,. This is an effect which should be 
measurable, and whose observation would provide 
strong confirmation of the theory developed here. The 
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Fic. 4. Imaginary part of admittance vs frequency. 


presence of this resonance can be fairly well understood 
from the physical point of view. In the present example 
(where ‘3, ys, etc., are negligible) the behavior of the 
plasma is characterized by the degree of excitation of 
the two modes, E; and £;. In particular, for values of 
w* between w;’ and w;” the two modes are excited 180° 
out of phase with respect to one another. Under these 
circumstances, the voltage across the tube is low since 
the field £, is opposed to E2; for the appropriate choice 
of w* the potentials due to the two modes can be made 
to almost cancel. Thus there is a certain frequency at 
which, to achieve a given degree of excitation of the 
plasma, only a small voltage is required across the tube. 
At this point, the impedance of the discharge is low and 
the power adsorption goes through a maximum as 
shown in Figs. 3 and 4. 

In addition to the total power absorption, whose 
variation with frequency is illustrated in Fig. 3, it is 
also of interest to investigate where in the plasma the 
absorption takes place. The power absorbed per unit 
volume is given by the formula 


P(x)=} Re[j™ (x)E™ (x)], (40) 


which may be evaluated by substituting for 7“ and 
E® the expressions given in Eqs. (22) and (30). In 
the low- and high-frequency limits, P(«) assumes simple 
forms which are of particular interest. For w—0 the 
current density is constant [this statement, which is 
evident from the continuity equation, may also be 
verified by substituting Eq. (22) into (30) ] and P(x) 
is proportional to E“’, which equals £; at low fre- 
quencies. Thus, for small w, power is absorbed near the 
walls of the tube in a layer of plasma whose thickness 
is about equal to the Debye length. For high frequencies 
(w>w,), on the other hand, the field E“ is constant 
throughout the tube and the current density, j“(x), 
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as may be seen from Eq. (30), varies proportional to 
N(x). In this case, therefore, the major part of the 
power absorption occurs near the center of the tube 
where the steady-state electron density has its largest 
value. These results are quite general in nature and 
should apply to a wide variety of plasmas. For inter- 
mediate frequencies, however, the power absorption 
distribution depends upon the details of the plasma 
density and could vary considerably from case to case. 
In the particular discharge under consideration here, 
P(x) changes smoothly, as one increases the frequency, 
from a function peaked at the walls, through a distribu- 
tion which is approximately constant across the tube 
to the high-frequency limit in which it is proportional 
to N(x). 


¥. 


The previous discussion of the properties of gas 
plasmas has laid emphasis on a particular example 
whose characteristics were investigated in detail. It is 
clear, however, that the sort of analysis presented there 
could be applied, almost without change, to other 
plasmas of that type. In particular, the notion that a 
confined discharge has a set of normal modes, such as 
the £,’s discussed in Secs. III and IV, seems a fairly 
general one. It might be expected, therefore, that the 
electrical behavior of a plasma could usually be repre- 
sented by a formula of the general type of Eq. (37). 
Furthermore, whenever the excitation is caused by a 
constant electric field, as in the example discussed 
above, the 7; values should fall off quite quickly with 
increasing 7. The impedance would then be given by 
a formula like Eq. (39) and the frequency dependence 
of the admittance would be like that shown in Figs. 3 
and 4. On the other hand, if excitation of the plasma 
were carried out in some other way (such, for example, 
as by electron bombardment), one might excite higher 
modes of the plasma and thus observe characteristic 
frequencies quite different from those that manifest 
themselves in the sort of experiments discussed above. 
The plasma problem for the case of particle bombard- 
ment is, however, much more difficult than for field 
excitation, and its solution will not be attempted here. 

In conclusion, the author would like to express his 
thanks to D. J. Rose, who, by discussion and suggestion, 
has contributed greatly to the solution of the problems 
treated in this paper. Thanks are also due R. W. 
Hamming who assisted with the machine computations 
to determine the £;’s. 
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The statistical thermodynamics underlying the distribution of cations over the tetrahedral and octahedral 
sites in ferrospinels is developed. The temperature dependence of the distribution law is analyzed by in- 
voking the Debye approximation for the vibrational spectrum. The resultant equations permit the internal 
energy terms of interest to be deduced from measurements of magnetic moment and specific heats of various 


quenched samples. 





1. INTRODUCTION 


HE distribution of cations within a ferrospinel 

lattice is related to the functional dependence of 

the thermodynamic internal energy on ionic configura- 

tion. Study of this internal energy function, theoreti- 

cally and experimentally, is significant for the following 
reasons. 

First, the parameters which are computed in the 
fundamental theories of magnetic oxides are exchange 
interaction energies, covalent bonding energies, and 
other such contributions to the internal energy func- 
tion. In order to confront such theories with experi- 
mental data, one must develop the theory of the rela- 
tionship between the energy function and the observed 
macroscopic properties. 

Second, empirical evaluation of the internal energy 
for a variety of different cations in the spinel structure 
would permit us to replace certain qualitative rules of 
ferrite synthesis by quantitative data. Chiefly useful 
among such qualitative rules are the lists of relative 
preferences of various cations for octahedral or tetra- 
hedral sites, as given by Verwey and Heilman,! Gorter,’ 
and Greenwald, Pickart, and Grannis.’ 

Third, the practical problem of understanding the 
role of heat treatment and quench temperature in the 
preparation of ferrites with desired magnetic char- 
acteristics depends upon the thermodynamics of the 
ionic distribution. 

A highly simplified treatment of the thermodynamics 
of cation distributions in spinels has been given by 
Néel* and by Smart.’ These authors treat only the 
permutational contribution to the entropy explicitly, 
representing all other contributions to the free energy 
in a single term of unspecified temperature dependence. 
The resulting equation can be used for the interpretation 
of experimental data only by the arbitrary assignment 


*This work was supported in part by the Office of Naval 
Research. 

1E. J. W. Verwey and E. L. Heilman, J. Chem. Phys. 15, 175 
(1947). 

2 E. W. Gorter, Phillips Research Repts. 9, 295 (1954). 
3 Greenwald, Pickart, and Grannis, J. Chem. Phys. 22, 1597 
1954 


‘L. Néel, Compt. rend. 230, 190 (1950). 
5 J. S. Smart, Phys. Rev. 94, 847 (1954). 


of some specific temperature dependence to this term. 
Nevertheless the Néel-Smart work has been of great 
heuristic value in guiding preliminary investigations, 
and it has been used in correlation of experimental data 
by Pauthenet and Bochirol,* by Sakamoto, Asahi, and 
Miyahara,’ and by Callen, Harrison, and Kriessman.*® 
In order to permit interpretation of the more detailed 
recent experimental investigations, we attempt, in this 
paper, to develop a fully explicit thermodynamic 
analysis of the distribution of cations in ferrospinels. 

In the second portion of this paper we introduce the 
Debye model for the lattice vibrations and the Ma- 
delung model for the ionic binding in order to evaluate 
particular terms in the general thermodynamic formula. 
Other terms remain, as yet, unevaluated. A complete 
treatment in terms of adequate models presumably 
awaits the insight to be gained from a series of experi- 
mental investigations such as that described in the 
following paper. 


2. FORMAL THERMODYNAMIC SOLUTION 


We consider the case of a mixed ferrite, of com- 
position X,Y,Fe:O.4, where 


x+y=1, (1) 


and where X and Y denote appropriate divalent cations. 
Let & be the fraction of X ions on tetrahedral sites and 
let be the fraction of Y ions on tetrahedral sites. Then, 
denoting tetrahedrally situated ions by enclosure in 
parentheses, and octahedrally situated ions by enclosure 
in square brackets, a distribution may be characterized 
by the formula 


(Xe2V wy Fe:_¢2~-w) LX a—g2¥ any Feisg2+-qy JO«. 


We assume throughout that the distribution of the ions 
within the tetrahedral sites is completely random, and 
similarly within the octahedral sites. We thereby ex- 


®R. Pauthenet and L. Bochirol, J. phys. radium 12, 249 (1951). 
as Asahi, and Miyahara, J. Phys. Soc. Japan 8, 677 

§ Callen, Harrison, and Kriessman, Conference on Magnetism 
and Magnetic Materials, June 14-16, 1955, Pittsburgh, Pennsyl- 
vania. Published by the American Institute of Electrical Engi- 
neers, October, 1955. 
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clude systems exhibiting such phenomena as the low 
temperature ordering in magnetite® or the octahedral 
site ordering in Li,FeyO,.” 

We assume that the ferrite is prepared by a suddeh 
quench from some “soak temperature” T, at whicn 
temperature it is presumed to be in equilibrium. The 
ionic distribution corresponding to equilibrium at tem- 
perature T is “frozen” in by the quench, and it is this 
distribution which we wish to compute. 

The spinel structure is a structure with a crystal- 
lographic parameter and is determined by specifying 
the lattice constant, a, and the “oxygen parameter,” u. 
In place of u it is sometimes the practice to introduce a 
parameter 6, defined as w—0.375, and this is the choice 
which we shall make. The significance of the parameter 
6 may be appreciated by noting that the distance from 
a tetrahedral site to the four surrounding oxygen ions is 
(v3/8)a(1+88), and the distance from an octahedral site 
to the six surrounding oxygen ions is }a(1—85+488)!. 

At the soak temperature T the system comes to 
equilibrium by simultaneous adjustment of four pa- 
rameters ; the lattice parameter a, the oxygen parameter 
6, and the two parameters ¢ and 7 which specify the 
ionic distribution. The four parameters are closely 
coupled, and all four must be considered in the analysis 
of the ionic distribution problem. 

To set up the thermodynamics of the problem, we 
note that the thermodynamic extensive parameter 
corresponding to the lattice constant is the volume. 
We have, in fact, 

V=3NNae’, (2) 


where JN is the mole number, V4 is Avogadro’s number, 
and the number 8 enters because there are 8 “molecules” 
per unit cell. 

Introducing the molar volume 


v= V/N=4N a0’, (3) 
the molar internal energy 
u=U/N, (4) 
and the molar entropy 
s=S/N, (5) 


we can now write the thermodynamic fundamental 
relation in the form 
u= u(s,v,6,é,n). (6) 


Whereas s and » are conventional thermodynamic 
parameters, with associated intensive parameters de- 
fined by 

T=0u/ds, (7) 
and 
— P=0u/d, (8) 


ee Haayman, and Romeijn, J. Chem. Phys. 18, 1032 
(1947). 


#” P. B. Braun, Nature 170, 1123 (1952). 
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the remaining three parameters 6, ¢, and 7 are so-called 
“quasi-thermodynamic parameters.” That is, the corre- 
sponding, formally defined, intensive parameters cannot 
take any values other than zero in equilibrium: 


— P;=0u/05=0, (9) 

— P;=du/dt=0, (10) 

— P,=0u/dn=0. (11) 

As we are interested in the equilibrium values of 
and , established in an open system, we follow the 
standard recipe of introducing a “free energy” or 
“thermodynamic potential,” which is the Legendre 


transform of u with respect to the remaining parameters. 
We thus define a function u* as 

Ou Ou Ou 

u* = u—s——v——5— 

Os dv 06 


=u—Ts+Pv+ P36. 


(12) 


(13) 


The potential u* is a proper function of the variables 7’, 
P, P; (=0), &, and »; that is, of T, P, &, and ». If we 
put P;=0 in Eq. (13), the definition of u* becomes 
similar to that of the common Gibbs function, and u* 
may therefore be thought of as the Gibbs function 
minimized with respect to 6. 

The formal solution of the problem is now that u* 
is minimum with respect to £ and », at constant T, P, 
and P;(=0). 

(14) 


(15) 


au*/at=0, 
du*/dn=0. 
3. FORM OF THE FUNCTION u* 


To proceed further than the formal solutions (14) 
and (15), it is necessary to ascertain at least some in- 
formation about the explicit form of the potential *. 
We return to the fundamental relation in the form 


s=5(u,v,6,E,n), (16) 
for which our intuition is most direct. Any information 
which may be obtained concerning the form of this 
equation can be translated into information relative to 
u* by inverting Eq. (16) to the form (6), and then 
carrying out the triple egendre transformation in- 
dicated in Eq. (12). 

There are two contributions to the entropy of the 
ferrite, which we denote by so and s;: 


S=SotS1. (17) 
The entropy 5; is a function of — and 7 only, and arises 
from the fact that many different permutations of the 
ions correspond to a given pair of values of & and 7». 
The entropy so is analogous to the entropy of any solid 
of definite configuration: it arises essentially from the 
possibility of distributing the energy over the vibra- 
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tional modes in many different ways. Thus So is the 
“normal” entropy, and s; is the “permutational” en- 
tropy, which embodies the unique features of our 
problem. 

The permutational entropy may be computed simply 
and directly. The system contains NN, tetrahedral 
sites, of which txN N44 are occupied by X ions, nyNN« 
by Y ions, and (i—t—ny)NNa« by Fe ions. The 
number of permutations of these ions is} 


(NN 4)! 
(teNN 4) !(nyNN 4) ![(1—éx—ny)NN 4]! 





(18) 


Similarly, the system contains 2VN 4 octahedral sites, 
of which (1—£)xNN4 are occupied by X ions, (1—7) 
XyNNa« by Y ions, and (1+éx«+ny)NN« by Fe ions. 
The number of permutations of these ions is 


(2NN4)! 
C(1—é)xNN 4 )!C(1—n)yNNal![(it+éet+ny)NN 4] : - 





The number of ionic permutations of the whole system 
is the product of these numbers, and the permutational 
entropy consequently is 
$1= (k/N) In(NN a) !— (&/N) 
XIn{ («NN 4) !\(nyNN 4) ![(1—&«e—ny)NN 4 !} 
+ (k/N) In(2NN 4)!—(k/N) In{( (1-8) «NN 4)! 
X[(1—n)yN Na]! (1+ ée+ny) NN 4]!}. 


Invoking the Stirling approximation this becomes 
si= —R In[ét*(1—£) 9-829 (1-9) O-99 


x (1- tx—ny) (fea) (1+ tx+ny) (+getay) gryy ], 


(20) 


(21) 


The “normal” entropy so depends upon the spectrum 
of the vibrational energy eigenvalues and upon the 
amount of energy mu available for distribution among 
those modes. We shall assume that the spectrum is 
characterized by one or more parameters analogous to 
the Debye temperature, and we denote these parameters 
collectively by the symbol ©. Then we have some defi- 
nite functional relation of the form 


So= So(uo,®), (22) 
and 


0=0 (0,5,£,n) ‘ 


Now the energy m is only the vibrational energy 
and is but one of a number of contributions to the total 
internal energy u. Other contributions are the Madelung 
energy uy, the covalent bonding energy u,, the Born 
repulsive energy us, and the magnetic exchange energy 
ug. In those particular cases in which the quench tem- 
peratures of interest are far above the magnetic Curie 
temperature, the contribution of the magnetic exchange 
energy uz vanishes, but wg must be included in the 


(23) 
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general case. We thus write 
u=Uotuutuetupt Use uot th, 
and Eq. (22) becomes 


(24) 


So= So(u— 4,0). (25) 


Finally, our fundamental thermodynamic relation is 
S=Si+50(u—m1,9), (26) 


where 5; is given explicitly by Eq. (21). 

According to the procedure previously outlined, we 
must invert this equation so as to solve for u in terms of 
s, and we must then perform our Legendre transforma- 
tion. Inverting Eq. (26) gives 


u=U+u9(s— 51,9), (27) 
and 


u=U1+Uo(s— 51,0) — Ts+ Pvt P36. (28) 


Inserting Eq. (28) into Eq. (14) and carrying out the 
indicated differentiation at constant T, P, P;, and n: 


00 
80 0€ 
Os 


—T—+P. “+P =0, 
et, ee 


ou* _ om 


0(s—5}) Oug 
arg re 
aE aE ae 


a0 
(29) 


00 av 


OS; OU, OUp 
T—=—+ ) —+ P— 
dE JE AOS a dE dé 


35 
+P. >. OR 
dg 


The fact that Ps is zero by Eq. (9), and the explicit 
value for s; given in Eq. (21), now permit us to write 
this equation in the form 


£(1+£x-+ny) 
(1—£)(1—&«—ny) 


1 Ou; Oug 00 
ool afte), 
xRT 0k 00 80 dt 





wf 


and similarly 
n(1+-éx-+ny) 
(1—n)(1—tx—ny) 


—1 Ou, 
-exp| [+ 
yRTL dn 





OUy 00 

) +P] . (32) 
18) 80 On On 

In these equations the partial differentiations are to 
be carried out at constant 7, P, Ps, and either € or 7. 
The right-hand members of Eqs. (31) and (32) are to 
be considered as functions of 7, P, £, and 7. Elimination 
of the variables s, v, and 6 in favor of T, P, and P; (=0) 
is to be done by solution of the following three equa- 
tions [obtained by substituting (27) into (7), (8) and 
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(9)]: 


Ou OUug 
T= —| = — ’ 
Osdy, 8, &, 9 OS So, 6, 9 


Ou Ou, 
n Pa] =<] + 
Ov s,8,89 Ov 8&9 
Oug 


Ou Ou, 00 
sro) SS 
0545, 0, & 9 05 Jv, &, 9 GO Iso 05 Jy, Be 


Our solutions (31) and (32) can be written in another 
form of interest. Consider the quantity 0u/d£)7,p.p,5.9 
which appears in Eq. (31). We may expand this 
derivative as follows, noting that m, is a function only 
of v, 5, €, and 7: 


) Ov 
OE Sr pps. Ov ds¢,,0EI17,P, Pan 
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(33) 


Oug =] 
00 80 Ov 8, &, . 


(34) 


(35) 


Ou, 


~) 06 Ou; 


uri; ae +=] . (36) 

06 Jo,¢,,9EIST.P.Pan OE dy, 8, » 
Expanding the derivative 00/d€]r.p.p3.. in Eq. (31) 
in precisely the same fashion, and employing Eqs. 
(33)-(35), finally permits us to write Eq. (31) in the 
alternative form 


: (1+é+ny) 
(1—£)(1—&&—ny) 


—1 (=| 4 
xp —— — 
xRT dé v, 8,9 


and similarly for Eq. (32): 
n(i+éx-+ny) 
(1—n)(1—&«—ny) 


—(~] dup] JO (38) 
~o(gaC]RLELII « 
yRT On », 6, 380 39 On v, 8, 


Although the partial derivatives in the right-hand 
members are now carried out at constant v and 6 instead 
of T, P, and P;, the resultant quantities are still to be 
considered as functions of T, P, ¢, and . As before, the 
variables s, v, and 6 are to be eliminated by solution of 
Eqs. (33)-(35). 

The forms of the distribution laws (31)-(32) and 
(37)—(38) differ in the variables to be held constant 
during differentiation and in the appearance in the 
former equations of an additional term Pdv/dt. A 
frequent approximation adopted in solid-state theories 
is to put the pressure equal to zero; few solid properties 
are particularly sensitive to the magnitude of the pres- 
sure in the low-pressure range. We therefore see that to 





=¢ 


weleatl.) © 
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this degree of approximation the solutions (31)—(32) 
and (37)-(38) become identical in form, and it is 
immaterial which set of variables is held constant in 
the indicated differentiations. 

We note in passing that the derivative (0u/00)s0, 
which appears in the solutions, may be interpreted as 
the work absorbed in an adiabatic quasistatic process 
which alters the vibrational spectrum by a unit change 
in 9. 

We have now carried the solution as far as possible 
without the introduction of specific models. In the 
second part of this paper we introduce certain simple 
models in order to evaluate the quantities appearing in 
the right-hand members of our general distribution laws. 


4. DEBYE SPECTRUM 


Equations (37) and (38) are quite general and, being 
thermodynamic in nature, are independent of any 
model. In order to apply the solutions to particular 
cases one must either evaluate the partial derivatives in 
the right-hand members from some independent experi- 
ments, or one must compute them from specific models. 
We therefore turn our attention to a simple model. 

An immediate simplification of Eqs. (37) and (38) 
follows if we assume that the entropy is, in particular, 
a function only of the ratio u/@, rather than a function 
of both m and © separately as in Eq. (22). 


So= f(uo/ 9). 


If the vibrational spectrum of the crystal is approxi- 
mated by a Debye spectrum, Eq. (39) is true. This 
may be shown by taking the conventional Debye equa- 
tion for uo as a function of 7, computing so as a function 
of T by integration of ds)=duo/T, and elimination of T 
between the two equations. Although the algebra 
cannot easily be carried out explicitly, it is a simple 
matter at least to show that Eq. (39) is valid. The 
only feature of the Debye model which we shall actually 
employ is Eq. (39), so that our result may reasonably 
be expected to be valid independently of the more 
detailed and precise aspects of the Debye theory. 

Differentiating Eq. (39) with respect to © at con- 
stant so gives 


(39) 


OuUg uo 
| wi, (40) 
00 80) 2) 

At the high temperatures of interest to us T is generally 
greater than @/k, and mu may be approximated suff- 
ciently accurately by its equipartition value 


ug™21 RT. (41) 
Thus, in Eqs. (37) and (38) the derivative may be 


replaced, to a reasonable approximation, by 


1 du 21 
——]} =—. (42) 
RT AO} © 
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This approximation has significant consequences with 
respect to the form of the distribution law, and with 
respect to its temperature dependence. We first con- 
sider the form of the solution. From (37)-(38) and 
(42) we have 


&(1+éx+ny) 
(1—&)(1—&&x—ny) 
=exp 





—1 Ou, 


xRTL dt 


0 InO 
RT] , (43) 
dg 


n(1+éx+ny) 
(1—n)(1—&«x—ny) 
—1 Ou, 


dln@ 
= exp {—— —+21RT-—||, (44) 
yRTL dn on 





and, by (34)-(35), the variables » and 6 are to be 
eliminated in favor of T and P by solution of the two 
equations 


Ou, 
-P-—| +21RT (45) 
Ov btn 


ri) =] 
Ov 8, &, J 


Ou, din® 
0-—] +21rT——| : 
06 v,t9 06 v,&n 


Inspection of the above set of equations indicates that a 
considerable simplification has been achieved in that 
only two auxiliary equations [(45) and (46)] rather 
than three are necessary. This simplification arose as 
follows. The right-hand members of Eqs. (37)-—(38) 
were functions initially of s, », and 6, for which variables 
the alternate set, T, P, and Ps (=0) were to be replaced 
via the three auxiliary Eqs. (33)-(35). However, the 
variable s could appear only through the derivative 
Auo/9 }s. Our approximation (42) based on the Debye 
spectrum, was such that 0/00 ]so did not, in fact, 
involve s. The right-hand members of (37)—(38) thereby 
became functions of v and 6 only, rather than of s, 2, 
and 6. To eliminate the two variables » and 6 requires 
only the two auxiliary equations (45) and (46). 


(46) 


5. TEMPERATURE DEPENDENCE OF THE 
DISTRIBUTION 


As mentioned previously, the Debye approximation 
simplifies both the form of the distribution law, as in 
Eqs. (43)-(46), and the temperature dependence. We 
now consider the latter problem. For simplicity we shall 
invoke the additional approximation that the pressure 
vanishes. In this case the partial derivatives in Eqs. 
(43)—(44) may be interpreted as being at constant T 
rather than at constant v and 4, as noted at the end of 
Sec. 3. 

We consider the temperature dependence of the 
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square brackets in Eq. (43); that is, of the quantity 


ri) ~] 
0g T, “ 


Differentiating with respect to T 


(47) 


of a] du d1n® 
-—| +21R 
— OT J, 9 T..9 0& T..9 


0 din® 
+21RT—] - . (48) 
OT J; O& Ir, 


Interchanging the order of differentiation, we may write 
this equation as 


] _ {~ "| od sal | 
— =— — — oh nee 
oT &n dé TT.” ov 5, t,0L tn 06 v, & OT Je, 


0 
+21RT—] 
T.9 OES7, 4 


d1n0 Ov fa 
girl ee 
ov 3,¢,991 Je» vt 0 OT Jey 


We now introduce Eqs. (45) and (46), with P= 
These equations lead to the cancellation of the first and 
third terms above, leaving simply 


0d 1In@ 
+21R—] 
dg 


of dIn® 
| =1R 
oT ao 0g 


The second derivative of f is 


af a7 ane 
2] mone 
oT? 0 oT ta” dg T..9 


and again inverting the order of differentiation, 


vf “] 


(50) 


(51) 


=21R 
oT? ho dé 


dIn® 
|. (52) 


neat 


Now the very essence of the Debye theory depends 
upon the insensitivity of the dependence of © on T. 
Although in principle @ may depend upon 7, the usual 
treatment of specific heat and many other properties 
is based upon the assumption that © is independent of 
T. The success of such theories encourages us to 
believe at least that the quantity (52) is very small. 
In order to exhibit the temperature dependence of f 
directly we utilize the evident identity 


T 
H(T)=f(To) + f f(Tar’, (53) 
TO 
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which, with Eqs. (47) and (50) can be put in the form 


Ou; dinO 
f(T)=— +21RT——| 
0é Sro.n 0— Ito 
dIn® 
4+21R Le —| - 
s, 


Ou, 
f(t)=—| 
0 
where 


T 
«(T,£,n; To)=21R f [In@(7’)—In@(Tx) dT’. (56) 
To 


_9@ In@ 
lar’, (54) 
» oO 


d1in@ de 
+21RT——| +] (55) 
dé To." T.9 


d§ 


Tom 


The quantity ¢ is very small in accordance with our 
discussion of the temperature insensitivity of 0. By 
choosing the reference temperature T) close to the 
temperatures of interest, «(7,¢,n; To) may be made 
even smaller. We believe, however, that even with the 
very convenient choice of T)>=0, the quantity e will be 
negligibly small. 

We may now rewrite Eqs. (43) and (44) as 





&(1+é«¢+ny) —1 (~) 
=exp _——— 
(1—£&)(1—&«x—ny) #RT \ d€ S70.n 


dinO@ de 
+21RT——| +] )}. (57) 
OE Iron O€lr, 
ol (os be 
yRT T0,€ 


éin@ de 
+2RT——| +2] . (58) 
On J7o.¢ Ondine 


In order to relate the distribution equations as 
directly as possible to experimentally observable quan- 
tities we note that the lattice contribution to the 
specific heat, in the vicinity of T;0, is of the form 


n(1+éx+ny) 
(1—9)(1—fe—9y) 





¢, =const(T)/0)', (59) 


whence 


d1n9 1 0 Inc, 
=| --;—|, 
T0,t 


On Ir. 3 On 


and we thus obtain 





E(1-+é-+ny) | pa (**) 
=e __Fi-— 
(1—O(i—te—ay)  LaRTN ag Sos 


8 Inc, de 
et] tal Db 
OE Iron DEI7,, 
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n(i+é«+ny) —1 (rh 
=e 
To,t 


(1—n)(1—ke—ny) = 


These equations are to be coupled with Eqs. (45) and 
(46) with P put equal to zero, to predict the ionic 
distribution. 

6. MADELUNG ENERGY 


The distribution law as expressed in Eqs. (61)—(62) 
and (45)—(46) is as explicit as it can be made without 
entering into the detailed atomistic theory of the various 
contributions to the energy. However, one of these 
contributions, and very probably the most important 
of them has been treated by Verwey, de Boer, and 
van Santen." This contribution is the Madelung energy, 
or the Coulomb interaction energy of the ionic charges. 
Verwey, de Boer, and van Santen have computed 
arithmetically the Madelung energy for a range of 
values of 6 and of the ionic charges. Their numerical 
results can be fitted by the following analytic expression : 
Uy= an: (Nue/a) 

X {[139.8—10.84(3— &x—ny)+2.61(3—tx—ny)*] 

+[1463.2—461.4(3—éx—ny) 

—3.6(3—tx—ny)*]5}. (63) 
The quantity (3—«—ny) which enters this expression 
has the significance of the average charge of a tetra- 
hedrally situated ion, as can be checked easily if we 
recall that both X and Y are assumed to be doubly 
charged, and Fe triply charged. 

Evaluation of the other energy contributions to ™ 
and of the functional dependence of the specific 
heat c,“ require further theoretical or experimental 
investigations. 

CONCLUSION 

In Eqs. (61)—(62), (45)-(46) we have derived the 
distribution law for the cations in a ferrospinel. The 
temperature dependence of the distribution law has 
been evaluated by means of the Debye approximation 
for the vibrational spectrum. The only portion of the 
temperature dependence which cannot be explicitly 
evaluated has been isolated, in Eqs. (61)-(62), in a 
small and presumably negligible quantity. The dis- 
tribution law thereby is put in a form which permits 
interpretation of experimental data. 

The distribution law contains the nonthermal por- 
tion of the thermodynamic internal energy. Although 
the dominant contribution (the Madelung energy) may 
be treated theoretically, the remaining terms are, as 
yet, unanalyzed. The distribution law which we have 
derived consequently provides a method of experi- 
mental study of these contributions to the internal 
energy. 


11 Verwey, de Boer, and van Santen, J. Chem. Phys. 16, 1091 
(1948) ; 18, 1032 (1950). 
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The saturation magnetization as a function of quench temperature is measured for the ferrite system 
Mg,Mni-,Fe20,. From these data the ionic distribution of Mg ions is evaluated and compared to the 
theoretical thermodynamic analysis developed in the preceding paper. The interesting quantity du/dn, 
where 1:; is the nonthermal energy and 7 is the fraction of Mg ions on A sites, can be evaluated from the 
data only if the variation of the Debye temperature with 7 can be neglected. If this assumption is made, 
then it is found that 4u,/dy is linearly dependent on 7. The lattice constant has also been determined as a 


function of quench temperature. 





INTRODUCTION 


N the preceding paper,! the thermodynamic relation- 
ship between the ionic distributions and the 
nonthermal portion of the internal energy function 
has been developed. The motivation of that study was 
to permit empirical observations on cation distributions 
to be interpreted in terms of the energy function. In 
this paper we present the results of an experimental 
study of cation distributions in the mixed magnesium- 
manganese ferrite system, which may be represented 
by the chemical formula 


Mg, Mnx_, Fes Ou. (1) 


The corresponding ionic distribution may be de- 
scribed by the enclosure of tetrahedrally-situated ions 
in parentheses, and of octahedrally-situated ions in 
brackets as follows: 


(Mgqy Mnga—y Ferga—y—ny) 
[Mga-ny Mng—pa—y Ferusa—+ny)- (2) 


In this formula, is the fraction of Mg ions on A sites 
and ¢ is the fraction of Mn ions on A sites. 

In the analysis of the experimental data, we have 
used the recent result obtained from neutron diffraction 
that ¢ 0.80 for manganese ferrite? and for the 
magnesium-manganese* compounds. Previously it had 
been thought that manganese ferrite was inverse. 

The distribution parameter, , is determined by 
measuring the saturation magnetization. In MgFe2O,, 
for example, since the magnetic moments of the ions 
on A and on B sites are aligned antiparallel by the 
negative AB interaction, the saturation magnetization 
in Bohr magnetons (yo) is given by 


wo= 10h. (3) 


For a sample perfectly annealed at absolute zero, 
n=0, but as the temperature is raised, Mg ions are 


* Supported in part by the Office of Nava] Research. 

1 Callen, Harrison, and Kriessman, Phys. Rev. 103, 851 (1956) 
preceding paper. This paper will be referred to as I. 

2L. Corliss and J. Hastings (private communication). 

3 Nathans, Pickart, Harrison, and Kriessman (unpublished 
work). 


thermally excited to A sites, and if the sample is 
rapidly quenched, these ions are “frozen” on A sites. 

The pattern of our experiments is to quench samples 
of fixed y from various quench temperatures 7, and 
to observe the resultant values of ». The empirical 
data, which are of the form 


n=n(T;y), 


T= T(n i) 


are then to be compared to the theoretical distribution 
function derived in paper I. 

The only previous detailed empirical study of distri- 
butions as a function of quench temperature is the 
work of Pauthenet and Bochirol* on pure MgFe.O,. 
They found that their data were consistent with a 
distribution of the form 


n(1+n)/(1-n)? =e, (6) 


where @ is a constant and equal to 1200°K. This result 
is somewhat surprising since comparison with Eqs. 
(44) and (24) of I [or (9) of this paper] indicate that 
the quentity @ includes distribution-sensitive compo- 
nents such as the Madelung energy, and consequently 
should itself depend on the distribution. One obvious 
experimental handicap lies in the inherent difficulty in 
achieving true equilibrium conditions. For example, 
quite divergent values of uo for MgFe.O, have been 
reported in the literature for similar quench tempera- 
tures, as shown in Table I. These discrepancies may be 
due to the relatively low sintering temperatures used 
for the highly refractory MgFe.O, and also the rate of 


TABLE I. Previous values of uo in Bohr magnetons for quenched 
samples of MgFe20,. 








Te@(°C) Mo 


1100 
1200 
1250 





1.6* 
2.2” 
1.4° 








* Sakamoto, Asahi, and Miyahara, J. Phys. Soc. Japan 8, 677 (1953). 
» See reference 4. 
¢ E, W. Gorter, Phillips Research Repts. 9, 321 (1954). 


4R. Pauthenet and L. Bochirol, J. phys. radium 12, 249 (1951). 
857 





J. KRIESSMAN AND S. 





pO in Bohr Magnetons 








iL =" iL ; = ai. 
200 400 600 800 1000 1200 1400 
Quench Temperature in °C 





°'200 .¢) 


Fic. 1. Experimental values of the magnetic moment 
as a function of quench temperature. 


quenching. We have, therefore, used higher sintering 
temperatures in our study and have taken special 
care to quench rapidly. 


EXPERIMENTAL 


The compounds Mg,Mn,_,Fe,0, for y=1.00, 0.90, 
0.75, 0.50, 0.25, 0.10, and 0 were prepared from cp 
MgO, MnO,, and Fe,O; by standard ceramic techniques. 
The mixtures were presintered twice at 1200°C for 
24 hours and then finally sintered in air at 1400°C for 
24 hours. Samples were quenched in water from 1400°C 
and from temperatures at 100 degree intervals down to 
400°C ; they were held at each quench temperature for 
at least ‘three hours to achieve equilibrium. Many 
samples were held for longer times at various quench 
temperatures to check the achievement of equilibrium. 

The magnetic measurements were made by a torsion 
method similar to that developed by Buehl and Wulff® 
and by Folen.* Samples in the form of very small 
spheres weighing 2 to 4 mg are placed in an inhomo- 
geneous magnetic field. The resulting force on the 
sample, which is proportional to the product of the 
magnetization and the mass, is measured by bringing 
the sample back to a null position. The system is 
calibrated by a pure nickel standard. 

Magnetization data taken as a function of tempera- 
ture are extrapolated from liquid nitrogen temperature 
to absolute zero using the formula’ 


o=09(1—aT"), (7) 


where o is the magnetization per gram. For MnFe.2O,, 
n=%, while for the other compounds »=2 has been 
found to fit the data. 

More than 200 samples were measured in this study. 
Although the experimental method is accurate to +1%, 


5 R. Buehl and J. Wulff, Rev. Sci. Instr. 9, 224 (1938). 
*V. J. Folen (private communication). 
7R. Pauthenet, Ann. phys. 7, 710 (1952). 
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measurements on different samples (quenched at the 
same temperature) may differ by as much as +3%. 
This is attributed to the difficulty of obtaining complete 
homogeneity in these sintered and rapidly quenched 
materials. 

Chemical analyses indicate that the nominal chemical 
composition is correct within the limits of the analyses. 
The samples were examined by x-rays for the appearance 
of a second phase which might occur at the lower 
quench temperatures. No second phases appeared at 
any quench temperature for y>0.5. Second phases 
did appear for the following values of y at quench 
temperatures below those specified: for y=0.50, below 
700°C; for y=0.25, below 900°C; and for y=0.10 
below 1000°C. 

The magnetic moments determined at each quench 
temperature are shown in Fig. 1. Because of the 
appearance of a second phase, data for the compounds 
y=0.25 and y=0.10 are not included. 

Values of n corresponding to these magnetic moments 
may be calculated from 


yo=5+(10n—5)y, (8) 


TABLE IT. wo in Bohr magnetons for all compounds 
quenched from 1400°C. 








HO 





2.67+0.05 
2,560.07 
2.88+0.03 
3.22+0.04 
3.9340.05 
4.29+0.04 
4.79+0.05 








which is independent of the position of the Mn ion if we 
assume that the magnetic moments of the Fe and Mn 
ions are both equal to 5 Bohr magnetons. The data for 
all compositions quenched from 1400°C are collected 
in Table II. 

The change in the room temperature lattice constant 
(ao) with » has been determined for y=1.00, 0.90, 
and 0.75, and these data are graphed in Fig. 2. For 
MgFe20, we find a change in a» of 0.020 A for a change 
in » of about 0.20. Kingsnorth® has found that apo 
changes by 0.012 A between samples of MgFe0, 
quenched from 1200°C and furnace cooled. 

Miss Selma Greenwald of the Naval Ordnance 
Laboratory has kindly determined » for a sample of 
MgFe,0, by correlating x-ray intensities with the 
structure factors expected from various distributions 
by the method of Bertaut.* For a sample quenched 
from 1400°C she finds »=0.28-0.03, which is compar- 
able to our magnetic value of 0.27++0.01. 


8S. W. Kingsnorth, thesis, University of London, 1950 
(unpublished). 
9 F. Bertaut, Compt. rend. 230, 213 (1950). 





CATION DISTRIBUTIONS IN FERROSPINELS 


DISCUSSION 


The general distribution law has been derived in 
Eqs. (57) and (58) of I. For the magnesium manganese 
ferrites studied in this paper, ¢ is a constant as discussed 
above. Thus we are concerned only with Eq. (62) of 
I, which, when the small quantity d¢/dn is neglected, 
reduces to the following distribution law: 


nl1.8+(n—0.8) ] 
(1—n)[0.2+-y(0.8—n) ] 


1 /du d Inc, 
~exp| -—_ ("7x I (9) 
yRT \ dn On 


In this equation m is the nonthermal contribution to the 
energy, which is composed of Madelung, covalent, 
Born repulsive and other components, and ¢, is the 
lattice contribution to the low-temperature specific 
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Fic. 2. Lattice constant as a function of the fraction 
of Mg ions on A sites. 


heat. The partial derivatives in Eq. (9) are to be 
carried out at constant temperature and constant y, 
and are to be evaluated at some arbitrary low fiducial 
temperature. The partial derivatives of u, and c¢, 
are then temperature-independent. 

In order to apply Eq. (9) it would be necessary to 
have specific heat measurements as well as magnetic 
moment measurements. In the absence of the former, 
we have arbitrarily adopted the simple assumption 
that the low-temperature specific heat is fairly insensi- 
tive to the distribution of the Mg ions. The second term 
in the exponent of Eq. (9) is then negligible. 

Thus we may now evaluate the quantity (1/R) 
X (0u:/dn) from Eq. (9) by substituting the experi- 
mental values of the quench temperature, 7, and the 
distribution parameter calculated from Eq. (8). These 
values for MgFe20,4 and Mgo.2s5Mno.75Fe2O, are plotted 
in Fig. 3. It is apparent that (1/R)(0u/dn) is a linear 
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Fic. 3. Calculated values of (1/R)(@,/dn) plotted as a function of 
n for MgFe2O, and Mgo.7s Mno.25 Fe2O,. 


function of 7 and may be written 


1 Ou 
— —=6y— 6,9. 
R On 


(10) 


This implies that the energy may be expressed as 
u(n,y) = o(y)+R[G0(y)n—36r(y)n*]. (11) 


An 7° term in “(,y) may be attributed to several of 
the contributions to the energy. For example, the 
Madelung energy is proportional to the product of 
the average charge on the A and B sites, and since each 
of these charges is linearly dependent on 7, this product 
will contribute an 7? term to the total energy. 

The values of 6) and 4; deduced for the other com- 
pounds are tabulated in Table III. To interpret the 
variation in @) and 6; with y, it is necessary to give 
physical meaning to @ and 6;. If m is the number of 


Mg ions on A sites (per formula unit), then 
n=; (12) 


and we note that from Eq. (10) 


Ao 1 (=) 
y R ONT y=; 


6, 1 (=) 1 (~) 
y R On] wo R\ On a 
If we consider a ferrite sample in which all the Mg 


ions are on octahedral sites, and if we proceed to 
transfer them quasistatically, one by one, to the 


(13) 


(14) 


TABLE III. Values of @ and @; in °K. 
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Fic. 4. nmax for the various values of ~ plotted as a function of 
y. The experimental values of » for samples quenched from 
1400°C are also shown (dashed line). 


tetrahedral sites, then the nonthermal energy, or work, 
required for the transfer of the first Mg ion is 0o/y. 
We see from Table III that @ is largest for MgFe.O, 
and decreases as Mn is added. One possible explanation 
of this is that the Born repulsion energy decreases as 
the size of the structure increases due to the addition 
of the large Mn ions, thus enabling the Mg ions to be 
transferred more easily to the smaller A sites. 6;/y 
may be interpreted from Eq. (14) as the difference in 
the work required for the transfer of the first and last 
Mg ions. This difference in work approaches zero as y 
decreases. This is expected because as the number of 


Mg ions decreases, the work necessary to transfer the 
first and the last becomes more nearly equal. 

The magnetic data, considered as a function of 
composition, give some useful information about the 
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value of ~ in the spinel structure. We define nmax as 
the maximum fraction of Mg ions which can migrate 
to A sites. This is the fraction consistent with maximum 
disorder and is given by 


Mmax=L1+é(y—1)]/(2+). (15) 


This equation is plotted as a function of y in Fig. 4. 
In the case of a normal spinel (n= 1), nmax decreases to 
zero as y decreases, while for an inverse spinel (n=0), 
Nmax increases to a value of 0.5. The experimental 
trend of mmax can be established from the values of 7 
obtained at the highest quench temperature, 1400°C, 
and these values are also plotted in Fig. 4. The experi- 
mental values of nmax decrease to zero as expected for 
a normal ferrite. Thus, this plot of mmax vs y gives a 
semiquantitative method for determining the degree 
of inversion. The decrease in the experimental values 
of max appears to resemble the theoretical curve for 
€=0.8 in agreement with the neutron diffraction work 
discussed previously. 
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An interpretation of published infrared absorption data for InSb is made. It is proposed that the absorp- 
tion beyond the main optical edge is due to indirect transitions involving both optical mode and low-energy 


acoustical mode phonons. 





ECENTLY a group at the Chicago Midway Labo- 
ratories (referred to hereafter as CML)! published 
some data (due to A. Goldberg and G. G. MacFarlane’) 
on the infrared absorption in a thick sample of indium 
antimonide. As can be seen from Fig. 1, a long-wave- 
length tail is evident. Roberts and Quarrington’ also re- 
port a long-wavelength tail beyond the main absorption 
edge. MacFarlane and Roberts* explained these tails in 
Ge and Si as indirect optical transitions, utilizing pho- 
nons to conserve energy and to satisfy the selection rule 
k;=k,;+4q(k0), where k; and ky refer to the initial and 
final wave vector of the electron and q(k6) refers to the 
wave vector of the phonons involved. Empirically 
MacFarlane and Roberts and CML fit their data to an 
equation of the form 





Chw—(E—k#)P ef 
K=<A? + 


aie: (E+k6) ?}. 


} Bi , 
e/T- 1 ef/T 


The first term in the brace represents the absorption of 
a photon of energy fw and of a phonon of energy k@, the 
second term the absorption of a photon and the emission 














0130 
fw (ev) 


Fic. 1. The absorption edge of InSb. The * symbols indicate 
the experimental data of CML. The Kooo and Koso curves were 
calculated by considering phonon absorption only. 


* Research supported by Office of Scientific Research, Air 
Research and Development Command, U. S. Air Force, Baltimore, 
Maryland. 

1 Blount, Callaway, Cohen, Dumke, and Phillips, Phys. Rev. 
101, 563 (1956). 

2'V. Roberts and J. E. Quarrington, J. Electronics 1, 152 (1955). 

3G. G. MacFarlane and V. Roberts, Phys. Rev. 97, 1714 (1955) ; 
98, 1865 (1955). 


of a phonon. Bardeen, Blatt, and Hall‘ have given some 
theoretical justification for this square power law for 
optical absorption due to indirect processes. 

CML fitted its data with two acoustical-mode phonons 
of #= 100°K and = 30°K. It is the purpose of this note 
to suggest that an equally good fit to the data can be 
made by using four phonons. These comprise the two 
optical modes of @= 250°K and @= 290°K, and two low- 
energy acoustical modes which can be approximated by 
a single distribution of 8°K phonons [A = 111 (cm! ev)~ 
in all cases |. Figure 1 shows the individual values of K! 
and the total K! for comparison with CML data. If we 
consider that the electron can interact with the longi- 
tudinal modes only, a similar fit can be made by 
adjusting the value for A. In either case, the absorption 
curve may be fitted with a combination of the higher 
energy optical modes and very low energy acoustical 
modes. 

Figure 2(a) shows the spectrum of phonons for a 
small part of the reduced zone. The value of hw/k 
= 250°K is based on the reststrahlen frequency deter- 
mined by Spitzer and Fan® and Yoshinaga.* That InSb 
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FG. 2. (a) Vibrational spectra of InSb for the (1,0,0) and(1,1,1) 
axes. {°) Two possible electronic energy band profiles for 
InSb [gm(1,0,0) =km(1,0,0) =2(4/ao) and gm(1,1,1) =km(1,1,1) 
= V3 (x/ao), where ao is the lattice constant]. 

‘ Bardeen, Blatt, and Hall, in Proceedings of the Atlantic City 
Photoconductivity Conference 1954 (John Wiley and Sons, Inc., 
New York, 1955). H. Brooks, in Advances in Electronics and 
Electron Physics VII (Academic Press Inc., New York, 1955) p. 
166. A thorough but concise discussion of direct and indirect 
transitions can be found in the latter reference. 

5 W. G. Spitzer and H. Y. Fan, Phys. Rev. 99, 1893 (1955). 

° H. Yoshinaga, Phys. Rev. 100, 753 (1955). 
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is slightly ionic is discussed in reference 5; thus the 
degeneracy of the optical modes is partly removed. We 
estimated the longitudinal optical mode to be 290°K by 
using an expression due to Mott and Frohlich.’ It has 
been assumed that the optical modes do not change 
with g over the small portion of the zone shown. It is the 
low-energy acoustical phonons which determine the 
value of g(k@) to be used in the optical selection rule. 
The acoustical spectrum was determined from elastic 
constants of InSb.*® 

In Fig. 2(b) are shown two possible valence band 
structures, one with the maximum along the (1,0,0) axis 
assuming 21° and 16° phonons giving g(k@)=0.05¢m, 
the other with its maximum along the (1,1,1) axis 
assuming 24° and 12° phonons giving q(k#)=0.09¢,,. 
It is assumed that the minimum of the conduction band 
is at the center of the zone (0,0,0), ie., ky=0; thus 


7H. Fréhlich and N. F. Mott, Proc. Roy. Soc. (London) A171, 
496 (1936). 
®R. F. Potter, Bull. Am. Phys. Soc. Ser. II, 1, 53 (1956). 
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k;=q(k0). As discussed in CML and by Parmenter® and 
Dresselhaus,” other alternatives are permitted by sym- 
metry considerations. 

The valence band energy profiles are shown as 
parabolas. If this is a valid assumption, and the maxi- 
mum lies on the (1,1,1) axis, the effective mass for holes 
is 1.35m,. This is not inconsistent with the value 
m*>1.2m, determined from the cyclotron resonance 
experiment.” 

This suggested band structure is also consistent with 
two other experimental facts. Fan and Gobeli” recently 
reaffirmed in a thin sample of InSb that the optical gap 
is 0.175 ev. The thermal gap at 300°K is 0.160 ev as 
determined by Breckenridge e aj." 


®R. H. Parmenter, Phys. Rev. 100, 573 (1955). 

© G. Dresselhaus, Phys. Rev. 100, 580 (1955). 
= Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 

1955). 

2H. Y. Fan and G. W. Gobeli, Bull. Am. Phys. Soc. Ser. II, 1, 
111 (March, 1955). 

3 Breckenridge, Blunt, Hosler, 
Oshinsky, Phys. Rev. 96, 571 (1954). 
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Vacancies and Displacements in a Solid Resulting from Heavy Corpuscular Radiation 


W. S. Snyper, University of Tennessee, Knoxville, Tennessee, 
and Oak Ridge National Laboratory, Oak Ridge, Tennessee 


AND 
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The number of displacements D(Z) and the number of vacancies V(E) produced in a monatomic solid 
as a result of collisions due to an incident ion of initial energy E, are obtained as solutions of the equation 


f(E)= f° ayK (Ey) POL F(9—«) +1 -0q( Ey) 4-11— pE-y4(0)1/0)), 


where f(£) = D(E) or V(E), p(y) denotes the probability that a struck atom is displaced when it has received 
energy y, q(/E—¥) is the probability that the striking atom replaces it if displacement has occurred, K(E,y) 
is the scattering kernel, and a is the minimum amount of energy that is assumed to be necessary to displace 
an atom (it is assumed that the struck atom loses energy a in breaking away from its lattice site). In the 
equation, f(Z)=0 for E<a, with @=0 for displacements and @=1 for vacancies. 

This equation is solved for some representative cases of p(y) and g(y). The functions p(y) and q(y) can 
be chosen to fit experimental estimates of either D(Z) or V(E) singly but indicate a fundamental discrepancy 
of the joint estimates. The discrepancy, if not due to inaccuracy in the interpretation of experimental 
results, suggests that a mathematical model based on individual collisions is inadequate. 


I. INTRODUCTION 


N previous investigations'* the authors have deter- 

mined the number of displacements D(Z) and the 
number of vacancies V(Z) in a monatomic solid 
produced as a result of collisions due to an incident 
atom of initial energy E. These calculations were based 
on a simple mathematical model characterized by a 
displacement energy a of the lattice atoms and the 


1 W. S. Snyder and J. Neufeld, Phys. Rev. 97, 1637 tes 


2 J. Neufeld and W. S. Snyder, Phys. Rev. 99, 1326 (1955). 


energy distribution of the struck atoms was determined 
by using the cross sections for collisions with free atoms. 
Taking y as the energy of the struck atom after the 
collision, we made the following assumptions: 


(A) A displacement is produced whenever y>«a. 
(B) A replacement is produced whenever y>a and 
E-—y<a. 


Thus, a vacancy is produced whenever y>a and 
E-—y>a. The displacement energy a is often taken as 
about 25 ev. 





VACANCIES AND DISPLACEMENTS IN A SOLID 


The occurrence of replacements while a collision 
takes place has been suggested by Kinchin and Pease’ 
who also calculated the number of replacements and 
displacements resulting from heavy particle bombard- 
ment. The assumption (B) regarding the occurrence of 
replacements is different from that of Kinchin and Pease 
who considered a second and smaller threshold energy 
to permit replacement collisions to occur. 

With the above assumptions, the number of displace- 
ments and vacancies are roughly determined as follows: 


D(E)~E/2a. (1) 
V (E)~E/3a. (2) 


The above values for D(E) and V(E) do not agree 
with those experimentally obtained. Unfortunately 
very few experiments give reliable estimates of D(E) 
and V(£) and therefore it is difficult* to estimate the 
extent of the discrepancy between the calculated 
values and the actual values of D(£) and V(£). 

Harrison and Seitz® using the experimental data of 
Cooper, Koehler, and Marx® estimate that the number 
of vacancies is 

V (E)~E/10a, (3) 


and, therefore, the calculated values as given by 
Eq. (2) is too large. 

On the other hand, Aronin’s’ experiments indicate 
that the number of displacements is 


D(E)~2.5E/a (4) 


and, therefore, the calculated value as given by Eq. 
(1) is too small to explain the disordering phenomena. 
The calculations of Kinchin and Pease agree with 
Aronin’s results but their model does not bring the 
number of vacancies into line with the results of 
Harrison and Seitz. 


II. FORMULATION OF THE PROBLEM 


In an effort to reduce the discrepancy between the 
calculated values and the values obtained experi- 
mentally, the model characterizing the collisions has 
been modified. 

Let p(y) be the probability that the struck atom 
having energy y after collision escapes from its lattice 
site. Also, let g(z) be the conditional probability for the 
striking atom to replace the struck atom assuming a 
displacement has occurred and that the striking atom 
has energy z after the collision. The assumptions (A) 
and (B) amount to taking p(y)=J(y/a) and q(z)=1 


’G. H. Kinchin and R. S. Pease, J. Nuclear Energy 1, No. 3, 
200 (1955). 

4See in that connection, J. 
(Phil. Mag. Suppl.) 4, 381 (1955). 

5 W. A. Harrison and F. Seitz, Phys. Rev. 98, 1530 (1955). 

® Cooper, Koehler, and Marx, Phys. Rev. 94, 496 (1954); 
97, 599 (1955). 

TL. R. Aronin, J. Appl. Phys. 25, 344 (1954). 
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—I(z/a), where I(x) is the Heavyside unit step function 
defined by putting J(x)=1 for x21 and J(x)=0 for 
x<1. The modified form of the function p(y) suggested 
by Sampson, Hurwitz, and Clancy® replaced the abrupt 
threshold energy for displacement to occur by a gradual 
transition from a low-energy region where displacement 
is unlikely or impossible of occurrence to a high-energy 
region where displacement is certain to occur. They 
argue that a struck atom having little energy is more 
likely to be deflected back and trapped in the original 
lattice site than a struck atom receiving more energy. 
The modified model thus suggests a second parameter 
k such that if y>a, displacement is certain to occur. 
Then p(y) is defined by p(y)=0 for y<a, p(y)=1 for 
y>ka, and p(y)=(y—a)/(k—a) for a<y<k, so that 
the probability for displacement increases gradually 
from zero to one as the energy transmitted to the 
struck atom increases from a to ka. 

In the present model, we take q(z)=1—(z). This 
amounts to assuming that after the struck atom is 
displaced, the striking atom with residual energy z 
has the same probability of remaining at the site as 
would a struck atom of energy z. This probability is 
one for y<a and decreases linearly to zero in the range 
a<y<ka. 

Let an atom of energy E make a first collision and 
let K(E,E’)dE’ be the probability that it loses energy 
E’ in dE’. There are three possible cases: 


(a) No displacement occurs, the probability for this 
being dE’K (E,E’)[1— p(E’) }. 

(b) Displacement occurs but the striking atom 
replaces the displaced atom. The probability for this 
to occur is dE’K (E,E’)p(E’)q(E-—E’). 

(c) Displacement occurs without replacement, the 
probability for this to occur being 


dE'K(E,E’)p(E’)[1—q(E—-E)) ]. 


In case (a), no displacement occurred on the first 
collision and the atom has energy E—E’ after the 
collision so that the expected number of displaced 
atoms produced in this way is dE’K(E,E’)[1—p(E’) ] 
X D(E-—E’). In case (b), a displacement has occurred 
on the first collision and a single atom of energy E’—a 
is free after the collision. The expected number of 
displacements resulting from this case is thus dE’ 
< K(E,E’)p(E’)q(E-—E’)[1+D(E’—a) ]. In case (c), 
a displacement has occurred and two atoms are free 
with energies of E—E’ and E’—a. The expected 
number of displacements in this case is thus 


dE’ K(E,E’)p(E’)[1—q(E—-E’)] 
(1+D(E-E’)+D(E’—a)]. 


Since these three cases are mutually exclusive and 
exhaustive, we may sum them and also sum on dE’ 


§ Sampson, Hurwitz, and Clancy, Phys. Rev. 99, 1657 (1955). 





w.°s. 


Taste I. Variation of vacancies and displacements 
with the probability of replacement. 


SNYDER AND J. 








D(E) 


V(é) 


D(E)/V(E) 





SSSBaSausene al 


0.5(E+a)/a 
0.438(E+a) /a 
0.365(E+«a)/a 
0.314(E+a)/a 
0.276(E+a)/a 
0.247(E+a)/a 
0.173(E+a)/a 
0.127(E+a)/a 
0.100(£+-a) /a 
0.0705 (E+-a) /a 
0.0544(E+<a)/a 
0.0443 (E+a)/a 


0.333(E+a)/a 
0.262(E+a)/a 
0.211(E+a)/a 
0.178(E+a)/a 
0.154(E+-a) /a 
0.136(E+-a) /a 
0.0935 (E+-a)/a 
0.0674(E+a)/a 
0.0527 (E+<a)/a 
0.0367 (E+a)/a 
0.0282 (E+a) /a 
0.0229(E+a) /a 


1.5 
1.67 
1.73 


af eh ee 
o~rs 
no non 
— Ie aH 


Seeeres 


<0 '© 66 00 < 
w 
te 








and thus get the integral equation for D(E): 


E 
D(E)= f 4E’K(E,E)(p(E)[1+q(E—E) 


XD(E'—a)+(1—q(E—E’))(D(E’—a) 
+D(E-E'))\+[1—p(£) ]D(E—E)}, (5) 
D(£)=0 for E<a. 


A similar analysis of cases yields the following 
equation for V (£): 


E 
V(E)= f dE'K(E,E’)(p(E)[q(E-E’)V (E'—a) 
0 


+(1—g(E— £1) )(1+V(E’—a)+ V(E-E/))] 


: +[1-p(E) V(E-E)}, (6) 
V(E)=0 for E<a. 


Ill. CALCULATIONS 


Equations (5) and (6) are valid for any choice of 
the kernel K(E,E’). The calculations discussed below 
assume isotropic scattering so that K(E,E’)=1/E. 
With the above choices of K(E,E’), p(E), and g(E)=1 
— p(E), the equations were solved numerically on the 
Oak Ridge digital computer for the range aX EX 2ka. 
For E>2ka, the equations simplify considerably. In 
fact, multiplying both members by E and differentiat- 
ing, we obtain the very simple differential difference 
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equations 
ED’ (E)=D(E-a), EV'(E)=V(E-a). (7) 


An exact solution of these equations is given by 
D(E)=a(E+a), V(E+a)=6(E+a) for any choice of 
the constants a@ and b. The constants a and b were 
chosen to match these solutions to the curves computed 
for E<2ka. In fact, it is easy to prove that if a; and a2 
are chosen so that a,;(E+a)S D(E)Sa.(E+a) in the 
range (2k—1)aS ES 2ka, then the inequality remains 
valid for E>2ka. In all cases considered, the values of 
a; and az could be chosen to be quite close and still 
verify the desired inequality so that the extension of 
the solution by this linear function is sufficiently 
accurate for our purpose. The formula for D(£) is 
given in Column II of Table I for various values of k. 
The slopes obtained for V(Z) were computed in similar 
fashion, and the formula for V(£) is given in Column 
III of the table for the same values of k. 


IV. CONCLUSIONS 


We wish to emphasize the lack of reliable experi- 
mental data on D(E) and V(£). Assuming that the 
experimental estimates given by Harrison and Seitz® 
and by Aronin’ are correct, the ratio D(£)/V(E£) 
would have the value 25. On the other hand, the ratio 
D(£)/V(E) obtained from Eqs. (5) and (6) and shown 
in Column IV of the foregoing table is considerably 
smaller, and for k varying from 1 to 50 it increases 
slowly from 1.5 to 1.934. This discrepancy leads to the 
conclusion that the above calculations do not agree 
with the results of Harrison and Seitz and those of 
Aronin. It is easily seen that values of k and a can be 
chosen to fit the results of either of the above two 
experimental estimates and, in fact, in a variety of ways. 

Although the experimental results are rough, it may 
be doubted whether the experimental errors are entirely 
responsible for the discrepancy noted. Rather, it may be 
possible that a mathematical model not solely concerned 
with individual and separate collisions is necessary for 
a satisfactory theory. 


ACKNOWLEDGMENTS 


The authors wish to acknowledge the assistance of 
Mrs. Mary R. Ford and Mr. Carl Gerberich, both 
of the Oak Ridge National Laboratory, in programming 
the computation. 





PHYSICAL REVIEW VOLUME 


103, 


NUMBER 4 AUGUST 15, 1956 


Field-Induced Conductivity Changes in Germanium 


H. C. MontcomMery AND W. L. Brown 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received April 26, 1956) 


Variations in the conductance of a germanium filament due to an electric field normal to the surface were 
measured for fields up to 10° volts/cm. Observation of a minimum in the conductance curve makes it 
possible to calculate charge in surface states as a function of surface potential. Information of this sort 
obtained with several gaseous ambients is compared with the Brattain-Bardeen observations on contact 
potential. Measurements as a function of temperature down to 170°K give information about properties of 
“fast” surface states. Phase shift loops observed at frequencies around a kilocycle are interpreted in terms 
of minority carrier lifetime. Phase shift loops at low temperatures are believed to be due to traps. 





HEN a semiconductor is made one plate of a 

condenser, the electric field resulting from a 
voltage applied to the condenser will induce a net 
charge on the semiconductor. If this charge is provided 
by changes in the numbers of mobile holes or electrons 
in the material, then there will be a change in con- 
ductivity accompanying a change in the voltage on 
the condenser. This effect, often called the field effect, 
was studied by Shockley and Pearson! and more 
recently by others.? In practice one finds that the 
changes of conductivity are considerably smaller than 
would be expected if all the induced charge appeared 
as changes in the mobile carrier densities. One at- 
tributes the discrepancy principally to surface states: 
localized states in the forbidden energy gap at the 
surface. A large part of the charge induced on the 
condenser appears more or less quickly in these states 
and does not contribute to the conductivity. The sensi- 
tivity of the measured conductivity change to these 
surface states has made this an attractive method for 
studying semiconductor surfaces. 

With a sufficiently large induced charge, the surface 
region can be changed from m type to p type or vice 
versa. In the course of such a change the conductivity 
goes through a minimum value at a point where the 
changes due to holes and electrons just balance one 
another. One of the authors has shown that when such 
a minimum is observed, the electrostatic potential of 
the surface can be calculated for any point on the 
curve relating conductivity to applied voltage.‘ One is 
then in a position to determine certain properties of 
the energy distribution of the surface states. One 
advantage of the method of observing field effect to be 
described here is that it gives the conductivity curve 
for a large applied signal, so that the minimum can 
often be observed directly. We will show the results of 
several types of observations which we have made on 
germanium in this way. 


1W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), Sec. 2.1b. 

2 For extensive references see R. H. Kingston, J. Appl. Phys. 27, 
101 (1956). 

3 J. Bardeen, Phys. Rev. 71, 717 (1947). 

4W., L. Brown, Phys. Rev. 100, 590 (1955). 


The specimen is a rectangular bar of single crystal 
germanium about 0.5X1.5X10 mm, with contacts 
soldered to the ends. The surface is etched with CP-4 
or a basic etch. Both n- and p-type materia] have been 
used, in the resistivity range from 10 to 40 ohm-cm. 

An electric field is produced by making the ger- 
manium one plate of a condenser, whose dielectric is a 
slab of single crystal strontium titanate about 0.5 mm 
thick, having a dielectric constant of 300. This material 
is not ferroelectric, and is a well-behaved dielectric 
over a wide range of frequency and temperature.® The 
mating surfaces of the germanium and the dielectric 
are optically polished, and capacity measurements 
indicate a residual air gap of only a few microns. 

A sinusoidal voltage of tens or hundreds of volts is 
applied to the condenser and to the horizontal axis of an 
oscilloscope (Fig. 1). Changes in conductance of the 
germanium due to the field effect are detected by passing 
a constant de current of one or two milliamperes 
through the specimen, and displaying the resulting 
voltage changes on the vertical axis of the scope. The 
displacement current through the condenser produces 
a voltage drop across the germanium specimen which 
is not part of the field effect. This voltage is balanced 
against a similar voltage from an R-C circuit in a 
differential amplifier, and does not appear on the scope. 
Thus the pattern on the scope is a plot of conductance 
against electric field. The apparatus works over a 
frequency range from a fraction of a cycle to several 
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Fic. 1. Schematic of apparatus for measuring field effect. 
5 Arthur Linz, Jr., Phys. Rev. 91, 753 (1953), 
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OZONE 1 MIN AFTER OZONE 


4 MIN AFTER OZONE 3 MIN AFTER WET AIR 


Fic, 2. Field-effect patterns in various gaseous ambients 
for p-type germanium at room temperature. 


kilocycles per second, being limited by stability of the 
preamplifiers at low frequencies and the degree to 
which the displacement current can be balanced out at 
high frequencies. 


FIELD EFFECT PATTERNS 


Figure 2 shows some typical field effect patterns, 
photographed from the oscilloscope screen. The hori- 
zontal axis represents charge per unit area supplied to 
the specimen 

Zr=VC/S, 


where V is the voltage applied to the condenser of 
which the specimen forms one plate, C is the capacity, 
and S the area of the condenser. The vertical axis 
represents change in conductance of the specimen per 
unit square of surface 


AG, = AvL/IR°W, 


where J is the dc current through the specimen of 
resistance R, length L, and width W, and Av is the 
voltage change across the specimen due to field effect. 
(R, L, and W refer to that portion of the specimen 
which is within the condenser.) 

The patterns of Fig. 2 are for a specimen of p-type 
germanium with a resistivity of 40 ohm-cm at room 
temperature, R=5700 ohms. The surface was polished 
and etched with a sodium hydroxide-Superoxol etch. 
An applied voltage of +14 volts peak was used at 
100 cycles per second. The condenser capacity was 
38X10-™ farad, length 0.97 cm, width 0.15 cm. Con- 
sider the first pattern, marked “dry O2.” At the left 
end of the curve an (algebraic) increase in charge 
results in a decrease in conductance, indicating that 
conduction is predominantly by electrons and that the 
behavior of the surface region is type. At the right 
end of the curve, the opposite is true and the surface is 
p type. At the origin, with no applied voltage, the 
surface is type, and since the specimen is p type we 
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conclude that the chemical conditions at the surface 
are such as to produce an inversion layer. This is 
rather common with p-type material of high resistivity 
in air or oxygen. This curve clearly shows the minimum, 
at which for a positive increment of charge the con- 
tributions to conductivity from increasing hole concen- 
tration and decreasing electron concentration just 
cancel one another. 

The slope d(AG;)/d 7 has the dimensions of mobility 
(cm*/volt-second), and will be defined as the effective 
mobility. At the extremes of the conductance curve, 
where we are dealing with only one type of carrier, it 
gives the average mobility of the carriers induced on 
the semiconductor, including those in surface states. 
Generally the effective mobility is less than bulk 
mobility because (a) a large fraction of the carriers go 
into surface states where they have a very low mobility, 
and (b) there may be a reduction in mobility of the 
remaining carriers due to constraint at the surface.* 
Near the conductance minimum the effective mobility 
is further reduced by the competing effect of holes and 
electrons. 


EFFECTS OF OZONE AND WATER VAPOR AMBIENTS 


The specimen was subjected to an ambient atmos- 
phere of oxygen containing ozone produced by ultra- 
violet irradiation. Within a second or two the minimum 
in the field effect pattern shifted well to the left, leaving 
a strongly p-type surface, as shown in the second 
pattern of Fig. 2. No further change was observed in a 
minute or so. Despite the close fit between the ger- 
manium surface and the dielectric material, the gas 
penetrated almost instantly. When ozone was removed, 
the pattern returned gradually to its original form, as 
shown in the next two pictures, taken one and four 
minutes after the ozone generator was turned off. 
Return to the initial form was substantially complete 
in 15 minutes. 

The next pattern was produced by moist air. The 
minimum shifted far to the right, leaving a strongly 
n-type surface. As in the case of ozone, the change was 
complete in a second or two. Again, the pattern returned 
slowly to its initial condition when the specimen was 
exposed to dry oxygen, as shown in the last pattern 
taken 3 minutes after removal from wet air. The return 
was substantially complete in 15 minutes. 

Since the preamplifier did not pass direct current, the 
vertical position of the various patterns is arbitrary. 
The appearance of these patterns strongly suggests 
that they are portions of a single larger pattern, and 
that the effect of the gaseous ambients is chiefly to 
shift the operating point along the master curve. With 
this in mind, the six curves of Fig. 2 have been super- 
posed after suitable shifts horizontally and vertically, 
making the composite curve shown in Fig. 3. It will be 
noted that the individual curves superpose very satis- 


* J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 





FIELD-INDUCED CONDUCTIVITY CHANGES 


factorily. Small arrows show the position of the origin 
with the various gaseous ambients. The horizontal and 
vertical scales are marked off in units of 27 and AG, as 
defined in the preceding section. The total vertical 
excursion represents a conductance change of about 1%. 
The zero of the horizontal scale is arbitrarily taken 
appropriate to the oxygen ambient. 

The total charge density 7 consists of a portion 2,, 
in the space charge layer, which contributes to the 
conductivity, and a portion 2,, immobilized in surface 
states. The experimental curve relates AG, to Yr. 
Included in Fig. 3 is a theoretical curve relating AG, to 
2,- and a quantity A which is related to the surface 
potential Y as shown in the inset in Fig. 4. Note that A 
is expressed in electron volts, while Y is in units of 
kT/e; aside from this difference in units, the two 
quantities differ by a constant in a given specimen at a 
fixed temperature. The method of calculating the ,, 
curve and transferring the values of A (or Y) to the 
experimental curve are as described by one of the 
authors.* 

From these curves it is seen that in the absence of 
any applied voltage, wet air increases the surface 
potential by about 0.04 volt, while ozone decreases it 
by about 0.10 volt. Brattain and Bardeen’ reported 
changes in contact potential with similar ambients 
which were in the same direction as our changes in 
surface potential, but the over-all change was larger by 
a factor of three or so. Surface potential is the potential 
just inside of the surface layer, and differs from contact 
potential by any potential changes due to charges or 
dipoles in an external surface layer. Comparison of the 
two experiments indicates that the changes in such 
potentials due to ambient are by no means negligible. 

From the horizontal displacements of the theoretical 
and experimental curves in Fig. 3, one can obtain a 
relation between 2,, and A, as shown in Fig. 4. This 
may be compared with Fig. 2 of reference 4 which 
shows this relation for a different specimen, and over a 
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Fic. 3. Composite field-effect pattern compared with calculated 
changes of charge in the space-charge layer. 


7W. H. Brattain and John Bardeen, Bell System Tech. J. 32, 1 
(1953). 
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Fic. 4. Changes in charge in fast surface states plotted against A. 
Inset shows relation between A and surface potential, Y. 


more restricted range. The two curves are similar in 
shape, but differ somewhat in detail, due presumably 
to differences in acceptor concentration and surface 
treatment of the two specimens. A curve of this sort 
can provide information concerning the energy distri- 
bution of the surface states if all the changes in 2,, 
during a cycle occur in states whose filling is completely 
described by A. Physically, this requires that these 
states be located at a position in the surface layer where 
the potential is not substantially different from that 
of the semiconductor interface. A calculation of the 
surface state distribution is not affected by states more 
remote from the interface provided that they are too 
slow to follow the changes in external electric field. 
However, one also gets no information as to the energy 
of such states. Mathematically, a unique determination 
of the fast state distribution requires a knowledge of 
2. over an infinite range of A, but useful information 
can be obtained from a more restricted range. 

The curve of Fig. 4 is nearly symmetrical about 
A=0.025 ev. It can be fitted within experimental error 
by a pair of surface state groups of equal concentration 
at energy levels A=0.025+0.05 ev and another pair 
25 times as concentrated at A=0.025+0.175 ev. This 
is the simplest distribution which will suffice. Many 
more complicated distributions will do as well, ranging 
all the way to a continuous distribution whose central 
part would be quite definite, but whose remote portions 
would be only loosely determined. It seems clear that 
the experimental curve cannot be fitted by any array 
of states lying wholly outside of the range +0.2 ev 
(~7kT) from the point of symmetry. Any such array 
gives very nearly a hyperbolic sine relation, which is 
too flat at the center to agree with the experimental 
curve. 


FREQUENCY-DEPENDENT EFFECTS 


The field-effect patterns change very little over the 
frequency range from a few cycles per second up to 
about a kilocycle per second. At frequencies much less 
than a cycle per second the field effect is often reduced 
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by an order of magnitude or more. This is believed to be 
due to surface states with relatively long time constants 
which immobilize a large fraction of the carriers when 
the cycle is slow, but which do not have time to act at 
higher frequencies. Properties of these slow surface 
states have been investigated by various workers.*® 

The constancy of the field effect from a few cycles/sec 
to a kilocycle/sec indicates that in our specimens there 
were practically no surface states having time con- 
stants in the corresponding range, say 50 milliseconds 
to 200 microseconds. 

At higher frequencies, loops begin to appear in the 
field effect patterns of both m- and p-type material. 
These loops always occur on the side of the pattern 
corresponding to minority-carrier conduction. The fre- 
quency at which they are prominent is higher for short- 
lifetime (sandblasted) than for long-lifetime (etched) 
surfaces, and this frequency (with a factor of 2) is of 
the order of the reciprocal of the lifetime of minority 
carriers in the specimen. It seems possible to explain 
this behavior along the following lines. When conduction 
in the space charge layer is chiefly by minority carriers, 
changes in charge must occur through the generation- 
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Fic. 5. Field-effect patterns for p-type germanium 
at various temperatures. 


os. de Mars, Davis, and Adams, Phys. Rev. 101, 1272 
(1956). 
( + Kingston and A. L. McWhorter, Phys. Rev. 98, 1191(A) 
1955). 
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recombination process characterized by the lifetime r, 
since minority carriers cannot be supplied through the 
ohmic contacts at the ends of the specimen. At fre- 
quencies of the order of 1/7, there is a delay in supplying 
minority carriers and again in recombining them on 
each cycle. This delay gives rise to a loop in the field- 
effect pattern. At still higher frequencies, the charge 
requirements would be met almost entirely by majority 
carriers, and the field-effect pattern should approach 
a straight line with slope having a sign appropriate to 
majority carriers. This region has not been seen experi- 
mentally because of phase shifts in the measuring 
circuits and the difficulty in balancing out the displace- 
ment current in the condenser. 

To a large alternating voltage we have sometimes 
suddenly added a dc biasing voltage on the condenser. 
A few milliseconds after applying the bias, the ac field 
effect appears to be shifted to a new operating point 
along a master curve. However, with longer times the 
pattern always tends to drift as though the effect of 
the bias were slowly being lost, but often stops short 
of return to the initial condition. The drift is charac- 
terized by times which range from a fraction of a second 
to several minutes, depending upon the sample and its 
surface condition. This effect is another way of ob- 
serving the presence of slow surface states. 

A second type of drift has been observed in the 
absence of any dc voltage. If one increases the ac voltage 
applied to the condenser, starting with some small 
value, the pattern at first simply grows by extension at 
both ends without change in the portion traversed at 
lower voltages. However, when the voltage becomes 
quite large the pattern does not simply grow as the 
voltage is increased, but in addition shifts along the 
applied voltage axis much as though one were applying 
a dc voltage. The extent of this effect and even the 
direction of the drift vary from sample to sample, and 
in some cases the shape of the curve changes appre- 
ciably. We believe that the phenomenon is again the 
result of slow surface states, charging in this case, not 
because they are given a long time to do so, but rather 
because their filling times are shortened by the very 
high applied fields. 


FIELD EFFECT AT REDUCED TEMPERATURES 


Measurements of field effect were made at reduced 
temperatures on m- and p-type germanium. The speci- 
mens were housed in a glass tube in a vacuum 10-* mm 
Hg to reduce effects due to water vapor. Typical 
patterns showing field effect at several temperatures 
are shown in Fig. 5. This is for the same p-type 
sample used for the data of Fig. 2. 

As the temperature was reduced, the position of the 
minimum moved to the left on the scale of 27. It can 
be shown that the minimum occurs when the middle of 
the band is approximately as far below the Fermi level 
at the surface as it is above the Fermi level in the 
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Fic. 6. Changes in charge in fast surface states as a function of temperature. Figures near curves give temperature 
in degrees Kelvin. Curves marked A were taken on the ascending branch of the temperature cycle. “Gaseous 


ambients” curve is a copy of Fig. 4. 


interior.” As the temperature decreases, the Fermi 
level becomes nearer the valence band in the interior, 
hence nearer the conduction band at the surface. The 
observed behavior of the minimum as a function of 
temperature is thus qualitatively that to be expected 
both from the change in filling of the surface states and 
from the change in the space charge region. While the 
minimum always moved in a consistent direction with 
changes in temperature, the relation between the posi- 
tion of the minimum and temperature was only roughly 
the same on the downward and upward portions of the 
temperature cycle and on successive cycles. 

From the slope of the field effect curves one deduces 
an effective mobility of 1050 cm?/volt-second at room 
temperature and 700 at 212°K, on the n-type branch 
of the curves. Bulk mobility for electrons is 3800 and 
7000, respectively,"! so the ratio of effective to bulk 
mobilities is 0.28 at room temperature and 0.10 at the 
lower temperature. 

Field-effect patterns were obtained for an n-type 
specimen (10 ohm-cm at room temperature) at tem- 
peratures down to 186°K. These were not of great 
quantitative significance because none of the curves 


1 C, G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 
(1955). 
4 F, J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954). 


included the minimum, although it appeared to be just 
beyond the end of the curve in many cases. There was 
no inversion layer; the surface was always m type. The 
effective mobility was smaller at the lower temperatures, 
by about the same factor as in the p-type specimen. 

A prominent feature of the patterns in both n- and 
p-type material is a loop which appears at the lower 
temperatures. This loop is chiefly on the side of the 
pattern corresponding to hole conduction for either 
type of sample. Under illumination, the loop collapses 
toward its upper branch. It seems likely that these loops 
are due to traps of the sort described by Haynes and 
Hornbeck,'? which are important only at low tempera- 
tures and which can be saturated with carriers generated 
by illumination. 

From the field effect patterns at various tempera- 
tures, curves relating 2,, to A were derived, as described 
in connection with Fig. 4. These are shown in Fig. 6. 
In deducing these curves we have neglected any reduc- 
tion in mobility of the carriers near the surface. In the 
field effect curves at the lower temperatures where loops 
appear we have analyzed the upper branch of the loop. 

In Fig. 6, the six curves which lie close together at 
A=0.05 were taken on a run during which the tem- 
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perature was decreasing. The consistency of their varia- 
tion with temperature makes it credible that we are 
measuring a particular distribution of surface states as 
a function of temperature and not a change in the 
surface states themselves resulting, for example, from a 
change in surface chemistry. For values of A around 
zero (the Fermi level near the middle of the band) 
there is remarkably little change in the slopes of the 
curves in this family. Since the contributions from 
remote states should be strongly temperature depend- 
ent, this implies a significant concentration of surface 
states more or less uniformly distributed near A=0.05 
with a density of about 10"! states/cm?-volt. 

For large positive values of A, there are sharp changes 
in slope, representing additional surface states coming 
into play. The lower the temperature, the larger is the 
value of A at which the change in slope occurs. This is 
at least roughly what one would expect from a high 
density of states located beyond the extreme limit of 
observation. The lower the temperature, the closer one 
must get to these states before their influence is felt. 
The temperature variation of the field effect thus gives 
added support to the notion that there is an appreciable 
density of surface states within the range of our present 
observation and an even larger density somewhere 
beyond it. 

The self-consistency of the curves taken with de- 
creasing temperature is thought to be due to removal of 
residual water vapor by condensation on the walls of 
the tube, which in this situation are colder than the 
sample. The three stray curves of Fig. 6 were taken on 
the ascending part of the temperature cycle or with 
temperature stationary. They are very similar to the 
curves on the downward part of the cycle, except 
shifted along the 2,, axis. The direction of this shift is 
what one would expect from an increase in water vapor 
on the surface. This sort of consideration may account 
for the lack of reproducibility between different cycles 
that was mentioned earlier. 
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SUMMARY 


From the field-effect measurements that have been 
described, we can make several fairly general statements 
about the fast surface states that exist on the type of 
etched germanium surface we have examined. From the 
lack of frequency dependence in the low audio range, 
we know that the fast surface states have time con- 
stants certainly shorter than 200 microseconds. From 
the changes in ambient which leave the shapes of the 
field effect curves essentially unchanged, simply shifting 
the operating point of the measurements, we can say 
that the fast surface states are at least approximately 
unchanged by the ambient and hence appear to be 
more intimately related with the germanium than the 
outside of the oxide layer. The dependence of the 
charge in the surface states on A, at a single temperature 
and as a function of temperature, indicates that near 
the middle of the band gap there is an almost uniform 
distribution of states with a density approximately 
10"! states/ev cm?. The density increases as one departs 
from the middle of the band, but the measurements 
have not been extended sufficiently far, even in the 
direction of the conduction band, to determine whether 
this increase is due to single energy levels or to a 
distribution of levels with high density near the band 
edges. 

Slow surface states with time constants longer than 
about 0.1 second play a dominant role in the experi- 
ments with changes in ambient. There are large changes 
in the charge of these slow surface states as one goes 
through a Bardeen-Brattain gas cycle. The resulting 
changes in surface potential have been determined to 
be of the same sign as, but smaller by as much as a 
factor of three, than the contact potential changes 
reported by those workers. 

While we have not investigated them in detail, the 
nonequilibrium effects observed by going to low tem- 
perature or to high frequency probably can be associ- 
ated with the kinetics of electron-hole transitions to 
the fast surface states. 
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The thermionic constants of polycrystalline iridium have been measured with reasonable care, using thin 
ribbons of iridium as the emitting specimens. The values obtained for the quantities A and ¢, both considered 
as constant in the equation 7,= AT? exp(—ge/kT), are A=170 amp cm~ deg C~?, ¢=5.40 v. 

The relationship between true and brightness temperature at the pyrometer wavelength of 0.65 4 was 
likewise determined. From the latter data, it was computed that the spectral emissivity « of iridium is 0.33 


at that wavelength. 


Data taken on fresh specimens yielded values of the Schottky slope higher than expected, and values of A 
orders of magnitude above the theoretical value. (This experience parallels that of workers who have studied 
the thermionic properties of platinum.) The values reported were obtained after prolonged and rigorous 


thermal cleaning of the iridium. 





I. INTRODUCTION 


FAIRLY thorough search of the literature has 

revealed no previously published values of the 
thermionic emission constants A and @ for iridium. 
These parameters were measured here in experiments 
conducted some two years ago. The techniques of 
measurement are well known, and will only be outlined 
in this paper. 


II. EXPERIMENTAL DETAILS 


Since we could not at the time obtain suitable iridium 
wire, ribbons were cut from sheet material and mounted 
in guard-ring diodes. Direct-current measurements of 
emission were made, with the filament continuously 
heated by alternating current flow. The value of zero- 
field emission at a given temperature was obtained by 
Schottky extrapolation. 

Temperature was measured with an optical pyrome- 
ter. A correction curve (Fig. 1) from observed to true 
temperature was prepared in the following manner: A 
strip of iridium was bent to have the cross section shown 
in the insert of Fig. 1, with its long dimension perpen- 
dicular to the cross section shown. When the angle of 
opening is made sufficiently small, the radiation from 
the opening approximates blackbody radiation, and the 
optical temperature observed through the opening may 
be taken as true temperature. The brightness tempera- 
ture is that observed on the outer surface. From the 
data of Fig. 1, the spectral emissivity of iridium (at the 
pyrometer wavelength of 0.654) was found to be 
€,= 0.33; the solid line of the figure is actually computed 
for this value of emissivity. 

The unavoidable use of a ribbon form of filament gave 
rise to a geometry in which the field at the cathode 
surface is not uniform. A map of the field in the plane 
perpendicular to the long axis of the filament was con- 
structed with an analog field plotter. (The field is 
substantially independent of position along the long 
axis.) From this map, the field strength at the surface as 
a function of position across the width of the cathode 


* Supported in part by the U. S. Navy Bureau of Ships. 


was obtained. If this function be denoted by Vappi f(x), 
then the saturated emission current, i, at a given 
applied voltage will be 


z=d 
imiaf exp{4.403[V appr f(x) }'T “dx, 
z=0 


where d is the width of the cathode, T is the absolute 
temperature in degrees, i, is the field-free current 
density at temperature 7, and / is the length of the 
emitting area. The Schottky slope A logi/A(V!) could 
then be computed by numerical evaluation of the 
integral. 

Ill. RESULTS 


The behavior during emission measurements parallels 
the experience reported by other investigators'? who 
have studied the thermionic emission of platinum. 
Values of i, and true temperature were plotted on the 
conventional Richardson coordinates (Fig. 2). Values of 
the parameters A and ¢ in the emission equation are 
obtained by fitting the equation to the data.’ Data 
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Fic. 1. Temperature correction curve for iridium. 


1H. L. Van Velzer, Phys. Rev. 44, 831 (1933). 

?L. V. Whitney, Phys. Rev. 50, 1154 (1936) 

5 When the values of A and ¢ are derived in this manner, they 
should actually be regarded as empirical parameters, since no 
account has been taken of the reflection coefficient or of the 
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Fic.-2. Thermionic emission from iridium. The solid line is for 
the final, clean condition, and the data represent four experimental 
tubes. The dashed line is for a typical run on a partially cleaned 


specimen. The value of A indicated by the latter data is about 
4000. The temperature T is in °K. 


taken early in the processing of the iridium filament are 
characterized by very high values of the emission con- 
stant A. Also, the slope of the individual Schottky 
plots from which the values of i, were derived, was 
much higher than the expected value in the early stages 
of processing. 

Cleaning of the iridium at high temperatures resulted 
in a decrease of the value of A and of the Schottky 
slope. After prolonged heating at 2250°K, the data of 
Fig. 2 were obtained. 

From the data of Fig. 2, the thermionic emission 


temperature dependence of the work function. Nonetheless, all the 
evidence indicates that the empirically derived value of A should 
be of the order of magnitude of the theoretical value of 120 
amp cm deg C~*, when one is dealing with clean metal emitters. 
An empirical value of A orders of magnitude different from this 
value is strongly suggestive of contamination of the surface. 


constants for iridium may be calculated: 
A=170 amp cm~ deg C~, 
o= 5.40 v. 


It is to be noted that for the final state of the iridium 
filament, the value derived for A is not far from the 
value of 120 given by theory. Also, for the final state, the 
Schottky slopes were in agreement with the calculated 
values. Additional heat treatment after the data of 
Fig. 2 were taken caused no further change in the 
thermionic behavior of the iridium. For these reasons, it 
seems that the data taken early in the processing of the 
iridium were affected by the presence of contaminants, 
and that the values cited above, which were obtained 
after rigorous thermal cleaning of the filament, are the 
appropriate emission parameters for clean, polycrystal- 
line iridium.‘ 
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The production by x-rays of anion vacancies in KBr crystals was studied quantitatively in the liquid 
helium temperature range. The thermal stability of the vacancies was investigated in detail. A series of 
recombination steps was observed in the 10°K to 30°K region associated with activation energies of the 
order of 0.03 to 0.09 ev. A green luminescence was observed during the irradiation by x-rays and during the 
annealing of the crystals. This luminescence is attributed to electronic recombinations rather than to vacancy 
recombination. A semiquantitative electrostatic model is proposed to explain the very limited thermal 
stability of single vacancies. This analysis predicts remarkably high local concentrations of vacancies. 





INTRODUCTION 


OTASSIUM bromide crystals which have been 
x-irradiated at low temperatures show an absorp- 
tion band at 2020 A, called the a band.! Its absorption 
constant is directly proportional to the number of single 
anion vacancies produced by the energetic radiation. 
In a previous investigation’ the production and recom- 
bination rates of these centers were studied at tempera- 
tures above 20°K. The crystals exhibited drastic 
changes with temperature in the vicinity of 20°K, the 
lowest temperature achieved. For this reason the same 
problem has now been studied in the liquid helium 
temperature range. 


EXPERIMENTAL 


The KBr crystals were obtained from the Harshaw 
Chemical Company. Measurements were made on 
crystals as cleaved, as well as on samples well annealed 
after cleaving. In order to maintain the samples at 
helium temperatures, standard cryogenic technique was 
used. The metal cryostat allowed optical measurements 
and x-irradiation at sample temperatures down to 4.9°K 
without pumping on the helium. Higher temperatures 
were achieved by heating the crystal holder electrically. 
After evaporation of all the helium, the crystals warmed 
up from 4.9°K to 30°K in about 90 minutes. A resistance 
thermometer and a gold-cobalt vs copper thermocouple 
were used to measure the crystal temperature. The 
x-irradiation was carried out with a tungsten-anode 
x-ray tube at 70 kv and 10 ma. The distance from 
anode to crystal was 13 cm. A Nestor hydrogen lamp, a 
Bausch and Lomb quartz monochromator, and a 
RCA-SS Phototube with quartz window were used for 
the optical measurements. A Keithley vacuum tube 
electrometer measured the photocurrent. The detector 
had a time constant of 20 seconds. Most of the annealing 
data were automatically recorded. A few measurements 
of the earlier investigation? were repeated in order to 
determine the absolute x-ray intensity values for the 

1Delbeq, Pringsheim, and Yuster, J. Chem. Phys. 19, 574 


(1951); W. Martienssen, Z. Physik 131, 488 (1952). 
?H. Riichardt, Z. Physik 140, 574 (1955). 


present work, since absolute values were determined in 
the earlier work. 
RESULTS 


In Fig. 1 the number of anion vacancies per electron 
volt of absorbed x-ray energy is plotted versus crystal 
temperature. We are dealing here with initial efficien- 
cies; with continued irradiation the rate of vacancy 
production decreases steadily at all temperatures.! 
There is a very strong increase in production rate be- 
tween 25°K and 10°K. Well-annealed and freshly 
cleaved crystals cooled down in a few minutes or in 
several hours showed no systematic differences in these 
efficiencies. 

Much additional information was achieved by ob- 
serving the x-irradiated crystals during a slow annealing 
procedure from 5°K to about 30°K. Here a super- 
position of two effects complicated the analysis. The 
complication arose because the phototube which was 
being used to measure the transmission change at 2020 A 
was exposed simultanously to a recombination lumines- 
cence. This luminescence had also appeared very 
strongly during the x-irradiation at any temperature 
below 30°K. Its spectrum was not observed explicitly, 
but from measurements with different filters the 
luminescent energy was located between 4000 and 
6000 A with a maximum in the green and without any 
appreciable component in the ultraviolet. The sen- 
sitivity of the S5-photocathode was unfortunately still 
appreciable at wavelengths as long as 6000 A. Further- 
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Fic. 1. a-center (anion vacancy) production efficiency versus 
crystal temperature during x-irradiation of KBr. The “old data” 
are from reference 2. 
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Fic. 2. Recorder trace of photocurrent in RCA-S5 phototube during annealing of a KBr-crystal x-irradiated at 5°K. Curve I (or- 
dinate shifted) shows the transmission at 2020 A and a superimposed luminescence. Curve II shows the Juminescence contribution 
alone. Here the ordinate should start at zero. The dotted curve gives the temperature-time relation. The data between 5°K and 10°K 


are not shown here. 


more the ultraviolet light for the transmission measure- 
ment could not be made sufficiently intense to make 
this disturbance negligible. 

In order to correct for luminescence, the whole 
coloring and annealing procedure had to be exactly 
repeated with an identical crystal, which was adjacent 
to the originial slab before the samples were cleaved. 
This time only the luminescence was measured. A 
separate check was made to establish the fact that 
irradiation by the measuring ultraviolet light during the 
annealing did not affect the luminescence behavior at 
all. Therefore the luminescence contribution could be 
subtracted very accurately, particularily since the main 
transmission change and the luminescence peak are 
shifted by several °K relative to each other. 
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Fic. 3. Anion vacancy concentration versus temperature for 
three different annealing runs. The plotted range was covered 
within 80 to 90 minutes. The data above 23°K are less reliable 
because of the large luminescence correction. Here we could expect 
a new a-center production by dissociation of F-centers. 


Figure 2 gives in curve J the direct recording of both 
effects. Curve II shows the luminescence peak, meas- 
ured separately. The temperature-time relation is 
represented by the dotted curve. In the range of strong 
luminescence above 23°K the transmission values, ob- 
tained by subtraction, are not reliable. 

Figure 3 presents the absorption (proportional to the 
vacancy concentration) versus temperature, derived 
from the data of Fig. 2. A quite extensive structure is 
apparent and shows the complexity of the recombina- 
tion processes. The three curves, resulting from different 
runs, show quite a similar pattern and most of the 
steps can be found in all of them. The remaining 
variations below 23°K were probably not caused by 
lack of accuracy in measurement but are probably 
attributable to individual differences in the samples 
and to possible different treatments. Above 23°K the 
disagreement may be caused also by measuring errors. 

The result of Duerig and Markham* for F-center 
production was confirmed by our measurements; pro- 
duction by x-rays is as efficient at 5°K as at 80°K. This 
seems to be in contradiction to results from Géttingen* 
obtained at 20°K. 

The change of the F-center as well as the H-center 
concentration was also checked during some of the 
annealing runs. Figure 4 shows that appreciable 
numbers of these centers do not disappear until the 
luminescence appears strongly. There seems to be a 
much more direct correlation between color center 
removal and luminescence than with vacancy recom- 
bination and luminescence. Figure 5 shows the absorp- 
tion in the H-band at 5°K and after warming to 30°K. 
In addition to the H-band a relatively strong band can 


3 W. H. Duerig and J. J. Markham, He gt Rev. 88, 1043 (1952). 


‘For example, F. Liity, Z. Physik 145, 249 (1956). 
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be seen at the wavelength where Dorendorf® found the 
V; band. This band is reduced in the same manner as 
the H-band as the temperature rises. At the same time 
a V, absorption appears, superimposed to the remaining 
H-band. 

Another observation concerning the F’-centers should 
be mentioned: A KBr crystal, intensively irradiated 
with x-rays at liquid helium or hydrogen temperature 
and afterward exposed to light between 0.8 and 1.3 u, 
also shows green luminescence. The luminescence 
disappears completely after a short while and seems to 
be caused by recombination of F’-centers with 
V-centers. 

DISCUSSION 


Vacancies 


Our results for the production by x-rays of vacancies 
in KBr are in full agreement with the mechanism 
proposed by Seitz® and by Dexter,’ as was shown ex- 
plicitly in the earlier paper.? The theory of Seitz and 
Dexter is briefly the following: Any real crystal contains 
dislocations and vacancy clusters as intrinsic disorder. 
The x-irradiation produces photoelectrons, holes and 
excitons in the crystal. These excitations cause charge 
anomalies by changing the charge of lattice elements 
and thermal spikes from recombination and decay 
processes. These processes happen preferentially at dis- 
ordered lattice points, particularily dislocations. There 
they cause spontaneous disorder changes, moving the 
dislocation and ejecting single ion vacancies into the 
surrounding lattice. 

We attempted to extend this model in order to under- 
stand the temperature dependence of the production 
rate and of the recombination processes. The data of 
the pertinent measurements (Figs. 1 and 3; see also 
reference 2) show quite evidently that the dependence 
of the vacancy production rate on temperature can be 
traced to the more or less complete spontaneous re- 
combination of vacancies at different temperatures, as 
observed in the annealing experiments. Therefore only 
the temperature dependence of recombination requires 
an explanation. 

The basic proposal for the recombination processes is 
the hypothesis that there is a minimum distance be- 
between opposite charged vacancies if they are to be 
stable. The magnitude of the distance must increase 
with temperature. 

The new, much more detailed low-temperature data 
give quite valuable additional information. It is now 
apparent that the recombination occurs in a number of 
single steps. This fact was observed only indirectly in 
the previous work, but now the better resolution of the 
processes permits at least a rough estimate of the activa- 
tion energies involved. By measuring the change of slope 
with temperature within single steps one evaluates 

5H. Dorendorf, Z. Physik 129, 317 (1951). 


* F, Seitz, Revs. Modern Phys. 26, 7 (1954). 
7D. L. Dexter, Phys. Rev. 93, 985 (1954). 
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numbers between 0.025 and 0.09 ev. The values in- 
crease with temperature and exhibit a gap between 
0.04 and 0.07 ev. The accuracy of these numbers is 
poor since the separation of the individual processes is 
still not great. 

Mott and Littleton’ calculated the activation energies 
for the migration of cation and anion vacancies in 
NaCl as 0.51 and 0.56 ev; respectively and Dienes® 
calculated the similar energy for vacancy pairs to be 
0.375 ev. In KBr we have to expect very similar values. 
All these numbers are much too high in order to explain 
our processes directly. But the attractive potential 
of oppositely charged centers provides a means of 
reducing these energies to smaller effective values. This 
has been shown explicitly by Reitz and Gammel.” 
They found absolute instability for oppositely charged 
vacancies in the second nearest neighbor position, but a 
barrier reduction of only 20% for twice this distance. In 
order to explain our effective values the barrier poten- 
tial (about 0.5 ev) must almost yr the Coulomb 
potential effect, leaving only about 10% of the initial 
value. Since we observe a series of steps with activation 
energies close to each other, there must exist a number 
of possible positions with almost the same distance 
between the vacancies. A distance of at least 3 to 4 
lattice constants is required. The pronounced structure 
in the recombination (particularily the gap around 
15°K) show that the distances are not much larger. If 
they were, a practically continuous series of possible 
distances would exist. How can it be understood to have 
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ax. F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485 
* G. J. Dienes, J. Chem. Phys. 16, 620 (1949). 
# J. R. Reitz and J. L. Gammel, J. Chem. Phys. 19, 894 (1951). 
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a strong enough effect of the Coulomb attraction over 
this distance? 

Since we have presumably very high local concentra- 
tions of vacancies, the cumulative effects of many 
vacancies can increase the local potential reductions. 
The fact that at 30°K most of the vacancies have al- 
ready recombined shows that the distance, which 
vacancies can be ejected out from their sources, must 
be limited very sharply. The thermal spike which 
produces the vacancy does not extend further. These 
high-concentration areas contain a large number of 
vacancy pairs and aggregates, produced by spontaneous 
recombination during the x-irradiation and in the lower 
temperature part of the annealing run. These empty 
spaces also can reduce the barriers. No data have been 
obtained for the fraction of vacancies which recombine 
spontanously during x-irradiation but our highest 
efficiency for production of stable a centers was one 
vacancy only per 400 ev (Fig. 1). Therefore abundant 
energy is still available. 

One might expect observably different band shapes 
for anion vacancies in regions of so strong and varying 
disorder. The half-width of the a band is in fact quite 
large and is at least 0.2 ev at 5°K. Exact values have not 
been obtained since the absorption peak is not well 
isolated. This number is of interest in order to compare 
with the half-width of the first peak of the fundamental 
absorption, as measured by Martienssen" for KI. His 
measurements give a width at 20°K of 0.053 ev com- 
pared with 0.078 ev at 90°K and 0.174 ev at room tem- 
perature. Our measurements on the a band show a 
half-width reduction of only 10% between 78°K 
and 5°K. 

No recombination was observed in the first few 
degrees of the warmup (the first 10 minutes of the run). 
The crystal temperature was not measurably influenced 
by the x-irradiation or by the ultraviolet light and the 
behavior is as yet unexplained. 


Electronic Effects 


After x-irradiation at 5°K, about 20% of the anion 
vacancies are filled with electrons, creating F-centers. 
This value depends, however, on the irradiation time, 
since saturation effects affect the vacancy and the 
F-center buildup to different extents.? 

The observed luminescence during x-irradiation and 
during the vacancy recombination can be understood 
as a recombination of electrons from F- and F’-centers 
with holes from H-centers and eventually from other 
V-centers. This is proved by the analogous reduction 
of the F- and H-center concentration (Figs. 4 and 5) 
and by the observation of luminescence during optical 
bleaching of F’. The pronounced glow peak at 25.7°K, a 


1 W. Martienssen, Nachr. Wiss. Géttingen Acad., 262 (1955). 
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temperature where most of the vacancies have re- 
combined, demands an independent reason for elec- 
tronic recombination at this temperature. The nature 
of this process has not yet been determined. The energy 
released during the production of vacancy pairs and the 
influence of vacancies passing by will lead to some 
recombination at lower crystal temperature. This can 
explain the long tail of the luminescence peak (Fig. 2) 
at lower temperatures. Additional experiments are 
necessary in order to understand these processes in 
detail. 

The disagreement concerning F-center production 
efficiency in KBr between Duerig and Markham on one 
side and the Géttingen school on the other has already 
been mentioned. This disagreement could be attributed 
simply to this recombination process at 25.7°K, since 
only the American data were taken at liquid helium 
temperatures. 


Other Alkali Halides 


The preceding discussion concerning vacancy stabili- 
zation can also be applied to KI, NaBr, and Nal. In 
these crystals at sufficiently low temperatures, no stable 
single anion vacancies, nor any other coloration, can be 
produced by x-irradiation. In these crystals the barrier 
energy for cation vacancy migration is presumably 
smaller than in KBr. If this is true, all the distances 
which can be reached by single vacancies during their 
production by a thermal spike could be within the range, 
that leads to spontaneous recombination by Coulomb 
attraction. 

An experiment on NaBr ™ of a quite different kind 
proves that changes in the ionic disorder also appear by 
irradiation in this material: One-half of a crystal was 
covered with a lead screen and then the crystal was 
x-irradiated for 12 hours at 78°K. No change in optical 
absorption was observed. The crystal was than warmed 
slowly. At about 0°C, moist air was induced in the 
cryostat at a pressure of 5 mm of Hg. The unirradiated 
half of the crystal was immediately contaminated on 
its surfaces, showing a large number of tiny circular 
holes of about 0.001 in diameter. On the other hand it 
took several minutes until the x-irradiated half showed 
the first spots, even at the face opposite to the x-ray 
tube. Obviously the number of contamination nuclei, 
presumably dislocations, is reduced by the irradiation. 
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Use of more accurate fields around the solute atoms is shown to decrease very appreciably the discrepancy 
found by Blatt between the activation energies for solute diffusion in silver obtained from the theory of 


Lazarus and the experimental values. 





ECENTLY Lazarus! has put forward a theory of 
solute diffusion in metals in which screening by the 
conduction electrons plays a fundamental role. In this 
work, the Thomas-Fermi approximation was used to 
obtain the potential around the solute atom, the basic 
equation being linearized following Mott. It is now 
known, however, from the investigations of several 
workers*-*> that this leads to significant errors. In 
particular, the screening depends on the excess valence 
Z of the solute atom, a result which is not predicted by 
the first-order treatment. For this reason, Blatt® has 
recently attempted to use more accurate screening 
constants than those given by this approximation. 
His method consisted in assuming a@ priori a form 
(Z/r) exp(—r/r,) for the potential’ and calculating r, 
as a function of Z from the condition that the total 
screening charge is equal to the valence difference. 
However, inspection of the theory of Lazarus shows 
that it is the potential at a distance of approximately 5 
atomic units which is important from the point of view 
of this theory; and while Blatt’s potential will certainly 
give an important improvement over the first-order 
treatment for smaller values of r, it seems to us that a 
more careful investigation is called for here. This is 
made possible by the existence of some exact numerical 
solutions of the Thomas-Fermi equation for an im- 
purity.*® From the results of the present writers for 
impurities in Cu, it can be shown that even at distances 
appreciably less than 5 atomic units the numerical 
solutions are accurately represented by the asymptotic 
form 
V=(Z/r)a exp(—gr), 
where g’=4k,,/1, km is the maximum momentum of the 
electrons, and a is a quantity of the order of unity but 


TABLE I. The quantity a as a function of valence 
difference for impurities in copper and silver. 








Zz 1 2 3 


dependent on Z. We have in fact written the potential 
in this way in order to exhibit immediately the connec- 
tion with the first-order treatment. In this first-order 
treatment the asymptotic form is used beyond its proper 
range of validity, and from the boundary condition at 
the origin the constant a must then be taken as unity. 
However, from the exact solutions of the present 
writers the results found for Cu are as shown in the 
first row of Table I. Thus, in the region of interest, in 
the theory of solute diffusion, the screening depends on 
Z through a, rather than through q as in Blatt’s work. 
It seems clear that the potential thus obtained is 
preferable to that assumed by either Lazarus or Blatt, 
although it is perhaps open to question whether the 
treatment of the whole problem by Lazarus, based on 
the first order approximation, is not more consistent 
internally. However, in view of Blatt’s findings, it is 
of interest to examine the results obtained by taking the 
best available theoretical potential. 

For Ag, Fujiwara‘ gives values of a for Z=1 and 2, 
and these are shown in the second row of Table I. It 
is easy to show from the results for Cu that (1—a)/Z! 
is practically constant over the range of Z covered in 
Table I, and this is also true for Z=1 and 2 for Ag. 
Thus it is possible to estimate values of a for Z=3 and 
4 for Ag with some certainty, and we have entered the 
values we shall adopt for the purposes of the present 
discussion in Table I. We are then in a position to obtain 
revised values of the activation energy H for solute 
diffusion from the formulas of Lazarus. 

However, before presenting these values, it is worth 
noting that the results for negative values of Z seem 
also to be of interest in view of Blatt’s remarks. No 
very satisfactory solution of the Thomas-Fermi equa- 
tion seems to have been calculated in this case for any 


TABLE II. Values of r, and a for Cu 
and Ag for negative values of Z. 








a 0.77 
a 0.75 


0.60 
(0.56) 


0.64 








1D—. Lazarus, Phys. Rev. 93, 973 (1954). 

*\N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936). 

3 J. Friedel, Advances in Phys. 3, 44 (19. 54). 

4H. Fujiwara, J. Phys. Soc. Japan 10, 339 (1955). 

5L. C. R. Alfred and N. H. March, Phil. Mag. 46, 759 (1955). 
*F. J. Blatt, Phys. Rev. 99, 600 (1955). 

7 Atomic units are used, unless explicitly stated. 











8 Fujiwara also gives a value for Z=1 for Cu; this agrees with 
that recorded in Table I. 
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EXCESS VALENCE 2Z 


Fic. 1. Calculated and experimental activation energies for 
solute diffusion in silver. — Result of Lazarus, taking g=1.70 
A+; X results of Blatt; @present calculations; O experi- 
mental results (taken from Blatt, Fig. 1). 


metal, and we shall therefore describe briefly some re- 
sults that we have obtained which should be more 
accurate than those found previously. We note, first of 
all, that in the Thomas-Fermi method electrons are 
not allowed in regions of negative kinetic energy, and 
hence in this approximation there is a sphere, of radius 
r, say, around the negative point charge, in which there 
are no electrons. Then, if Z,, is the Fermi energy, we 
have 


—V(r.)=Em 


as the equation determining r,. We can now easily ob- 


tain the potential inside this sphere; it is 
PA 25/2 En3!? 


V=-+6———_—_"’, 
r Or 


r<r. 


Outside the sphere, we assume that we can use theasymp- 
totic solution, and hence we have 


V=(Z/r)a exp(—qr), r>re. 


We determine the unknown constants 6 and a by 
requiring that the potential and its first derivative shall 
be continuous at r,. We then find the following equa- 
tions from which we can calculate r, and a: 


1 + re | 
_, Ea(¢+—) see —+—(2En) 7 
Ye re Or 


—Za exp(— gre) =1eEm. 


These are easily solved, and we show in Table II the 
values thus obtained for Cu and Ag. We have a check 
on the method for Cu and Z=—1, since we have had 
occasion to obtain an exact numerical solution for this 
case in another connection; the value obtained for a 
was 1.5, in reasonable agreement with the result 
predicted by the simple argument given above. 

Repeating the calculations of Lazarus and Blatt for 
the activation energy H, we then obtain the results 
displayed in Fig. 1. It will be seen that the discrepancy 
between theory and experiment which Blatt found is 
very appreciably reduced, and that the variation of 
H with Z predicted by the theory is of a similar form to 
that found experimentally. Perhaps, in view of the 
obvious approximations involved in the theory of 
Lazarus, it is not very reasonable to expect much better 
agreement than that obtained here. 

For negative Z, our results support Blatt’s con- 
clusions entirely and we are inclined to believe that the 
exact values of a would lead to a curve lying above ours. 
Experiments to test the theory for negative Z will be 
of obvious interest. 
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Adapting an idea proposed by Fermi to explain the shifts of the high-series lines in the alkali spectra under 
perturbation by foreign gases, the present paper develops a theory of the broadening of impurity levels in semi- 
conductors. In its principal assumptions it follows the work of Lax and Burstein, but it is simpler and leads 
perhaps to somewhat better agreement with their own experimental data. While in the problem of the alkalis 
a large valence orbit is disturbed by the random motion of foreign gas molecules, the same effects result in 
the present instance from collisions between a hole and the phonons. In detail, the broadening arises from 
two mechanisms: the scattering of the bound hole by the acoustic motion of the crystal atoms and the 
fluctuation in polarization energy of the atoms lying between the approximately hydrogen-like orbits of 
the hole. The former effect is dominant and accounts reasonably well for the experimental results. The calcu- 
lation is applied to boron-doped silicon and yields a total zero-point broadening of 1.6 10™ electron volts; 
this is to be compared with an experimental value of about 1X 10~ ev and the result of 3X 107 ev obtained 
by Lax and Burstein. Some question remains about the temperature dependence of the effect. 


NFRARED absorption lines of a single crystal of 

silicon doped with boron have been measured by 
Burstein, Bell, Davisson, and Lax.'! The interesting 
qualitative interpretation of the spectrum involves the 
assumption that the lines arise from transitions between 
approximately hydrogenic orbits of very large radii, 
pursued by a hole bound to an impurity center. The 
lines are broadened because of the perturbations to 
which these large “‘atoms” are exposed, and the widths 
have been determined by the above-named authors. 

A theory of the broadening was given recently by Lax 
and Burstein,” who calculate the intensity within a line 
by methods adapted from the spectra of polyatomic 
molecules. The elaborate nature of their careful work, 
with its need for various approximations, makes an 
assessment of the accuracy of the results obtained some- 
what difficult ; hence it is hard to see the cause for the 
discrepancy (by about a factor 3) between their theory 
and the experiments. It seems desirable, therefore, to 
try here a much simpler theoretical approach to the 
broadening problem in order to illustrate the physical 
processes involved and, perchance, to get a better 
quantitative understanding. 

The situation under study has many features in 
common with an older problem in spectroscopy, the 
shifts and broadening of the high-series lines in the 
spectra of the alkalis resulting from impacts of foreign 
gases.* Here, too, the orbits of the valence electron 
embrace a great number of perturbers, and the line 
structure arises from the random motion of the foreign 
gas atoms inside and along the orbits of the radiating 
electron. Fermi‘ suggested a very beautiful explanation 


* Work supported by the Office of Naval Research. 

+ Part of a dissertation submitted by D. Sampson in partial 
fulfillment of the requirements for the Ph.D. degree at Yale 
University. 

Psa Bell, Davisson, and Lax, J. Phys. Chem. 57, 849 
1953). 

2 M. Lax and E. Burstein, Phys. Rev. 100, 592 (1955). 

3 E. Amaldi and E. Segré, Nuovo cimento 11, 145 (1934). 

4E. Fermi, Nuovo cimento 11, 157 (1934). 


of the effects observed. He attributed them to two 
causes: the collision of the valence electron with atoms 
along its path and the polarization of the perturbers 
inside the electron orbit by the core of the radiating 
atom. To be sure, his theory aimed only at an explana- 
tion of the line shifts, but its extension to widths is an 
easy problem. 

The difference between the impurity problem and the 
optics of the high-series members of the alkalis arises 
from the fact that in the former the perturber motion is 
organized into a phonon spectrum, whereas in the latter 
it is random. This changes the details of Fermi’s theory 
but not its essence. In the sequel, then, we compute the 
effect on the line width expected from the following 
mechanisms: 1. The encounter of the boron hole with 
silicon atoms or, more properly stated, the scattering of 
the hole by the acoustic motion of the silicon atoms; 
2. The fluctuations in the polarization of the orbit- 
enclosed silicon atoms. The first of these will be shown 
to be the important effect and to account reasonably 
well for the observed line widths. Our theory holds of 
course equally for electrons bound to atoms in group V 
and for holes bound to group III impurity atoms. 

The physical assumptions to be made are those of 
Lax and Burstein: The levels will be taken to be 
“hydrogenic,” and the hole will be described as having 
an effective mass of 0.45 times the mass of the electron. 
The ground state orbit, from which absorption takes 
place, has a radius of 13.5 A. For an appraisal of these 
idealizations the reader may turn to the paper quoted. 
The speed of the hole in its ground state orbit is 1.9 107 
cm/sec, a value of the same magnitude as the speed of 
a hole near the top of the valence band. Thus, as far as 
collision effects are concerned, the hole will be amenable 
to treatment by conduction theory; in particular it will 
have a mean free path given by a slight extension of 
considerations familiar from the problem of mobility. 
The hole will collide with phonons and we shall show 
that at low temperatures the mean free path is inversely 
proportional to the speed of the hole (Ramsauer effect), 
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while at high temperatures it is constant. For these 
reasons the hole makes fewer collisions in its various 
upper states than in its ground state, and we have a 
situation, somewhat anomalous in atomic spectra and 
reminiscent of meson processes, of a ground state with 
shorter life time than the upper states. The line broad- 
ening is therefore accounted for almost wholly by a 
study of the ground state alone, and different is—np 
transitions produce approximately the same widths. 
This has already been noted by Lax and Burstein and is 
in accord with experiment. 


EFFECT OF PHONON IMPACTS 


All the foregoing facts suggest that the broadening be 
treated on the basis of Lorentz’ simple theory, according 
to which the (full) width at half-maximum is given by 


Av=1/xr, (1) 


where r is the mean life of a phase-coherent atomic state 
between collisions. It is of course not necessary for an 
impact to destroy the atomic state in the sense of raising 
the hole to a higher bound state in order that the 
radiative act be effectively terminated. As Weisskopf 
and others have shown, a phase change of sufficient 
magnitude, accompanied by an insignificant energy 
change, counts as a Lorentz impact. If the Lorentz 
theory is accurate, the line ought to have dispersion 
shape, but this is hard to establish from the experi- 
mental data. It must also be true for the validity of this 
approach that the mean free path exceed by a sufficient 
margin the length of the orbit pursued by the hole, as 
will in fact turn out to be the case. 

There remains, then, only the task of computing r, 
or the mean free path vr. In doing this we assume that 
any effects on collision frequency arising from the 
curvature of the path of the bound hole may be neg- 
lected since the orbits are large. Hence, the hole may be 
treated as moving with the indicated speed, but in the 
valence band, with the important difference, however, 
that the bound hole remains in the region near one 
impurity atom, making collisions only with phonons. 
On the other hand, a normal hole in the valence band 
would wander through the crystal, being scattered 
predominantly by impurity centers at the low tempera- 
tures for which line measurements are possible. We 
must therefore extend the theory of lattice-scattering 
mobility, which is observable only at high temperatures, 
down into the region of low temperatures where it is 
ordinarily inapplicable. This would introduce little 
uncertainty into our results if an adequate theory of 
lattice-scattering mobility were available which took 
account of interband scattering between the two bands 
degenerate at k=0 and gave agreement in its tempera- 
ture dependence with experiment. At present no such 
theory is available. Thus we use here the well-known 
mobility theory of Seitz and of Bardeen and Shockley,* 


5 F. Seitz, Phys. Rev. 73, 549 (1948) ; Seitz’s C= 3A. 
* J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 
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in which the valence band is assumed to be a single 
nondegenerate band with spherical energy surfaces 
centered about k=0. 

Using the deformation potential introduced by the 
last-named authors, we write for the perturbing po- 
tential to which the hole is subjected 


a 
H’=Av-R@)=— X as(o)o- bo) explia-s), (2) 


an expression in which R(r) is the displacement vector, 
evaluated at the coordinate r of the hole; A is a constant 
to be adjusted by comparison with the measured mo- 
bility, M is the mass of the crystal, &,(@) is a unit vector 
pointing in the direction of the displacement resulting 
from the uth vibrational mode with wave number @. The 
form of Eq. (2) presupposes that the two atoms in a 
primitive cell of the Si crystal vibrate in unison and can 
be replaced by a single mass twice that of a Si atom, an 
assumption also made by our predecessors. 

The states of the system are represented by the 
products 

¥(kj,r)e**s U;, 


in which We**s-! is a Bloch function describing the state 
of the hole, while U; is a product of harmonic oscillator 
functions of the amplitudes a, and, through them, of @; 
the quantum numbers of U; are integers n,(@) which 
specify the number of phonons of wave vector @ and 
mode y that are present. 

The probability of a transition from an initial state 
(1) to a final state (2) in time ¢ equals 


sin? (weit/2) 


hwo 


W(t) =4| Hoy’ |* (3) 


Following Seitz,’ we define the complex amplitudes, a, 
in terms of the real ones, a, by the relation 


a,(¢)=2-La,(6)+ia,(—o)]; a,*(0)=a,(—0). (4) 


The a’s have matrix elements which are given by the 
usual formulas 


(nttlaln=(-"**), (5) 


in which ” and w are of course functions of u and @. 

The linearity of H’ implies that the perturbation 
induces only single phonon transitions, hence the system 
frequency wa, appearing in (3) is related to the phonon 
frequency w by 


E.— Ey =hon= e— athw,(e). 


The «’s are the hole energies whose difference corre- 
sponds to the energy acquired or lost when the hole 
suffers a collision. In truth, they are not related para- 
bolically to the hole wave numbers k. This is our least 


7F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940). é 
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defensible approximation, ably discussed by Lax and 
Burstein who employ it in a similar way but add a 
binding energy for the hole. Accepting these simpli- 
fications, one may write 


ej= cot (Wk? /2m) 


m being the mass of the hole. 

If 7 is greater than h/(€2—«:), then, as indicated by 
Seitz,® sin (we:t/2)/we: may be replaced by a 6 function, 
and 

Wa (t)= (2nt/h) | Hoy’ |?6(E,— FE). (6) 


In our case this condition is satisfied. The difference 
€2— €, equals the energy of a typical phonon involved in 
the scattering process and is about 3 millivolts ; 24/7, on 
the other hand, is the line width, which is about 1 
millivolt, and 7 exceeds h/(€2—¢€:) by approximately a 
factor 5. 

The evaluation of Hz’ makes use of the following 
considerations. Of the three modes of vibration desig- 
nated by y, one is nearly logitudinal and two are nearly 
transverse. The latter make no contribution to H’, the 
former yield |@- | =o. The summation over y in Eq. (2) 
thus disappears, and there remains only the calculation 
of ao; and of fy*(k»,r) exp[—i(ke—ki—o) -r W(ki,r)dr 
as factors of H»;’. The former proceeds via (4) and (5), 
the latter yields 5(k2—k,, #) because y(ke,r) and ¥(ki,r) 
are nearly equal and normalized to 1. 

The amplitude a(¢) has nonvanishing matrix elements 
for the following transitions: 


n(o)—n(e)+1 
n(—e@)—n(—oe)+1 


n(a)—n(e)—1 


(1) 


n(—a)—n(—oe)—1. 


In thermal equilibrium n(o)=n(—@), and one need 
distinguish only between the cases of gain and loss of a 
phonon, i.e., between sets (1) and (2). 


| a2 |?=[n(o)+1 Jh/2(o) ; 
| doa 2=n(e)h/2w(c). 


The range of the polar angle @ in o space is different for 

cases (1) and (2) as will be seen. For most problems this 

has an insignificant effect. However, for the low temper- 

atures dealt with in this study, the effect is important 

and categories (1) and (2) must be treated separately. 
Collecting results, we find 


In case (1), 
in case (2), 


A’o*h “set | 


| Ha’ |?= (7) 


2Mu(e)!| n(o) 


for the two cases in question. This must be substituted 
into (6) and a summation over all @ has to be carried 
out, subject, however, to conservation of energy [Eq. 
(6) ] and of momentum [See the factor 6(k»—ky, ¢) ]. 
The velocity of propagation of longitudinal waves 
varies with direction from a maximum in the (111) 
direction to a minimum in the (100) direction. As 
pointed out by Bardeen and Shockley,* the variation is 
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not large (about 10%). Thus smaller error is introduced 
by making the isotropic approximation w(o) =oc,, where 
c, is the average velocity of the longitudinal waves. 
Following Lax and Burstein, we choose the velocity in 
the (100) direction as representative. This apparently 
low value allows for the fact that the waves are not 
purely transverse and longitudinal. The slower, nearly 
transverse waves do contribute somewhat to the scat- 
tering. By later using a value for A determined from 
experimental mobilities, however, we actually include 
the effects of the nearly transverse waves. 

The number of transitions per second involving 
phonon wave number @ within a volume element 
odo sinédéd¢ of @ space is 


D(c) 
W (2) odo sin6déd ¢, 


t 


where D(a), the density of phonon states, is simply 
(2r)-* times the volume V of the crystal. The frequency 
of transitions dP(@) along @ is found by integrating this 
expression over ¢ and ¢ and then adding the results for 
cases (1) and (2). Thus 


dP (0)=dP,(0)+dP2(6) 
and 





dP,( )= 


(2r)1A?_ ep n(c)+1 
f 5(Es—E;)o'de sinddd. (8) 


2p 


W\o 

Here p is the crystal density. The integration over a is 
to be carried out subject to 

k?=k+o0°+ 2ck; cos 


and 
2 


E,— Ey=—(k?— ky’) +hw(a). 
2m 


On combining these and substituting w(¢)=oc), we find 
o= — (2mc,/h) — 2k; cosd (9) 
and furthermore, 
2m 


do =——d(E,— FE) at E.= FE. 
o 


h? 
One then finds 
A’m 
dP, (6) = “om —[n(c)+1 ‘Jo? sinddé, 


Wh" pc} 


(10) 


where @ is a function of @ through Eq. (9). 

To obtain Pj, we integrate (10) over 6. The upper 
limit of @ is clearly +; the lower limit corresponds to 
a=0 which, by (9), is given by 


COS nin = — mc,/hky= —c,/2, 


if v is the speed of the hole. Numerically, cos@nin 
= — 0.0436, indicating that @nin>4. Figure 1 illus- 
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trates this situation. Now replace n(c) in (10) by its 
thermal average value, 


{exp[hiw(o)/xT ]—1}-=[exp(hoc,/xT)—1}° 
= {exp[ — (Bcos#+C)/T]—1}-, 


using the abbreviations 
B= 2hkyci/x=93.5°K, C=2mc?/x=4.1°K, 
and put finally «= — (B cos#+C)/T. We then have 


. 2A*mk? sT \* 
dP (0) so (-) 
mh*pc; B 


P\= 


(B-O)/T 
xf [(e*—1)71+1 Jx*dz. 
0 


The calculation of P: likewise proceeds from Eq. (8). 
But in this case the equation for energy conservation 


reads 
h? 


E,— Ey=—(k?— k;*) —hw(c) =(), 
2m 


Equation (9) becomes 
o= (2mc,/h)— 2k; cosé, 


and (10) lacks the 1 in brackets. In this case, cOS@nin 
=+¢;/0, @min<a/2 as indicated by the dashed arc in 


Fig. 1. Thus 
seis” 
(-) f e7— 1) a*dx. 


aim A*mk? 
Our result for the collision frequency is 


1 4A*mk? T \* 
-=P,+P:= (~) 
T th*pc; B 
(B-C)/T 
x| f [ (e7—1) +4 Ja®dx 
0 


(B+C)/T 
+f 
(B—C)/T 


This expression will be evaluated for low and high 
temperatures. 

Case A: T—+0.—All limits of integration in (11) are 
large numbers, and the only term in the curly brace that 
remains appreciable is 


mh’ pc; 


=—1)-“1y2dx$. (11) 


9 


(B-O)/T 42 
—dx. 
0 2 
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Hence 


1 2A%mk? /B—C\3 
-= (—). (12) 


t 3ah’pc, B 


Case B: T—~ .—In this case, the integrand in (11) 
can be expanded as follows: 


(B—C)/T (B+C)/T B+C? 
f alot’ f a 
0 (B—C)/T 


dx = —- ~, 


and 
1 2A*mk? -(—— ——( ( 
acai ae - , ~Gig 
t wh'pc, B B ) B ) 








ah®pc? 


Except for the factor 1+ (C?/B*), which is quite in- 
significant, this result leads to Seitz’s mobility formula® 


8r\! 
“€) 
9 
The constant A can therefore be taken from the 
empirical value of the mobility, as was done by Lax and 


Burstein. The constants used in evaluating (12) and 
(13), taken from the latter authors, are as follows: 


A=15 ev, m=4.1X10-*8 g, 
c=0.83X 10° cm/sec, ki=mv/h=7.37X 10° cm, 
p= 2.33 g/cm’, v= 1.910" cm/sec. 


eh'pc r 
A*(xT) m5? 


From these values one computes a mean free path, v7, of 
1.7X10-* cm at T=0. The length of the hole’s orbit is 
8.5X 10-7 cm; at low temperatures, then, the hole makes 
about 20 revolutions before the orbit is destroyed. 

The Lorentz line width, from Eq. (1), becomes 1.46 
X10 ev at low temperatures in accordance with (12). 
This is to be compared with the experimental value of 
about 10- ev.? Lax and Burstein obtained a theoretical 
result of 3X 10~ ev. 

At high temperatures, our Eq. (13) leads to 


hAv=0.0536T X 10 ev. 


While this seems to be in rough agreement with the 
published data, the rise with T may be too rapid. Lax 
and Burstein find proportionality with 7}, a result 
which is conditioned by their use of a statistical theory 
of broadening. The exact theoretical dependence on T is 
influenced by the structure of the energy band which 
has been idealized in both treatments. 

The region between low and high temperatures can be 
studied only by carrying out the integrations in (11) 
numerically. This has been done, and the findings are 
plotted in Fig. 2. 

A word should be said about the approximation of the 
bound state by plane-wave functions since this does not 
seem justified on a priori grounds. It is easy, however, 
to expand the bound state in terms of Bloch orbitals 
and to perform an appropriate average of the collision 
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frequency over the Bloch states which correspond to the 
bound orbital. When this computation is made and the 
valence band is again assumed to be nondegenerate and 
to possess spherical energy surfaces, we obtain 


hAv| r+0= 1.49 10-3 ev, 
hAv| 74.=0.0455T X 10> ev. 


The difference between this zero-point result and the one 
obtained earlier in this section is not significant; the 
slower rise with temperature obtained here gives slightly 
better agreement with experiment. 


II. POLARIZATION EFFECT 


We now investigate the contribution to the width of 
the impurity levels coming from the second mechanism, 
the thermal fluctuation in the energy of polarization of 
the silicon atoms lying between the orbits involved in 
the transition of the hole. We call this the polarization 
effect. Clearly, since the effect now under study is 
characteristic of a bound charge (the former having 
concerned the motion of a free particle) it is not included 
in the foregoing treatment. Nor have we been able to 
convince ourselves that it is contained in the treatment 
of Lax and Burstein, which corresponds to Sec. I. 

A rigorous treatment of the effects of a polarizable 
medium is admittedly difficult, and the following con- 
siderations are crude. They are designed to test orders 
of magnitude rather than provide a quantitative answer. 

It is assumed that when the silicon atoms occupy 
their equilibrium positions, the charge of the hole is 
distributed uniformly over the surface of a sphere of 
radius equal to the orbital radius and with its center at 
the impurity core. The core is regarded as stationary. 
This assumption may be shown to have small effect on 
the result. On the basis of these assumptions, the 
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electric field is —(e/Dr*)r within the sphere and zero 
outside.® 

We turn now to the distribution function for the 
polarization energy. r; is the position of the jth atom 
with respect to the impurity center, rjo is its equilibrium 
position, and R; its displacement from equilibrium. 6; is 
now the angle between R; and rjo. 

If all of the silicon atoms in the crystal are acted upon 
by a harmonic force of stiffness K, the force on the jth 
atom is given by 
F j= — K(rj—1j0)= —KR,j. (14) 


When a Boltzmann distribution is assumed, the proba- 
bility that the jth atom have a displacement R; is 


P(R;)dRj= (24(R;2*))“! 
—R? 
xexp( )arar, sind ,d0,dg;. (15) 
2(R;2") 
The mean square displacement has the value 
(R?)=3(Rj2)= 3xT/K. (16) 
Since K is the same for all atoms, we drop the subscript 
j in Eq. (16). 
The polarization energy is 
X=->-, (17) 
i r;4 
and the probability that X be between X—4dX and 
X+ dX is given by 
P(xydx= f ++(n)-- » f PRyARs: »+P(R,»)dRa, (18) 
provided the integration over volume elements dR; is 
over a region such that 


b 
X—}dX <—-Y —< X4+4dX. 


s #3 


(19) 


With the use of a Dirichlet factor’? Eq. (18) becomes 


dX a) cs) T 29 r 0 2a 
P(xyax=— ff ar f f i) ae | J 
2dr J_. 0 Yo Yo 0 Yo Yo 


b 
x exp] an X45 ~) |Pcar -+P(R,)dR,. (20) 


ir; 


® Although the thermal vibrations of the Si atoms lying com- 
pletely within the orbit of the hole produce slight variations in the 
electric field acting on the hole and corresponding fluctuations in 
the mean position of the hole, this does not change the total energy 
of the system, the hole plus the Si atoms inside its orbit. However, 
the energy which must be absorbed from without in order to 
produce a transition of the hole to a higher state does depend on 
the position of the silicon atoms between the two orbits. If we 
assume that the silicon atoms remain stationary during the time 
of an electronic transition (Franck-Condon principle, statistical 
theory of broadening), the distribution of the absorption energy 
about its mean value is given directly by the distribution function 
for the fluctuation in polarization energy of the Si atoms between 
the electronic orbits involved in the transition. 

” This procedure follows H. Margenau, Phys. Rev. 43, 129 
(1933). 
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We assume that R;<r jo so that 
r= 0+ 2r oR; cos6 ; 


ginstg 4R; 
—=—{1-— cost). 
r;4 150! T 50 


If we substitute this into Eq. (20), each of the integra- 
tions over the dR; contributes exp(—8b*(R2)d*/rj0"°), 
and 


PX)=— -f exp — 8P(R2)>- i» 
i 759° 


b 
+i(x4 —)a}an (21) 
i 750! 


The integration over \ yields 


1\- 
P(X)= (s2ni(R.2E ear: 


7 ro! 
1 2 
(x40 ~— 
i r jo" 
MOE] eee 
1 
320XR2). — 


i 730° 


(22) 


This is a Gaussian distribution, centered at Xo 
= —b > ;(1/rj0'), ie., at the polarization energy when 
the atoms are in their equilibrium positions. The full 
width, defined by P(Xo+3A4X)=}P(Xo), is 


AX = 2(log2)#(326°(R.*)2 ; 730)? 
=9.42b (R2)>; ro”) , 


Numerical values for the various quantities needed in 
the sequel are, in addition to those already introduced in 
Sec. I: 


d (distance between nearest neighbors) = 2.35 10° 
cm, 

N (number of silicon atoms per unit volume) = 5X 10”? 
cm, 

M, (mass of a silicon atom) = 4.65 X 10-* gram, 

D (dielectric constant) = 11.5, 

6p (Debye temperature) = 658°. 


(23) 


Because the orbits are large in comparison with the 
interatomic spacings, the first orbit contains approxi- 
mately 500 and the second 3X 10‘ silicon atoms. Thus 
we are able to sum over j by the approximation 


>~— f 4aNrdr 
i a 2 


and obtain 
> 5 7507 = (44/7) (any)-"— (an?)-"]. 


In these expressions, , and m, are the principal quantum 


(24) 
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numbers for the initial and final state of the hole, re- 
spectively. The second term is always negligible in 
comparison with the first; hence the widths for all 
transitions between ground state and higher states are 
equal, in connection with this effect as well as in collision 
broadening. Furthermore, by Eq. (17), the polarization 
energy 


Xo= —b Dj rj0*= — 4 NO[ (an;*)“— (an:?)7], (25) 


On the other hand, the energy required to bring a 
dielectric into a region of volume V is given by the 


relation" 
1 1 
x=—2 f 62(1—1)or 
8x V D 


where &» is the electric field before the dielectric is 
introduced. For our case, 


anz® 92 
“(= * err 
an? 4 
D-1 
—-—-—-}. (2 
--(> ‘\E(- =) (26) 


Equating this to the average polarization energy given 
by Eq. (25), we obtain 


-(— \ 


= 1.0510 ev cm‘. 


x=-= 


(27) 


Substituting the result for >>; rj", Eq. (24), into 
Eq. (23), results in 
AX=12.6b((R)N/a’)!, 
since m,= 1 for the ground state. This leads to 
AX =32.5X 10“(R)! ev-cm™. (28) 


Actually one is justified in using classical distribution 
functions for the harmonic oscillators only when the 
frequency, w= (K/M,)', satisfies the relation hw«xT. 
But the quantum distribution is also Gaussian’ and 
differs from the classical one only by containing (R,”) 
= (h/M w) (+4) in place of xT /K, 7 being [exp (hw/xT) 


—1}°. To summarize 
if T0, 


if To, 


(R2Z)=h/2M w, (29) 
(R2)=«T/M wo’. (30) 


The Einstein theory for specific heats is based on a 
similar model, treating all the atoms of the solid as 
harmonic oscillators of the same frequency. Thus we 
might expect that the Einstein frequency obtained from 
specific heat data for silicon would give the best choice 
for w. 

1 See C. J. F. Bottcher, Theory of Electric Polarization (Elsevier 


Publishing Company, New York, 1952). 
2 M. Born, Repts. Progr. Phys. 9, 294 (1942-3), Appendix I. 
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Now our statistical approach is valid only when the 
frequency of the hole (w,) is considerably greater than 
the frequency of the atomic vibrations. But the Einstein 
frequency for silicon is about 7X10" sec~, while the 
hole frequency is 


w= h/ma?= 1.4X 10" sec, (31) 


Thus the criterion for the validity of our approach is 
poorly satisfied if the Einstein frequency is the correct 
value to use. 

In reference 8, a more accurate treatment is carried 
out, the atomic displacements R; being expressed ds a 
summation over the normal modes of vibration. It is 
found that P(R;) is again given by Eq. (15). In detail, 


1 (a, (@)?) 
aL bl aa ere 2 uo 
(32) 


0) =——| [exn(“*”) =] 4 } 


This equation is exactly true only for cubic lattices. 
In other cases the thermal mean square values for the 
three cartesian components of R; are not necessarily 
equal. The R; for different atoms and hence the proba- 
bilities P(R;) are not independent. Consequently the 
correct integral form for P(X) has in place of the product 
of NV three-dimensional Gaussian distribution functions, 
P(R;) of Eq. (20), a single 3N-dimensional Gaussian 
involving cross terms between all components of the Rj. 
The coefficients of these cross terms contain summations 
over the normal modes of vibration and are small except 
when (a) the frequency of oscillation is low and (b) the 
cross terms involve coordinates of atoms lying close 
together. The exact expression for P(X) cannot be 
integrated. Here we neglect the cross terms, thus re- 
storing the independence of the P(R;). P(X) then re- 
duces to Eq. (20), and the width is again given by Eq. 
(28) with the (R,”) expressed by Eq. (32). 

In order to evaluate (R,*), we use the Debye ap- 
proximation 


1 @max 
aac it he f wtdes 
0 


3N Cu 


Equation (32) then becomes" 


3h°T? 
(R s*) — 


skVD 


6p/T 


J [(e=—1)44]udz. (33) 


In this expression, @p is the Debye temperature and 
x=hw/xT. For T>>6p, this approaches the value 


(R?)=3h?T/M 0p’. (34) 

13 This result agrees with and is indeed obtainable from the 
theories of P. Debye [Ann. Physik 43, 49 (1914)] and I. Waller 
[Uppsala dissertation, 1925 (unpublished) J]. For the explicit ex- 
pression for (R?) based on their theories, see K. Lonsdale, Acta 
Cryst. 1, 142 (1948). 
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Hence, from (28), 
AX =1.13X10-°T! ev. 


In general the integral in Eq. (33) may be written as a 
series 


p/T Tr « Op/T 1 
f ihe ahemege He.” caer +=] 
0 


n=l] nN n* 


For the present range of interest (T=0 to 80°K), the 
series involving the exponential factor is negligible in 
comparison with §7? and Eq. (33) becomes 


3h2T? + (0p/T)? 


6 4 


(R2’) ~~ 


T<6D M ,x6 p® 


Substitution of this expression into Eq. (28) yields 


38°? Fx? (On/T)Y\' 
AX =32.5X 10( ww }) (35) 
Muxop'l6 4 





As T-0, $x” may be neglected and 
(R 2) r+ = 3h? /4M xO p = 3h/4M wmax- 


On comparing this with the quantum mechanical value 
for (R.”) in a single-frequency model [see Eq. (29) ], one 
obtains an effective frequency werr= Fwmax= 5.74X 10" 
sec'. For very high temperatures, 7>>@p, according to 
Eqs. (30) and (34), werr= (1/V3)wmax= 4.96 10" secr. 
Since these values do not differ greatly, a single-fre- 
quency model should work quite well. 

With the numerical values given above, we find 

3h? \3 
~ -) =0.145X10- ev. (36) 


4M x0 D 


AX T30> 32.5X 101( 


When T= 80°K, Eq. (35) leads to 
AX | rago*=0.151X 107 ev. 


Thus the polarization width is small and almost constant 
over the range of temperatures here considered. When 
added to the collision effect it brings the total zero- 
point broadening to 1.610 ev. 

Since the ratio w»/wer2.4, our approach for polariza- 
tion broadening is not wholly adequate. The hole will 
not be sensitive to the exact motion of the silicon 
atoms, but will rather see them more nearly in their 
average positions. The conclusion is that the polariza- 
tion effect, while given correctly as to order of magni- 
tude by the foregoing treatment, may be less important 
than Eq. (36) indicates; it is probably not negligible 
when improved experimental data are at hand, but is 
smaller than the collision effect by at least a factor 10. 
Its dependence on temperature, in particular the pro- 
portionality to JT! at high temperatures, must not be 
taken as accurate; for the validity of our statistical 
theory depends critically on w,/werr, being good only 
when that ratio is large. 
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The coercive force is the value of the magnetic field amplitude 
when the net magnetization in the direction of the field is zero 
and has a zero time rate of change. An equivalent definition of the 
coercive force is contained in the expression for the average 
instantaneous domain wall velocity; »=k(H—H.), in which k 
depends upon motional energy losses and H is the applied mag- 
netic field: H. is the coercive force. We have used this latter 
definition to measure the coercive force in specimens of magneti- 
cally annealed 65 Permalloy (65% Ni-Fe) tapes and a 3.25% 
SiFe picture frame single crystal for both low- and high-field 
domain configurations. The coercive force measured in this way 
for low applied fields is the same as that determined by other 
techniques. For the high-field determination, with domain walls 
unattached to the specimen surfaces, the coercive force is, for 
our samples, less than half the low-field coercive force. We call 
the value determined at high fields the “internal coercive force” 


and believe this value to be characteristic of the bulk material. 
The low-field coercive force includes both the “internal coercive 
force” and a component due to preferential “pinning” of domain 
walls at the specimen surfaces. The experimentally observed 
dependence of the coercive force upon specimen thickness may 
be explained using surface pinning of domain walls. This explana- 
tion was previously postulated by Dijkstra. 

The difference in coercive force between surface free and 
surface pinned domain walls may be used to make a lower limit 
estimate of the domain wall energy density. The results are in 
order-of-magnitude agreement with the values expected from 
theory. 

Considerations of the experimentally determined expression for 
domain wall velocity given above show that the positional free- 
energy variations which determine the coercive force cannot be 
described by conservative periodic functions. 





INTRODUCTION 


HE coercive force is a measure of the magnetic 

field necessary to reduce the net magnetization 
of ferromagnetic material from its saturation value in 
some selected direction to zero in that direction. In dis- 
cussing the coercive force it is necessary to be specific 
regarding the way in which the magnetization changes 
since there are two mechanisms by which this may 
occur: by rotation of the net magnetization as a unit, 
or by the motion of domain walls. In a large class of 
materials—the so-called “soft magnetic materials’”— 
changes of magnetization in a desired direction occur 
primarily by domain wall motion and since this is a 
low-energy process compared to rotation of the net 
magnetization, it is associated with small coercive 
fields (i.e., of about one oersted or less). 

For purposes of clarity, what we shall mean by the 
coercive force in soft magnetic materials is the following. 
With respect to a selected reference direction for the net 
magnetization, we begin with the magnetization at its 
saturation value and define the coercive force as the 
magnetic field when the magnetization and the time 
rate of change of magnetization are each zero. All real 
measurements yield values which are approximations 
to this definition, but the difference can be made 
arbitrarily small in most cases. 

The coercive force may be measured with good accu- 
racy using a recording fluxmeter,’ or by means of the 
more tedious point to point techniques. When the 
domain structure of the specimen is known, the coercive 
force may be determined by implication from domain 
wall velocity measurements. It has been shown experi- 


'P. P. Cioffi, Phys. Rev. 67, 200 (1945). 


mentally?~* that the average instantaneous velocity of 
a domain wall under the influence of a magnetic field, 
H, may be described by 


v=k(H—H.), (1) 


where the mobility k depends upon the losses which 
limit the velocity of the moving domain wall, and H, is 
the coercive force. 

This article discusses two points that relate to the 
nature of the coercive force in soft magnetic materials. 
The first is an explanation of the observed dependence 
of the coercive force of magnetic sheet materials upon 
sheet thickness. The second point concerns the relation- 
ship (1) from which we conclude the type of position- 
dependent, free energy of a domain wall which deter- 
mines the coercive force. 


PART I. COERCIVE FORCE DEPENDENCE 
UPON SHEET THICKNESS 


Evidence for the dependence of the coercive force 
upon the thickness of magnetic sheet materials has been 
presented by several investigators.°* The observed 
behavior is that the coercive force increases approxi- 
mately linearly with the reciprocal of the sheet thick- 
ness from the coercive force associated with an infinitely 
thick specimen. The materials studied have been sheets 


2K. H. Stewart, Colloquium on Ferromagnetism and Anti- 
ferromagnetism, Grenoble, France, 177, July, 1950. 

3 J. K. Galt, Bell System Tech. I. 133, 1023 (1954). 

4 Williams, Shockley, and Kittel, Phys. Rev. 80, 1090 (1950). 

°C. P. Bean and D. S. Rodbell, j. Appl. Phys. 26, 124 (1955). 

°M. F. Littman, Trans. Am. Inst. Elec. Engrs. 71, 220 (1952). 

7U. P. Burdakova and V. V. Druzhinin, Zhur. Tekh. Fiz. 25, 
108 (1955). 

8L. J. Dijkstra, Thermodynamics in Physical aati 
(American Society for Metals, Cleveland, 1953), p 

®V. A. Zaikova and Y. S. Shur, Doklady Akad. Beak (S. S.S.R.) 
94, 663 (1954). 
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of polycrystalline nickel-iron alloys, silicon-iron alloys 
of single and polycrystal structure, and nickel. 

Burdakova and Druzhinin,’ in an investigation of the 
increase in coercive force with decreasing thickness of 
silicon-iron specimens, suggested that the effect of 
rolling and subsequent treatment of the surface might 
be the cause of the increase in the measured coercive 
force. Their experimental results do not show that 
surface strain and oxidation are the major causes of 
the increased coercive force and their conclusion, like 
that of Zaikova and Shur,’ considers the observed 
variation of the coercive force to be due to changes of 
the domain structure with thickness which allow differ- 
ent processes of remagnetization to occur. Feldtkeller’ 
has measured initial permeabilities in magnetic sheet 
materials over a wide range of frequencies. Considera- 
tions of the “skin depth” enabled him to compare initial 
permeabilities in different regions of the specimen cross 
section. His results show that the initial permeability 
becomes extremely small at the surfaces compared to 
its value well within the specimen. Similar results have 
recently been reported by Gurvich and Kondorskii." 

It is the contention of the present article that the 
thickness-dependent coercive force arises from prefer- 
ential pinning of domain walls at the sheet surfaces; 
a suggestion originally made by Dijkstra.® 


Experimental Observations 


Specimens of magnetically annealed 65 Permalloy 
(65% nickel-iron alloy) in tape form and “picture- 
frame”’ single crystals of silicon-iron have previously 
been shown to exhibit simple domain structures.!:5:!2.18 
For small values of the applied magnetic field a single 
plane domain wall, parallel to the thin edge of the 
specimen, moves through the width of the specimen 
accomplishing the reversal of the magnetization. In 
some cases, it is possible to have two such narrow 
domain walls moving inward from opposite edges 
accomplishing the low field reversal. For much larger 
fields the reversal domain grows inward from all surfaces 
by means of a cylindrical domain wall. The important 
difference between these two behaviors (low- and high- 
field) relative to the present discussion is that in the 
high-field case the domain wall, once formed, is not in 
contact with the surfaces of the specimen. By employing 
Eq. (1), we may deduce the coercive force for (a) domain 
walls that contact the specimen surface, and (b) domain 
walls that do not contact the specimen surface. 

The experimental procedure consists of placing a set 
of windings on the specimen and through one of these 
passing a current whose magnetic field is sufficient to 
magnetize the specimen to saturation. This field is 


1 R. Feldtkeller, Fernmelde Techn. Z. 2, S 9/14 (1949). 

4. I. Gurvich and E. Kondorskii, Doklady Akad. Nauk 
(S.S.S.R.) 104, No. 4, 530 (1955). 

2H. J. Williams and W. Shockley, Phys. Rev. 75, 178 (1949). 

#8 D. S. Rodbell and C. P. Bean, J. Appl. Phys. 26, 1318 (1955). 
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removed, and at the same time another field in the 
opposite direction is applied through a second winding. 
The resulting change in magnetization as a function of 
time is observed on an oscilloscope via a third winding. 
The amplitude of the oscilloscope signal is proportional 
to the time rate of change of magnetization, and since 
the domain geometry is known, it is also proportional 
to the domain wall velocity. Measurement of the domain 
wall velocity in this way as a function of the applied 
magnetic field yields the necessary information to de- 
termine the coercive force from Eq. (1). 

It is also possible to determine the coercive force by 
measurement of the time, 7, required for the domain 
wall to move between fixed end points as a function of 
the applied magnetic field. Because it can be shown 
from Eq. (1) that the product 7(H— 4H.) is a constant 
provided the domain wall retains its initial shape even 
when the mobility & depends upon domain wall position, 
it is possible to determine the coercive force from data 
of T— versus H. 


Low-Field Behavior 


It has been pointed out previously® that in the low- 
field range these tape specimens have in some regions 
two edge domain walls active and because of this the 
maximum amplitude of dB/dt will be twice that pre- 
dicted for a single active wall. On the other hand, the 
total time for reversal is determined by the regions in 
which only one edge wall is active and should conse- 
quently agree with the predicted value based on a single 
edge wall picture. The prediction assumes eddy-current 
damping only and would be modified somewhat if 
account of other losses were made. Figures 1 and 2 
show the observed and predicted behavior. The agree- 
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Fic. 1. Data from low-field reversal wave shapes of the 0.0047- 
inch 65 Permalloy tape specimen. 
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Fic. 2. Data from low-field reversal wave shapes of the 0.0047- 
inch 65 Permalloy tape specimen. 


ment with prediction confirms the presumption that in 
the magnetic field range where the domain walls are 
essentially plane, the domain wall distribution remains 
the same and furthermore the coercive force may be 
determined by either observation of domain wall 
velocity or reversal time. The values obtained by these 
methods are in agreement with the results of dc 
hvsteresograph determinations. 

The determination of the coercive force of the silicon- 
iron picture-frame specimen by low-field measurements 
of dB/dt amplitudes is discussed in detail in Appendix 1. 
A value of H,=0.056 oersted was obtained. The analysis 
in the appendix predicts a total time for the reversal 
of magnetization which is plotted as a function of 
magnetomotive force in Fig. 3, along with the experi- 
mental observations. 
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Fic. 3. The low-field behavior of the 3.25% silicon-iron picture 
frame specimen. The predicted curve uses H,=0,056 oersted. 
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High-Field Behavior 


The high-field domain configuration is a cylindrical 
domain wall that forms just inside the specimen surface 
and moves inward. The coercive force determination 
for this domain configuration is, in principle, identical 
with that for the low-field configuration. For example, 
once the cylindrical domain has been established, as by 
a high-field pulse, we may measure the time required 
for it to move a known distance in a known field, or its 
initial velocity following the formative pulse. The 
coercive force is determined, just as in the low-field 
case, by extrapolation of the data. We shall call the 
value obtained for the high-field domain configuration 
the “internal coercive force,” H,'"*. 

The desired cylindrical domain is formed by a short- 
duration, high-amplitude magnetic field pulse. This 
pulse must have a longer duration than the “nucleation 
time” of the cylindrical domain, but a shorter duration 
than the time for total reversal corresponding to the 
amplitude of the pulse field."* Once formed, the cylindri- 
cal domain wall may be driven inward or outward by 
small-amplitude magnetic fields. In either case, we 
assume that the initial velocity is 


v= k' (H—H,'"*), (2) 


a form similar to Eq. (1). The constant of propor- 
tionality in this case, however, depends upon the 
starting position™ since the further in the domain has 
grown the larger the eddy currents, which are the 
major limitation of the wall’s velocity. The starting 
position is determined by the formative pulse duration 
and amplitude. By employing pulses of different dura- 
tion, at the same amplitude, the starting position may 
be changed and consequently k’ will change. 

The initial velocity data of Figs. 4 and 5 are obtained 
from measurements with the silicon-iron specimen and 
the 0.0047-inch Permalloy tape respectively. The several 
pulse durations used yield, within experimental error, 
the same value of H,'"*. In addition, the intercepts and 
slopes obtained for both positive and negative back- 
ground fields are equal for the same formative pulse, 
indicating that there is no directional character in the 
mobility of the domain walls." 


“The effective field associated with change in length of a 
domain wall as it moves results from the change in the stored 
energy of the domain wall. This effective field has the value 
y/21,.7, where y is the domain wall energy per unit area, J, is the 
saturation magnetization, and r is the radius of curvature. For 
increasing 7, the effective field opposes the motion while for 
decreasing 7, the effective field assists the motion. For the speci- 
mens considered here in the high-field domain configuration, the 
effective field acting on the broad wall sections is of the order of 
10~ oersted for the Permalloy tapes and 10-* oersted for the 
silicon-iron specimen. Both magnitudes are within the limits of 
experimental error and consequently directional effects due to 
them are not observed by the techniques employed. Domain wall 
“spikes” between the specimen surfaces and the cylindrical 
domain wall could conceivably contribute to a directional char- 
acter of the mobility, i.e., resisting inward motion, but assisting 
— domain wall motion. Our data do not indicate such 
effects. 
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*Fic. 4. The initial velocity behavior of the high-field cylindrical domain configuration as a function of small ampli- 
tude background fields for the 3.25% silicon-iron picture frame specimen. The numbers associated with each curve 
are the pulse duration in microseconds. The formative peak time for this pulse amplitude is 1 wsec and the pulse 


amplitude, if sustained, would reverse the magnetization in 360 usec. 
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Fic. 5. The initial velocity behavior of the high-field cylindrical domain configuration as a function of small 
amplitude background fields for the 0.0047-inch 65 Permalloy tape specimen. The numbers associated with each 
curve are the pulse duration in microseconds. The formative peak time for this pulse amplitude is 5 microseconds 
and this pulse amplitude, if sustained, would reverse the magnetization in 160 usec. The arrows on the abscissa 
indicate the low-field-determined coercive force. 
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As mentioned earlier, the time for the cylindrical 
domain wall to travel inward to completion of the 
reversal, or outward to the surface, may also be used 
to determine the internal coercive force. The reciprocal 
of these times should be proportional to (H—H,'"*). 
The constant of proportionality depends not only upon 
the starting position of the domain wall, but also upon 
its final position. This means that the data for inward 
motion need not have the same slope as that for outward 
motion. 

In addition, we must restrict the time measurements 
to fields whose amplitudes are small enough so that no 
new domain structures are formed. It is possible, for 
example, with large fields that tend to move the 
cylindrical domain wall out to the surface, to grow a 
new inward-moving domain at the surface. This addi- 
tional domain wall masks the desired reset time so 
that it cannot be determined. Results of time measure- 
ments are shown in Fig. 6 for the 0.0047-inch 65 
Permalloy specimen. In the observation of the reset 
(outward motion) time there is a characteristic “denu- 
cleation” peak in the dB/dt wave shape; we believe 
this to be the result of the domain wall’s annihilation 
at the specimen surface. It is the time between the 
termination of the formative pulse and this ‘“denuclea- 
tion” peak which is measured as the reset time. Justifi- 
cation for the use of the “denucleation” peak is given 
in Fig. 7 which compares initial-amplitude data with 
“denucleation” peak time observations for the 0.0047- 
inch 65 Permalloy specimen. The agreement between 
the determination of H.'"* by the two methods sub- 
stantiates the assumption that the “denucleation”’ peak 
corresponds to a fixed position near the surface of the 
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Fic. 6. The time behavior of the high-field cylindrical domain 
configuration as a function of small-amplitude background fields 
for the 0.0047-inch 65 Permalloy tape specimen. A formative 
pulse duration of 100 microseconds establishes the high-field 
domain configuration. The formative peak time for this pulse 
amplitude is 6 usec and if sustained, this pulse amplitude would 
reverse the magnetization in 180 usec. The arrows on the abscissa 
indicate the low-field-determined coercive force. 
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specimen and that this position is independent of the 
initial position of the cylindrical domain wall. 

We return to Fig. 6 to point out an interesting fact. 
The value of H,'"* obtained by extrapolating the curve 
for continued inward motion of the domain wall (the 
dashed line) gives the same result as the extrapolated 
reset-time data. The interesting fact is that the data 
for very small background fields departs markedly from 
the continued inward extrapolation and one observes 
“continued inward” behavior even for small negative 
background fields. We believe this behavior is due to 
the narrow end-wall sections of the cylindrical domain 
wall. These end-wall sections have their minimum 
radius of curvature determined by the separation of the 
broad wall sections. The curvature of the end walls has 
associated with it an effective magnetic field which is 
inversely proportional to the radius of curvature and 
which tends to drive the end walls inward. The net 
field acting on the end walls exceeds the applied field 
by this effective field. The result is that for sufficiently 
small applied fields, the broad domain wall sections 
move slowly inward while the end-wall sections move 
very rapidly through the specimen because of their 
enhanced driving field and it is, therefore, the motion 
of the end walls that determines the reversal time. The 
intercept of the data in the region where the end walls 
appear to control the reversal time, should be equal to 
(H,—H,'"*) where H, is the effective field at the end 
walls. We shall return to this point in a later section. 
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Fic. 7. Comparison of initial-amplitude and reset-time behavior 
of the high-field cylindrical domain configuration for the 0.0047- 
inch 65 Permalloy tape specimen. The formative pulse durations 
employed are noted in microseconds on each curve. The pulse 
amplitude results in a formative peak time of 6 microseconds and, 
if sustained, this pulse amplitude would reverse the magnetization 
in 180 usec. The low-field-determined coercive force is noted by 
the arrow on the abscissa. 
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TABLE I, Summary of pertinent data. Unless otherwise noted, the values apply to room temperature (20°C). 


IN SOFT 


MAGNETIC MATERIALS 








Resistivity 
es $ ie micro- 
Specimen Composition Form ohm-cm 


Estimate of 
domain wall 
energy density 
ergs/cm? 
Cusing Eq. (5)] 


H-i*t oersteds 

(domain walls 

unattached to 
specimen surface) 


B, Ae oersteds 
gauss (surface attached 
106 domain walls) 





13-wrap toroid 41.7 


4.1 cm av diam 


Permalloy tapes 
(0.5 in. wide) 
0.0098 in. thick 
(0.0249 cm) 


0.0047 in. thick 
(0.0119 cm) 


0.0028 in. thick 
(0.0071 cm) 


64% Ni 
1% Mo Fe 


65% Ni-Fe 29-wrap toroid 


4.1 cm av diam 
65% Ni-Fe 45-wrap toroid 
4.1. cm av diam 
Pict. frame* 


Silicon-iron* 3.25% Si-Fe 


1.27 0.014;+0.001 0.0055 +0.002 0.21 +0.08 


0.08 +0.025 
(0.1350.025)> 


0.011 +0.001 
(0.018 +0.001) 


0.004, +0.001 
(0.0069+0.001)> 


0.011;+0.001 0.003; +0.001 0.063;+0.025 


0.056 +0.006 


0.015 +0.005 








® See Fig. 1, Appendix 1. 
b Determined at liquid nitrogen temperature (—196°C). 


A summary of the values of the low-field coercive 
force H, corresponding to domain walls that contact 
the specimen surface and the coercive force for cylindri- 
cal domain walls, H,'"', is given in Table I for the 
specimens measured. 


Discussion 


Before discussing the experimental results, let us 
briefly review the present theories of coercive force. 
A system composed of a magnetic specimen containing 
a domain wall has a free energy that depends upon the 
location of the domain wall within the specimen. From 
a fundamental point of view, the coercive force measures 
the maximum rate of change of this free energy with 
position. Reviews of current theories on the origin of 
the coercive force have been given by Kittel,!* Dijkstra,$ 
and Kersten.'® It is believed that the major contribu- 
tions to this energy variation arise from the effects of 
inclusions, cavities, and stresses. For example, stresses 
may be considered to change the local value of the 
anisotropy constant via magnetostriction and conse- 
quently the surface energy density of the domain wall 
is changed locally. Nonmagnetic inclusions and cavities 
contribute to mechanical stresses, but in addition con- 
tribute to the energy of the system in a manner which 
depends upon the size of the inhomogeneity with respect 
to the domain wall thickness. Very small inhomo- 
geneities inhibit the passage of a domain wall, because 
the energy stored within a domain wall surrounding 
such a region is smaller than an undisturbed domain 
wall and consequently the system energy must be 
increased to enable the domain wall to pass. Similar 
contributions are made by inhomogeneities whose size 
is larger than the domain wall thickness, the coercive 
force for particles which are less than the domain wall 
thickness increases with particle size, whereas the 
coercive force due to large particles decreases with in- 
creasing particle size. 


~ 18 C, Kittel, Revs. Modern Phys. 21, 541 (1949). 
16 M. Kersten, Z. angew. Phys. 7, 397 (1955). 


Magnetic inhomogeneities which are large in com- 
parison with the domain wall thickness have in addition 
to the effects mentioned above, a large magnetostatic 
energy due to the magnetic pole density at their sur- 
faces, which is reduced when a domain wall is located 
at their position as has been pointed out by Néel.!” 
Considerations of the energy involved in such large 
cavities leads to the prediction of closure domain spikes 
which allow the specimen magnetization to jog past 
the inhomogeneity with only small magnetostatic 
energy resulting at the interface. The existence of 
these spikes in silicon-iron specimens has been estab- 
lished!* by using colloid techniques, which also show 
that as a domain wall passes such sites the closure 
spikes are dragged along for a considerable distance 
before they snap free and resume their equilibrium con- 
figuration. The stretching of these domain spikes 
requires energy which is not returned to assist the 
domain wall motion, but is dissipated when the spike 
snaps free and, therefore, contributes to a free-energy 
variation of the specimen with domain wall position 
which is nonconservative. Part II of this paper elabo- 
rates upon this point. 

The contributions from the above mechanisms are 
believed to be the major sources of the “coercive force’’ 
in bulk materials, and without them the coercive force 
would be extremely small for the usual domain wall 
structures. 

We now consider the contribution to the net coercive 
force from surface pinning. A magnetic material in 
sheet form of thickness a, containing two antiparallel 
domains which are separated by a domain wall that is 
normal to the broad sheet surfaces, will have, as the 
result of the effects mentioned above, a coercive force 
which is characteristic of the bulk material, H,i"*. Let 
us suppose that at some positions along the surfaces 
of the sheet the domain wall may be pinned, and in 
order to move the wall we must apply a magnetic field 


17 L. Néel, Cahiers phys. 25, 21 (1944). 
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in excess of H,i"*t. The maximum extra contribution to 
the coercive force due to surface pinning is 


H@'=y/I.a, (3) 


since at this field the domain wall is bowed sufficiently 
to be tangent to the surface and thus escape the pinning 
points. The total coercive force then becomes 


H.=H "+B 2". (4) 


The parameter 8 has the range 0<6<1, its value de- 
pending upon the extent of the surface pinning; i.e., if 
the domain wall is pinned entirely along both sheet 
surfaces, then 8=1 and complete lack of pinning gives 
B=0. Since there is no clear procedure to determine 
what value to assign to 8, nothing more definite may be 
said about it. We note in passing that Eqs. (3) and (4) 
are in formal agreement with expressions given by 
Dijkstra® in his discussion of the dependence of coercive 
force on specimen thickness. 

It is possible from our data to make an estimate of 
the lower limit of the domain wall energy density, . 
By setting = 1, we obtain this estimate in the following 
way. From (3) and (4) we have 


y= (H.—H-™)I,a. (5) 


Using the tabulated values of the quantities indicated, 
we may evaluate y, and since we have chosen 6=1, 
this is a lower limit estimate. The result for the 65 
Permalloy specimens is about 0.1 erg/cm? and for the 
silicon-iron specimen 3.00.8 ergs/cm? (see Table I). 
The latter value may be 15% too high since the differ- 
ence in surface energy density between {100} and {110} 
domain walls has been neglected in this estimate. 

The treatment we have described should not be 
expected to yield better than order of magnitude esti- 
mates. We interpret the agreement in order of magni- 
tude obtained from our data with that expected from 
theory to be confirmative evidence for the plausibility 
of the surface-pinning contribution to the coercive 
force. 

In the above treatment we have not specified what 
the pinning sites are except that their location is at the 
specimen surfaces. There may be pinning sites through- 
out the volume also, but their contribution is contained 
in the parameter H,'"*. A possible mechanism for the 
surface pinning could be the following: When the 
magnetization within a domain wall intersects the 
sheet surface, the magnetostatic energy is greater for 
surface regions which are normal to the domain wall 
than for those which are not. Consequently, the wall 
prefers irregular surface regions and may be pinned at 
such locations. 

Véel'® has recently considered this magnetostatic 
energy in the case of plane sheet surfaces normal to 


18 L, Néel, Compt. rend. 241, 533 (1955). 
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domain walls. His result shows that there can be an 
apparent variation in domain wall energy density with 
sheet thickness caused by this magnetostatic energy. In 
particular, the apparent domain wall energy density +’ 
increases as the specimen thickness decreases, attaining 
a@ maximum when the specimen thickness equals the 
domain wall thickness 6; and below this value of speci- 
men thickness, y’ decreases with decreasing thickness. 
We do not believe that this apparent wall energy is 
observed by techniques which deduce the wall energy 
from effects of domain wall curvature. The reason is 
that the magnetostatic energy responsible for y’ is 
localized to about a depth 6 from the termination of the 
domain wall. Since domain wall curvature experiments 
involve domain walls whose linear dimensions are much 
greater than the domain wall thickness, the rate of 
change of the total wall energy with respect to its 
curvature due to any magnetostatic contribution at the 
wall ends becomes quite small. 

The magnetostatic energy at the intersection of a 
domain wall and a surface, however, may be quite 
effective as a pinning site, because small variations in 
the angle that a domain wall makes with the surface 
make large changes in the magnetostatic energy. It is 
the rate of change of this energy with the wall’s position 
which determines the effectiveness of the pinning, if one 
assumes that the over-all dimensions of the domain wall 
are constant. 

In an earlier section we have mentioned a method of 
determining the effective field resulting from the 
domain-wall surface energy density. This determination 
involves the data of Fig. 6, in which we have noted that 
the time to complete the reversal of magnetization 
following a formative pulse is determined for very 
small background fields by the narrow edge walls of 
the cylindrical domain configuration. The applied mag- 
netic field opposing the continued inward motion is 
aided by the internal coercive force, and this combined 
effect is overcome by the effective field at the edge walls 
owing to their surface energy and curvature. The 
applied field corresponding to the intercept at the 
abscissa is just equal to H,— H,'"*. The internal coercive 
force, H,'"*, has already been obtained and we therefore 
determine the value of H,, which is set equal to y/J,d. 
The dimension d in this case is the separation between 
the two broad domain walls of the cylindrical configura- 
tion and may be obtained by measurement of the 
remagnetization accomplished by the formative field 
pulse in comparison with the remagnetization corre- 
sponding to a complete reversal of the magnetization ; 
i.e., 2B,. The resulting values from data for the 0.0047- 
inch 65 Permalloy specimen and data obtained for the 
silicon-iron specimen yield the result that y (Permalloy) 
is 0.030.01 ergs/cm?, while y (silicon-iron) is 1.50.5 
ergs/cm*. The significance of these results is again only 
in order of magnitude since we cannot account in 
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detail for the observed behavior in this low-field, con- 
tinued inward, region. 

We close this section with a remark concerning the 
dependence of coercive force upon temperature. Meas- 
urements made at the temperature of liquid nitrogen 
(— 196°C) with the 0.0047-inch 65 Permalloy specimen 
indicate the coercive force to be higher than determina- 
tions by the same techniques at room temperature 
(see Table I). Moreover, the difference between the 
coercive force, H,, and the internal coercive force, 
H,'*, is greater than that at room temperature. If the 
point of view of surface pinning is correct in accounting 
for the difference between H, and H,'"*, and we assume 
that the pinning sites are temperature independent, 
then we may interpret these results to be due to an 
increase in the surface energy density of the domain 
wall at this lower temperature. This interpretation pre- 
dicts a magnetocrystalline anisotropy constant at 
— 196°C, which is a factor of three greater than the 
room temperature value. The exchange stiffness is 
assumed constant for temperatures well below the 
Curie point. 


PART II. ORIGIN OF THE COERCIVE FORCE 


It does not appear to have been pointed out pre- 
viously that the experimentally determined relationship 
[Eq. (1)] between the average domain wall velocity 
and applied magnetic field, casts some light upon the 
origin of the coercive force. 

The concept of an internal field derivable from a 
periodic free energy distribution may be generalized in 
the following way. The internal field, to within a 
constant factor C, is 


Hinternal= —C(dW/dx), (6) 


where 0W/dx is the positional variation of the internal 
energy. 

If do is the repetition distance characteristic of the 
free-energy variations, and the instantaneous motion of 
the domain wall is assumed to be controlled by damp- 
ing, i.e., 


v=a(H+Ainternal); (7) 


then the average velocity as a function of the applied 
external field, H, is 


, fr dx 
ee le 
0 H+Hin 


For applied fields, H, which are large compared to 
Hinternal, the approximation given below may be made 
(to second order) ; 


do Hint Hint ? 
psadatt / f [:- +( ) fox (9) 
0 H H 
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Fic. 8. Dependence of the average domain wall velocity upon 
applied magnetic field: (a) experimentally observed ; (b) predicted 
using a sinusoidal internal field. The ordinate is plotted in re- 
duced units. 


Because W is periodic, the second term in the 
brackets vanishes when integrated, with the resulting 
expression 


1 do Hint ° 
ssaul|1-— f ( ) je 
do Yo H 


which is of the form 


5+ofH—O(H2/H)]. 


(10) 


(11) 


A special case is now treated by the assumption 
(which is often made) of a sinusoidal dependence of the 
free energy of a ferromagnet with domain wall position. 
In this case, the form of the effective internal field is 


Hinternai= — He sin (2xx/do). (12) 


The average velocity predicted, without approximation, 
is, from (8), 


i=a(H?—H.’)}, (13) 


the last expression being quite distinguishable from the 
experimentally observed results described in Eq. (1). 
For comparative purposes, Eqs. (1) and (13) are plotted 
in Fig. 8 as curves (a) and (b), respectively. In Eq. (13) 
the retarding force, in the approximation of high fields, 
is of the form 7,?/H, as is to be expected from Eq. (11). 
The results of a periodic-type conservative energy 
distribution are clearly in disagreement with experi- 
ment. 

A consequence of the assumption of a conservative 
field, as pointed out by Stewart,” is that conceptually 
a material may be magnetized with no net energy loss 
by the external magnetic field. One need only adjust 
the magnitude of the applied field to keep the instan- 
taneous rate of magnetization zero. In a discussion 
following the paper of reference 2, Shockley pointed 
out that Néel spikes, attached to a domain wall and 
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dragged out by it, will not allow of this description and 
provide an intrinsically dissipative system. It seems 
reasonable to believe that any distortion of the domain 
wall and consequent snapping following its release from 
pinning centers will result in similar dissipation. The 
net effect is that after the domain wall has moved a 
sufficient distance to be in steady state, it will be under 
the influence of a constant frictional force, H., and this 
is adequate to explain the observed dependence of the 
average domain wall velocity upon magnetic field. 


CONCLUSIONS 


The coercive force as normally determined may be 
composed of the sum of two terms. The first is charac- 
teristic of the bulk material or for domain walls free 
of surface effects ; the second is dimensionally dependent 
and arises from pinning of domain walls at the specimen 
surfaces. The results obtained may be used to explain 
the observed increase in coercive force with decrease in 
sheet specimen thickness and in addition account for 
the effects of background fields, smaller than the normal 
coercive force, on the pulsed reversals of magnetization 
previously described. 

Lastly, the velocity of the domain wall as a function 
of field indicates the motion of the domain wall to be a 
basically dissipative process, in particular this motion 
cannot be derived from a periodic conservative energy 
function. 
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APPENDIX I 


We consider below the “picture frame” geometry of 
the silicon-iron single crystal and the determination of 
the coercive force from low-field observations with this 
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Fic. 9. The 3.25% silicon-iron specimen. The surfaces are 
oriented to be {100}. The outside length of each leg is 2.260 cm 
with L=0.36, cm and a=0.051s cm. The dashed lines represent 
domain walls. 


RODBELL AND C. P. BEAN 


specimen. Figure 9 represents this crystal which is cut 
so that all surfaces are {100} planes. The magnetic 
behavior of such a crystal, when properly treated, is to 
support a simple domain geometry.!? The sketch shows 
the crystal in a nonsaturated magnetic condition indi- 
cated by the 180° domain walls which follow the 
path p. At each corner, there is a 90° domain wall 
which eliminates demagnetization effects at the ends of 
the eight domains since these 90° domain walls allow 
the magnetization to change direction in a continuous 
manner. 

When a magnetomotive force is applied by passage 
of a current i through V turns surrounding the specimen 
legs, the magnetic field along a path p is determined 
from 


g H-dl=42Ni in Gaussian units. (1) 


Pp 


Because of the manner in which the crystal is 
oriented, the magnetization will find the minimum 
energy directions to be parallel to the specimen surfaces 
and the magnetic field contours are coincident with 
these directions from the additional requirement that 
divB=0. The magnetic field at a position x (indicated 
in Fig. 9) will produce a velocity of the domain wall 
given by 

(x)= KA (x)—H.], (2) 


where K,=2°c*p/33.6B,a, for the case of eddy current 
damping*:” only, and the magnetic field has the value 


4a Ni Kz 
8(a+2%0) (x+29) 





H(x)= (3) 


We now consider a domain wall originating at the 
inner edge of the picture frame and determine the 
time 7; for it to travel the width L of the specimen leg. 
We neglect in this consideration the effective field 
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Fic. 10. The low-field behavior of the 3.25% silicon-iron 
picture frame specimen. 
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resulting from the increase in the domain wall length 
as the motion progress; the approximate value of this 
field is 10~* oersted. We further assume that each of 
the four specimen legs will behave identically. 

On combining (2) and (3) above, the result 


xX+X9 
=-——_———-dr 


is obtained. Integration of (4) yields the time 


Ke (K2— 0H.) - 
Kio? Co—(L+%)H.) Kill. 





required for a domain wall to travel the width L of the 
specimen leg. 

It appears evident from observations of the initial 
amplitude of the reversal wave shapes, that in addition 
to the inner wall moving outward there is also an outer 
edge wall moving inward. Figure 10 presents this 
evidence as a plot of the initial amplitude of dB/di as 
a function of the applied magnetomotive force. The 
contributions to this amplitude are from the initial 
velocities of the domain walls as they begin their 
respective motions. We interpret the change of slope 
to correspond to the value of magnetomotive force for 
which the magnetic field at the outside edge of the 
specimen is not sufficient to grow and move a domain 
wall. For values of magnetomotive force less than this, 
only the inner edge wall is operative. The slope of the 
data in this region becomes about one-half that in the 
higher range of magnetomotive force, giving qualitative 
confirmation of this interpretation. 

We may estimate the coercive force from this data in 
the following way: The field at the outer edge of the 
specimen corresponding to the change in slope of the 
data is 0.05; oersted. The field at the inner edge of the 
specimen corresponding to the zero dB/dt intercept is 
0.059 oersted and is associated with the value of field 
for which a domain wall will not move from the inner 
edge of the specimen. Since the spread in the data is 
sufficient to account for the difference, we shall use the 
value 0.05, oersted as the edge-wall-determined coercive 
force. This value agrees with determinations made on a 
dc recording fluxmeter and, as we shall see below, 
predictions based on Eq. (5) employing this H, are 
closely followed by experimentally determined reversal 
times. 
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From the foregoing discussion, it appears that we 
must correct Eq. (5) to account for both edge walls and, 
in addition, experimental comparison with predictions 
from this corrected equation may be made only above 
the minimum mmf which allows both walls to be 
operative. For smaller values of the applied mmf the 
inner edge wall may move, but it cannot completely 
reverse the magnetization since at some position the 
magnetic field will fall below the value of the coercive 
force. 

For the situation of two noninteracting domain walls 
moving towards each other, having started at the same 
time from opposite edges of the specimen leg, the times 
elapsed for each motion when the walls meet must be 
identical. This time is the reversal time. We will label 
it T, and call the position at which the walls meet xm. 
Returning to Eq. (4) with the substitution x=«+<o, 
we may write the following for the inner wall: 


f dt= frog og “oi (6) 


and for the outer wall 


xzrotim 
foae fie tna 
wtb K—Cx 


On addition of (6) and (7), we obtain 


zot+ L 


x 
———dx. (7) 
zottm K —Cx 


T2 zo+L 
of dt= f 
z0 


Identifying the right-hand side of (8) as T; from (4), 
the result is that 


—— Pgs (8) 
K—Cx 


T2=4T), 


i.e., the time for reversal by two walls is precisely one- 
half that required by one wall. 

This result may be used to predict the time of 
reversal as a function of the applied magnetomotive 
force from (5). Upon using H,=0.05— oersted and 
evaluating K, to be 15.2; cm/sec oersteds (B,=17.5 
X10 gauss; p=47X10-* ohm cm), the values of the 
predicted reversal time for two walls are plotted in 
Fig. 3 of this paper along with the experimentally 
observed values. The agreement of the data with pre- 
diction is taken as confirmation of the assumptions 
made and of the value of the coercive force used. 
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Measurements are reported of the cross section for electron capture (19), electron loss (¢0:), and electron 
detachment (¢_10) for hydrogen atoms and ions traversing several gases. (ais represents the cross section 
for charge transfer from initial state 7 to final state f.) The kinetic energy of the particle was from 3 kev to 
200 kev. The target gases used were Hs, He, N2, O2, Ne, and A. Cross sections were determined by measuring 
the attenuation of the hydrogen beam in a gas cell under the influence of an electrostatic or magnetic field. 
The fraction of the beam in each charge state after passing through a “thick target” was also determined. 
This latter measurement served as a test for internal consistency of the data, since the fraction is relatable 
to the cross section for entry to and exit from the charge state. The loss cross section, oo1, increased mono- 
tonically at low energies, reaching a maximum at a velocity approximately equal to the orbital electron 
velocity. For the higher energies studied the capture cross section could be represented by an expression of 
the form, ¢=Ae™*, where A and b are constants for each gas studied. The electron attachment cross section, 
oo_1, was of the order 10~” cm*/gas atom for the gases studied and attained a maximum between 5 and 20 
kev. The inverse transition, e_10, was approximately 10~ cm?/gas atom in the energy range studied. 





I. INTRODUCTION 


HIS paper is the second of a series reporting 

experimental determinations of the charge ex- 
change cross sections for low-energy ions passing 
through gases. In the previous paper,’ henceforth 
referred to as (I), the ratios of the electron loss to 
electron capture cross sections were presented for each 
of the ions H+, He+, N+, Net, and At passing through 
the gases hydrogen, helium, nitrogen, oxygen, neon, 
and argon. These were determined by observing the 
charge distribution in the particle beam after traversing 
sufficient gas for equilibrium to be established between 
competing electron transfer processes. The present 
paper reports several experiments in which the absolute 
cross sections were measured for electron capture and 
loss by a fast hydrogen atom or ion. The stopping 
gases were those listed above and the energy range was 
from 3 to 200 kev. 

The excellent reviews by Massey and Burhop? and 
by Allison and Warshaw’ evaluate the charge exchange 
cross-section measurements prior to their publication 
dates of 1952 and 1953 respectively. Several additional 
papers have appeared since these summaries. Whittier* 
has reported a study whose emphasis was on the 
behavior of fast negative ions in hydrogen gas. Stedeford 
and Hasted® have presented extensions of the work by 
Hasted® and by Keene,’ and give results of measure- 
ments of the cross sections for the capture of an electron 
by a proton and the detachment of an electron from 


* Now at National Carbon Research Laboratories, Cleveland, 
Ohio. 

1 Stier, Barnett, and Evans, Phys. Rev. 96, 973 (1954). 

2H. S. W. Massey and E. H. S. Burhop, "Electronic and Tonic 
I mpact Phenomena (Clarendon Press, Oxford, 1952). 

35. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 

4A. C. Whittier, Can. J. Phys. 32, 275 (1954). 

5 J. B. H. Stedeford and J. B. Hasted, Proc. Roy. Soc. (London) 
A227, 466 (1955). 

* J. B. Hasted, Proc. Roy. Soc. (London) A212, 235 (1952). 

7J. P. Keene, Phil. Mag. 40, 369 (1949). 


a negative hydrogen ion. Bates, Dalgarno, Griffing and 
their co-workers* have presented a series of detailed 
calculations of the processes involved in inelastic colli- 
sions, particularly of charge exchange. Another theo- 
retical calculation of the cross section for electron 
capture by a proton in hydrogen gas has been given by 
Jackson and Schiff.* These more recent experimental 
and theoretical results of studies of electron capture 
and loss will be included in the graphs of the data 
reported by this paper. 

In view of the rather wide discrepancies appearing in 
the literature of inelastic energy loss processes, a con- 
siderable number of overdeterminations were designed 
into the present set of experiments. It has been the 
hope that the additional labor would be worthwhile, 
in the sense that it would test for consistency and 
correctness of the data obtained. 


II. THEORY 


The differential equations representing transitions 
between the possible charge states can be solved” for 
the fraction of the particle beam in each state as a 
function of the amount of stopping material traversed. 
For hydrogen ions at low energies three charge states 
are of importance, (—1, 0, and +1). The fraction of 
the particle beam, ¢;, in charge state i after passage 
through sufficient gas for equilibrium between com- 


8 D. R. Bates and A. Dalgarno, Proc. Phys. Soc. (London) A65, 
919 (1952); A. Dalgarno and H. N. Yadav, Proc. Phys. Soc. 
(London) A66, 173 (1953); D. R. Bates and G. Griffing, Proc. 
Phys. Soc. (London) A66, 961 (1953); D. R. Bates and A. Dal- 
garno, Proc. Phys. Soc. (London) A66, 972 (1953); Bransden, 
Dalgarno, and King, Proc. Phys. Soc. (London) A67, 1075 (1954). 

9 J. D. Jackson and H. Schiff, Phys. Rev. 89, 359° (1953). 

Detailed solution for several cases are given in the review 
article by Allison and Warshaw (reference 3). In view of this, 
we will not develop the equations or solutions, but refer the 
interested reader to the review. Only equations pertinent to the 
present experiments are given here. Attention is called to the 
typographical errors in reference 3 as pointed out by J. A. Phillips 
and J. L. Tuck [Rev. Sci. Instr. 27, 97 (1956) ]. 


896 





CHARGE EXCHANGE 


peting electron capture and loss reactions is 
$1=90-1010/Do, ¢0=o-10010/Do, $1=0-10001/Do, (1) 


where 
Do= o_10 (ont 710) +o0-1010. 


Here o;; denotes the cross section for transitions from 
initial charge state i to final state f. The assumption is 
made that the cross section for transfer of two electrons 
in a single collision is considerably smaller than that 
for one electron transfer, i.e., o1,; and oj; are con- 
sidered negligible."! It follows immediately that the 
ratio of the number of particles in adjacent states is 
the ratio of cross sections for transitions between these 
states: 

$0/¢1= 010/00. (2) 


The differential equations for the change in the flux 
of particles m; in state i are 


dno/da= —no(oo-1+001)+mo1+n10-10, (3) 
dn_,/dx= —n_,o_10t+nooo-1, (4) 


dn,/dr= —Nyo10+ Noo 01. (3) 


$~1/b0= 70-1/0_10, 


Here r= LIEP/RT is the atoms presented by the target 
gas per sq cm, where L is Avogadro’s number, / is the 
thickness of the gas target, represents the number of 
atoms per molecule in the gas which is at pressure P, 
absolute temperature 7, and R is the gas constant. 

If by suitable experimental means, particles which 
change charge are removed, the integrals of these 
equations become simple exponential function of the 
amount of gas traversed x. Thus, if a flux No of fast 
atoms is incident on a region of gas, and ions are 
removed as formed, from Eq. (3) we find the flux of 
atoms a distance / within the gas is given by 


no= Noe7* ortoo-v Y (6) 


Similarly, from Eqs. (4) and (5), for incident negative 
and positive ion beams, we find 


n= N_,e7*7-, (7) 
and 

n= Nye-*7, (8) 
It will be shown (Sec. IV) that for energies greater 
than approximately 30 kev, the formation of negative 
ions is improbable and may be neglected, i.e., 70:20. 

The differential equation (3) becomes 

dno/dr= — 10001 +1010. 


Without ion removal, the fraction of the beam which 
is neutral after passage through a length / of gas is 


no/No= (1—go)e“*"*"" + ho, (9) 


where we use the condition that mp+,:= No. Thus ¢o 
and (o0;+010) are determinable from measurements of 
no/No as a function of the amount of gas traversed. 


1 Experimental observation supporting this assumption will be 
given later in this paper (Sec. IV) 
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III. DESCRIPTION OF EXPERIMENTAL 
APPARATUS AND PROCEDURES 


As noted in Sec. I, this paper reports the results of 
several separate experiments. The heavy ion physics 
Cockcroft-Walton accelerator, described briefly in (I), 
furnished ions for the experiments over the energy 
range from 20 to 200 kev. Since intensity limitations 
precluded work at lower energies on this accelerator, 
a separate facility was assembled to extend the measure- 
ments to approximately 3 kev. In the Cockcroft- 
Walton work, the formation of negative ions was suffi- 
ciently improbable that they could be neglected. A sig- 
nificant number of negative ions were formed in the 
low-energy (3 to 30 kev) experiments, and their be- 
havior was studied. 

Different equipment and techniques were used in the 
separate experiments reported by this paper. Therefore, 
after a section of general experimental considerations, 
a section will be devoted to each phase of the work. 


A. General 


The ion source used for all of these experiments was 
a Phillips ionization gauge type.'? After acceleration 
the proton beam was selected by magnetic analysis. 
The energy for both the Cockcroft-Walton and the 
low-energy experiments was measured and stabilized 
as outlined in (I). For the Cockcroft-Walton work, the 
error in the particle energy measurement is believed to 
be less than one percent. In the low-energy experiments, 
the distribution in energy of the ions emitted by this 
type of ion source (approximately 100 ev) can introduce 
an energy uncertainty of several percent at 3 kev. 

The target gases used in these experiments were good 
grade compressed gases passed over cold traps main- 
tained at liquid nitrogen temperature. In much of the 
work, additional purification procedures were used. 
Hydrogen was passed through a heated palladium 
barrier. Helium was passed through an active charcoal 
trap cooled to liquid nitrogen temperature. Neon and 
argon were passed over calcium and copper turnings, 
heated to approximately 600°C. In no case were the 
measured cross sections altered by the purification 
techniques, indicating that the feed gases were relatively 
pure and that the charge exchange cross sections are 
not sensitive to the small contamination by gases not 
removed by liquid nitrogen traps. This results from the 
fact that the cross sections are of the same order of 
magnitude for the noncondensable gases. 

The pressures in the charge exchange chambers were 
monitored by a modified Alphatron gauge and were 
measured with liquid-nitrogen-trapped McLeod gauges. 
Calibrations of the McLeod gauges during construction 
are believed to have been correct to better than one 
percent. Three independently calibrated gauges have 
been used interchangeably during the course of these 


12 Barnett, Stier, and Evans, Rev. Sci. Instr. 24, 394 (1955). 
18 National Research Corporation, Cambridge, Massachusetts. 
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Fic. 1. Apparatus for electron loss cross-section 
measurement (20-200 kev). 


experiments, indicating the reliability of these cali- 
brations. 

As a particle beam passes through a stopping ma- 
terial, the beam is broadened by multiple elastic 
collisions. The magnitude of this scattering is deter- 
mined by the velocity of the particle and the relative 
masses of the incident and target atoms. It is evident 
that the hydrogen beam transmitted through a charge 
exchange chamber such as shown in Fig. 1 has been 
attenuated by elastic scattering. This is of no conse- 
quence provided the cross sections for elastic scattering 
of an ion and an atom by a target atom are the same 
or small compared to the inelastic cross section of 
interest. In the present experiments the latter condition 
was not always met. To ascertain whether the scattering 
of an ion and an atom were the same, a comparison was 
made of the elastic attenuation of an initially atomic 
beam with that of an ionic beam. Within the experi- 
mental error, no difference in elastic scattering could be 
detected. The test was made considerably less sensitive 
by the fact that both incident beams rapidly approach 
charge equilibrium. Hence for conveniently measured 
attenuations, both beams are at or near charge equi- 
librium over part of their range. More definitive tests 
for errors due to elastic scattering will be discussed in 
Sec. III F. 

The charge exchange chamber in each of the experi- 
ments was a windowless differentially-pumped gas cell. 
The pumping speed and aperture sizes were chosen for 
approximately 100 to 1 pressure drop between the gas 
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cell and external chamber. In each apparatus the 
pressure in the external vacuum system was in the 
range of 1 to 5X 10-5 mm Hg. The effective path length 
for charge exchange will be discussed below for each 
experiment. 


B. High-Energy (20-200 kev) Measurements 
of 01 


A schematic diagram of the apparatus used for the 
measurement of the electron loss cross sections is shown 
schematically in Fig. 1. The first gas cell, designated the 
neutralizer, converted a portion of the ion beam from 
the accelerator to fast atoms by charge exchange. The 
electrostatic deflection plates (electrostatic analyzer 
No. 1) removed all ions emerging from the neutralizer 
so that the particle beam incident on the second gas 
cell could be entirely fast neutral atoms. Within the 
second chamber, ions formed by electron loss could be 
removed by the transverse electric field between the 
deflection plates. Since an ion must travel a finite 
distance in the electric field to be deflected enough to 
be removed by the collimating aperture, the effective 
length of the analyzing plates is slightly different from 
their geometric length. By segmenting the deflection 
plates, and applying the field to successive sections, it 
was possible to determine the effective length of each 
section experimentally. Effective lengths determined in 
this manner agreed well with calculated values and the 
presented cross sections have been computed using 
these effective lengths. The maximum difference be- 
tween effective and geometric plate lengths was approxi- 
mately 5% at 200 kev. 

The detectors used were similar to the combination 
foil thermocouple and secondary electron emission de- 
tector described in (I). Most of the electron loss cross 
sections presented here were measured using secondary 
electron collection. Using the foil differential thermo- 
couple as a charge insensitive detector, the relative 
coefficients for electron emission due to atom and ion 
bombardment were determined for the detector used, 
and were the same as those reported in (I) within the 
experimental error. Analyzer No. 6 in Fig. 1 was used 
to measure the relative number of ions and atoms in 
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the particle beam emerging from the charge exchange 
chamber for purposes of this correction. 

It is evident that the fraction of the particle beam 
which was neutral at equilibrium (zm large) is readily 
measured with the apparatus. An equilibrium charge 
distribution could be obtained from the ion beam, 
either in the neutralizer or in the charge exchange 
chamber. It was also possible to approach charge equi- 
librium from an initially atomic beam. Further, in 


accordance with Eq. (9), the sum of the cross section 
(ao: +010) could be obtained. 


C. Low-Energy (3-30 kev) Measurement 
(@or+ 0-1), (O-1)/ (O41), and oo“ 


The apparatus used for this phase of the work is 
shown schematically in Fig. 2, and is similar in many 
respects to that described in III B. Making use of 
charge exchange in the first differentially pumped gas 
cell, the particle beam incident on the second gas cell 
could be entirely atomic or have an equilibrium distri- 
bution in charge. Application of the electric field within 
the gas removed ions as formed, and the cross section 
(oo1:+o0_-1) was computed from the observed attenua- 
tion of the transmitted beam. The bellows and the 
third pair of electrostatic deflection plates permitted 
measurement of the relative intensity of the positive, 
negative and neutral components. The detector, de- 
scribed in (I), was used as a Faraday cage for ion beams 
and as a secondary electron emission detector for atomic 
or mixed beams. The intensity of the transmitted beams 
was too small for convenient thermocouple detection. 
However, it was possible to avoid the problem of the 
possibly differing secondary electron emission for ions 
and atoms by insuring that only neutrals or only equi- 
librium charge distributions were incident on the de- 
tector. Thus measurements of $9 were made by equi- 

4 Professor R. A. Howard of the University of Oklahoma con- 


tributed substantially to the work described in this section while 
a summer participant at ORNL. 
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librating the beam in the first gas cell and then passing 
both the total beam and the neutral component 
through enough gas in the second cell to re-establish 
equilibrium. By this procedure, the secondary electron 
emission was due to a particle flux with equilibrium 
charge distribution. Also the attenuation observed for 
the computation of (¢o:-++oo-1) was the change in the 
neutral component at analyzer No. 3 caused by applying 
field within the charge exchange chamber. This was 
equivalent to recording the attenuation of a neutral 
beam incident on the second gas cell in view of the fact 
that for an equilibrium beam emergent from neutralizer, 
the particle flux at the detector was the same whether 
electrostatic deflection plates No. 1 or No. 3 were 
energized. Both of these procedures require that the 
elastic scattering of ions and atoms be approximately 
the same. This will be shown to be sufficiently well 
satisfied in Sec. III F. 

The effective path length for charge exchange is 
taken as the entrance to exit aperture distance. In the 
normal procedure, when potential was applied to de- 
flection plates No. 2 in the gas, it was also applied to 
deflection plate No. 3. Consequently, an ion formed 
near the exit aperture and not removed by plates 
No. 2 will be removed by plates No. 3. It is, of course, 
possible for such an ion to experience an electron capture 
collision before it reaches plates No. 3. Calculations 
show that under typical conditions of this experiment, 
only a negligible number of ions formed recapture an 
electron and reach the detector. Corrections for this 
effect have not been applied to the data since they 
necessitate a prohibitive number of numerical inte- 
grations. 


D. High-Energy Measurement of o1) 


The equipment used for the Cockcroft-Walton meas- 
urements of the electron capture cross section 049 is 
diagramed schematically in Fig. 3. The proton beam 
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after magnetic analysis entered a differentially pumped 
gas cell and was deflected through an angle of 45° by a 
transverse magnetic field. In order to avoid attenuation 
of the ion beam due to small-angle elastic scattering and 
maintain the advantages of having the detector in a 
high-vacuum space, the ion beam was moved across an 
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exit slit by a linear electrostatic sweep voltage. The 
emergent beam was integrated. Recorder traces of the 
detector current as the beam was moved across the slit 
demonstrated the amount of elastic scattering and the 
number of ions which suffered two charge exchange 
events. For the energies and pressures used in these 
experiments, a negligible fraction of the ions reaching 
the detector had captured and lost an electron. If this 
were not true, the measured cross section would have 
been pressure-dependent and the strip-chart record of 
the proton current received at the detector as the 
electrostatic field was varied would have shown an 
asymmetric “‘tail’’ on the long radius of curvature side. 
Experimentally such a tail was observed to occur at 
considerably higher pressures than used for the reported 
cross-section measurements. 

The detector was a simple Faraday cup with satura- 
tion bias voltages applied to the guard electrodes. 

It is to be noted that this experiment differs from 
those described in III B and III C in that the charge 
exchange chamber was alternately at high vacuum and 
at a pressure of a few microns. A small change in the 
flux of protons which enter the chamber was caused by 
elastic scattering from the gas escaping through the 
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entrance aperture. In order to avoid this error gas was 
leaked outside the entrance aperture and exit slit so 
that vacuum conditions in these regions were the same 
with and without gas in the charge exchange chamber. 
The differential pumping capacity was such that the 
pressure in these regions was from 1 to 5X 10-' mm Hg. 

The path length was taken as the distance along the 
curve from the entrance to exit aperture. 


E. Low-Energy Measurement of oj) and o_10 


The measurements of the cross sections o19 and o_10 
in the 3 to 30 kev region were very similar to the corre- 
sponding Cockcroft-Walton work. As diagramed in 
Fig. 4, the proton beam was passed through a differ- 
entially pumped gas cell. The emergent beam was 
resolved into the —1, 0 and +1 components. The 
second chamber was equivalent to that described in 
Sec. III D, except that electrostatic deflection was used 
instead of magnetic deflection. A small linear sweep 
voltage was superimposed to move the deflected beam 
across the exit slit and the emergent beam was inte- 
grated as described above. In other respects the tech- 
niques discussed in Sec. III D were employed. 
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The entrance aperture was 0.020 and 0.040 inch for 
the oi9 and o_, measurements, respectively, and the 
exit slit widths were 0.005 and 0.015 inch respectively. 
These enlarged dimensions for the negative ion work 
were dictated by the reduced intensities available, and 
were allowable in view of the lower chamber pressures 
needed for reliable measurements of the relatively 
large o_10 cross sections. In all cases the differential 
pumping capacities were sufficient to maintain pressures 
of 1 to 5X10-* mm Hg in the regions outside of the 
charge exchange chamber. 

Calculations comparable to those indicated in Sec. 
III C show that only a very small fraction of atoms 
formed by charge exchange are re-ionized and reach the 
detector. The effective length is taken as the full path 
length in the gas. 


F. Low-Energy Measurements of (00;-+ oo_,) 
and 9» by Integration'® 


As was discussed in Sec. III B, the deneutralization 
cross-section measurements described in Sec. III B and 
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15 We wish to thank Mr. W. A. Bugg for performing much of 
the work described in this section while he was a summer employee 
at the Laboratory. 
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III C require that the elastic scattering cross section 
be the same for fast atoms and ions, or that it be small 
by comparison with the charge exchange cross sections. 
This section describes further experiments designed to 
test this condition. 

Upon completion of the measurements described in 
Sec. III E, the apparatus was modified as depicted in 
Fig. 5. Deflection plates were installed to establish an 
electrostatic field perpendicular to the beam axis, and 
a movable exit slit was installed. The slit was moved 
at a constant linear rate across the beam axis by a 
motor driven shaft through the vacuum wall. The 
current through the slit was integrated as discussed in 
Sec. III D. An additional set of deflection plates were 
installed between the exit slit and the secondary elec- 
tron emission detector, to prevent any ions formed near 
the exit slit from reaching the detector. 

The deneutralization cross section was calculated 
from the attenuation of the integrated beam (1) as 
voltage was applied at constant pressure or (2) as 
target gas was introduced for constant voltage. Both of 
these measurements should be insensitive to elastic 
scattering. Thus, if the elastic scattering cross section 
for ions was significantly different from that for atoms 
the cross sections obtained in determinations (1) and (2) 
would differ from the results obtained by the procedure 
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of Sec. III C. The results of the various determinations 
are shown in Fig. 6. In the top half of the figure 
(Curve A), the envelope of the beam is plotted on an 
arbitrary intensity scale in order to orient the observed 
variations in cross sections. In the lower portion of the 
figure the values of the cross sections determined by 
integration in procedures (1) and (2) are shown as the 
horizontal line B. The variation of the cross section as 
a function of position in the beam is shown as Curve C. 
These data were taken by moving the slit across the 
beam by increments, and for constant pressure, ob- 
serving the attenuation as voltage is applied by the 
procedure of Sec. III C. The cross section was inde- 
pendent of position near the center of the beam but 
rose sharply at the periphery (Curve C, Fig. 6). This 
interesting feature may be ascribed to electron loss 
collisions in which elastic scattering occurs. Particles 
which were elastically scattered to form the periphery 
of the beam had usually undergone charge exchange. 
Hence the attenuation, or apparent cross section ob- 
served as the field was applied, was larger for these 
regions. However, only a few percent of the beam was 
contained in this peripheral shell, and the cross section 
determined at the center of the beam was very nearly 
equal to the result obtained by integration. The data 
shown in the figure were measured at 4 kev, where the 
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effects of elastic scattering are largest. No effect could 
be detected above 10 kev. 

The curve ¢o of Fig. 6 depicts the variation of the 
neutral fraction of an equilibrium beam with position 
in the beam. The periphery of the beam was slightly 
deficient in neutral atoms, as would be expected from 
the observed increase in cross section. 


IV. RESULTS 


The experimental results of this series of experiments 
are presented in Figs. 7 to 18. Subsequent figures show 
the agreement of the present results with the more 
recent measurements by other workers. 

The variation of the equilibrium fraction of the 
particle beam in each of the charge states is shown as a 
function of energy in Figs. 7 to 12. These data were 
obtained by the methods described in Sec. III C. The 
particle beam was passed through enough gas for 
equilibrium to be established between competing elec- 
tron capture and loss reactions. In each of the figures, 
the open circles of the 0 curves represent the neutral 
fractions measured in the low-energy experiment, while 
the solid triangles on these curves are data taken in the 
Cockcroft-Walton experiment. In all cases good agree- 
ment is obtained between the low-energy data, data 
measured using the Cockcroft-Walton as described in 
III B, and the results previously reported, (I). The $41 
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Fic. 16. The charge transfer cross sections per atom of gas 
traversed as a function of particle velocity and energy. Hydrogen 
atoms and ions in oxygen gas. 


and ¢_, curves were computed from ¢» and the measured 
ratio of negative to positive ion components, i.e., 
¢~1/¢41, with the requirement that (¢-1+¢0+¢4:)=1. 
Attention is called to the fact that the ordinate for 
¢-1 is expanded by a factor of ten in each of these 
figures for clarity in presentation. Referring to the 
figures, it will be seen that at 40 kev, one percent or less 
of the hydrogen beam is H~. Therefore, it has been 
neglected in computations at higher energies. 

The cross sections for charge transfer measured in 
this series of experiments are presented as functions of 
particle energy and velocity in Figs. 13 to 18. For the 
curves representing o_10, 019 and (¢9:+-a0_1) the points 
are the average of the several measurements made at 
each energy, and the small scatter, rarely more than 
one percent, of the data around the smooth curves 
indicate the relative accuracy of the measurements. 
The open circles represent the results of the low-energy 
measurements (Sec. III C and E), while the triangle 
points represent the high-energy data (Sec. III B 
and D). The solid circles indicate values of the cross 
sections oo_; and oo; computed from o_10 and a0 respec- 
tively, making use of the independently determined 
values of ¢_1/¢o and $41/¢0. The points designated as 
open triangles on the oi curve were computed from 
(co1+o0-1), which is taken to be oo; for energies in 
excess of 40 kev (see below). Excellent agreement is 
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Fic. 17. The charge transfer cross sections per atom of gas 
traversed as a function of particle velocity and energy. Hydrogen 
atoms and ions in neon gas. 


obtained between the separate low-energy and high- 
energy experiments, as evident from the smooth joining 
of the curves between 20 and 30 kev. Internal con- 
sistency of the series of experiments is tested by the 
agreement of the sum of the computed oo; and ao; 
curves and the experimental (¢9:+-o0_;) curve. Refer- 
ence to the figures shows that the agreement is within 
the cumulative experimental errors. Explicitly, the 
computed deneutralization cross section is given in 
terms of the experimental measurables 010, o_10, $0, 
and ¢$_1/$41 as 


(1/$0)—1 


+ | 
1+ (o_-1/o41) ee 1+ (641/-1) 


V. ERRORS 


carton sou) 


As stated in the previous section, the relative accu- 
racy and internal consistency of the data obtained in 
this series of experiments is best demonstrated by the 
small scatter of the individual determinations about the 
smooth curves and by the smooth joining of the results 
of the low- and high-energy experiments. Also good 
agreement is obtained between the measured deneutral- 
ization cross section (¢9;+0_:) and this cross section 
computed from the other measurables 010, c_10, ¢o and 
¢-1/¢41. Such observations indicate that the relative 
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errors are less than 5% for all reported data. It is 
believed that the error in the absolute values of the 
measured cross sections does not exceed 5% except for 
incident energies less than 10 kev where the error may 
be as large as 10%. The various instrumental errors 
have been discussed in the sections devoted to the 
description of the apparatus. Estimates were given in 
these sections of the precision of measurement of the 
particle energy, the effective length of the exchange 
gas, the pressure of this gas, and of the effects of its 
purity. The above estimates of probable errors were 
obtained by consideration of the errors in the separate 
experiments and of the internal consistency of the 
results. The larger error ascribed to the very low- 
energy work reflects the larger energy uncertainty and 
the increased importance of elastic scattering. 


VI. DISCUSSION 


The two types of behavior of the charge composition 
after passage through an infinitely thick target are 
exemplified by the curves in helium and argon (Figs. 8 
and 12), At the lower energies in argon, hydrogen, 
nitrogen, and oxygen, most of the fast hydrogens are 
neutral. By comparison, in helium at corresponding 
energies, most of the beam is in the +1 charge state. 
These observations correspond to the fact that while 
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Fic. 18. The charge transfer cross sections per atom of gas 
traversed as a function of particle velocity and energy. Hydrogen 
atoms and ions in argon gas. 
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passing through an easily ionized gas, e.g., argon, 
protons readily capture electrons. On the other hand, a 
proton has difficulty removing an electron from the 
tightly bound helium atom, although a fast hydrogen 
atom may be ionized in a collision with a helium atom. 
The behavior in neon is intermediate between helium 
and argon. It is only at the lowest energies studied, 
i.e., nearest to the adiabatic condition, that the proton 
is ineffective in removing an electron from the neon 
atom. It should be pointed out that this behavior is 
equivalent to that reported in (I) for argon ions in 
helium and neon at considerably higher energies. These 
qualitative statements will be discussed in terms of the 
separate cross sections below. 

Attention is called to the unique behavior of the ¢o 
and ¢; curves in hydrogen gas in the energy region 3 
to 10 kev. Throughout this energy range, the neutral 
component is approximately constant, and in fact, 
shows a slight local minimum. As will be shown below, 
this results from a subsidiary maximum in the cross 
section for electron loss, a0. 

It is to be noted from the sequence of Figs. 13 to 18 
that the velocity behavior of the o_10 cross section 
resembles that of the oo;, while the o10 and oo_; curves 
have similar shapes. This correspondence might be 
predicted, since 71 and goo; characterize electron 
attachment reactions, while o_19 and oo; gauge electron 
loss processes. 

In each of the gases studied, the cross section 10 
decreases at the higher energies very nearly as Ae, 
where A and bare constants for each gas. This behavior 
is most noticeable in hydrogen and helium. In the 
energy range studied oi» decreases by about three orders 
of magnitude in hydrogen gas, while the observed 
decrease in oxygen and neon was only about a factor 
of 50. 

In contrast to the rapid variation of 01, the electron 
loss cross section oo; changes only by a factor of from 
2 to 4 within this energy region. The most interesting 
feature of these oo; curves is the subsidiary maximum in 
the data for hydrogen gas. Although no detailed treat- 
ment of this feature can be given at the present, the 
structure is similar to that expected theoretically when 
double transition collisions may occur. Bates and 
Griffing® have discussed the cross sections expected 
for collisions between two hydrogen atoms in which 
both atoms may undergo electron excitations. They 
find that at low energies (~10 kev) single-transition 
collisions predominate, but at higher energies, double- 
transition collisions are more important. Thus the total 
. cross section vs energy curves may show two maxima. 
In the present case, the reaction studied is an atom- 
atom collision in which the fast atom is ionized. The 
shape of the cross-section curve suggests two modes 
for the reaction: At low energies the stationary molecule 
is left in the ground state, whereas at higher energies it 
is likely that the stationary molecule will be left in 
excited or ionized states. Similar behavior might be 
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Fic. 19. oi, electron capture cross sections per atom of gas 
traversed. Protons in hydrogen gas. 


expected for other target gases. That double maxima 
are not observed must be attributed to overlapping of 
the single and double transition cross section contribu- 
tions producing a single broad maximum. 

Figure 19 is a comparison of the present electron 
capture cross section, ayo, in hydrogen gas with recent 
experimental and theoretical values by other workers. 
The solid curve is drawn through the present data. The 
results of Whittier and Ribe'*® were plotted from their 
tabulation, and the data points for Stedeford and 
Hasted® were taken from their published curve. In 
view of the difficulty of the experiment and the diversity 
of techniques used by the various investigators, the 
agreement may be considered excellent. The similarity 
between the velocity dependence of the experimental 
cross section and the theoretical dependence obtained 
by Bates and Dalgarno, and by Jackson and Schiff is 
also satisfying. 

A similar comparison of the data for aio in helium is 
given in Fig. 20. Again the solid curve has been drawn 
through the present data. Very striking agreement is 


16 F. L. Ribe, Phys. Rev. 83, 1217 (1951). 

t Note added in proof.—Dr. Bates has kindly pointed out that 
the curve in Fig. 19 due to Bates and Dalgarno represents their 
computed cross sections for capture into the ground state only. 
If the contributions due to excited states are included [D. R. 
Bates and A. Dalgarno, Proc. Phys. Soc. (London) A66, 972 
(1953) ] the agreement between the experimental and theoretical 
results is considerably improved. 
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again noted between this curve and the results of 
Hasted and Stedeford.’ The theoretical curve of 
Bransden, Dalgarno, and King* shows an essentially 
identical dependence of the cross section on the velocity. 
As Griffing has pointed out,'’ the theoretical formula- 
tion is best tested by the velocity dependence of the 
cross section although the amplitude may be in error 
by a small factor due to the contributions from capture 
into excited states. 

In Fig. 21, the present values of o19 for protons in 
neon and argon are seen to be in excellent agreement 
with those of Stedeford and Hasted. The capture cross 
section was found to vary slightly more rapidly with 
velocity in oxygen than in nitrogen, as shown in Fig. 22. 
In this figure, the results of Kanner who measured o10 
in air are given for comparison. 

Very few data are available in the literature for 
comparison with the cross sections oo or oo_1 obtained 
in these experiments. Montague'® and Kanner’® have 
measured go; in hydrogen and in air, respectively. 
These experimenters obtained cross sections which are 
approximately 10% smaller than the values presented 
here. A few other results are to be found? but no ex- 
haustive comparison will be made. 
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Fic. 20. o10, electron capture cross section per gas atom 
traversed. Protons in helium. 


17 G. Griffing (private communication). 
18 J, H. Montague, Phys. Rev. 81, 1026 (1951). 
1 H. Kanner, Phys. Rev. 84, 1211 (1951). 
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Stedeford and Hasted* have reported measurements 
of the detachment cross sections in the noble gases, and 
Whittier* has made similar measurements in hydrogen. 
Comparison of these data with the present work is 
made in Fig. 23 for H- in hydrogen and helium. Each 
of the o_:9 determinations were made much less precise 
than the corresponding o;9 measurement by the very 
small intensity of the H- ion beam available. In view 
of this the relatively poor agreement may be considered 
satisfactory. 

It should be pointed out again that these results have 
been treated as though in a single collision only one 
electron may be transferred. No quantitative determi- 
nation of the two electron transfer cross sections has 
been possible. It seems likely that these cross sections 
must be considerably smaller than the single electron 
transfer cross sections. This conclusion has been reached 
for the following experimental reasons: (1) In this 
rather extensive experimental program, no indication 
was ever present that double transitions were taking 
place. (2) The consistency of the results, interpreted in 
terms of single transitions would indicate relatively few 
double transitions. (3) The present measurements of 
a0 are in such excellent agreement with those of 
Stedeford and Hasted, in spite of the fact that the 
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Fic. 21. oo, electron capture cross section per atom of gas 
traversed. Protons in neon and argon. 
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traversed. Comparison of present results for protons in nitrogen 
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experiment described in Sec. III D measures (¢19+o1-1) 
while the Stedeford and Hasted’ method measures 
(10+ 201). In the present work the cross section was 
computed from the attenuation of a transmitted beam 
due to all charge-changing collisions. In the Stedeford 
and Hasted experiment, the number of slow ions formed 
in the target gas was measured per incident ion, and 
the cross section was computed from this slow ion 
current and the pressure according to the relation 
a= (I'/I)(1/nl) where I’ is the slow ion current, J the 
incident current, m the gas density in atoms per cm’, 
and / the path length in cm. If two-electron-transfer 
collisions occur, e.g., H++A°-H-+A**, the doubly 
charged slow ion will be ‘counted twice,” and the 
equation should be rewritten in terms of the particle 
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Fic. 23. o_:0, electron detachment cross section per atom of gas 
traversed for H~ ions in hydrogen and helium. 


ji j2\1 
tto11= += )- 
jo joF nl 


where /; is the flux of singly charged slow ions, 72 the 
flux of doubly charged ions and jo the incident flux. 
In this notation, their recorded currents are /=ejo and 
I'=e(j:+2j2). Thus, the cross section given by Stede- 
ford and Hasted is o10+201_1. In view of the excellent 
agreement between the results of these authors and 
the present work, one must conclude that o,— is small 
compared to o 0. 


fluxes j as 
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Concept of Intermolecular Forces in Collisions* 
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For polar or electronically excited molecules the concept of intermolecular forces requires clarification. 
To calculate the equation of state or equilibrium properties, it suffices to use intermolecular forces which are 
averaged over the magnetic quantum numbers, but for nonequilibrium or transport properties it is necessary 
to know the intermolecular energy for each separate quantum state. There are many different representations 
of intermolecular forces, depending on which degrees of freedom are treated quantum mechanically and 
which classically. The whole concept of intermolecular force becomes nebulous when a large fraction of the 


collisions are not adiabatic. 


A semiclassical treatment is developed for describing the trajectories of nonadiabatic collisions in which 
transitions occur infrequently. For grazing collisions, the colliding molecules are loosely coupled and best 
represented in terms of space fixed coordinates, but when the molecules approach each other more closely 
the internal degrees of freedom become tightly coupled, and then the intermolecular forces are best calcu- 
lated in terms of a body fixed representation. The collisions with tight coupling are especially important for 


determining the kinetic theory properties: of gases. 





I. INTRODUCTION 


R atoms in their ground states colliding with 

thermal velocities, the concept of intermolecular 
forces is clear. Using quantum mechanics to predict the 
functional form and experimental data to evaluate 
constants, one can obtain expressions for the inter- 
action energy of two such systems which are correct to 
a high degree of accuracy.'? For polyatomic molecules 
or molecules in excited electronic states, the concept of 
intermolecular forces is not entirely clear. As long as 
the large proportion of collisions are adiabatic in the 
sense that the quantum numbers defining the state of 
internal coordinates remain unchanged during a colli- 
sion, the concept of intermolecular force is meaningful ; 
when this is no longer the case, the concept becomes 
nebulous. The present paper is a discussion of the con- 
ceptual difficulties of describing molecular collisions, 
and our attempts to overcome them. 

To characterize a molecular collision completely, one 
must give the simultaneous behavior of the four groups 
of coordinates which describe the translations, rotations, 
vibrations, and electronic motions of the two molecules 
during the encounter. The quantized nature of these 
degrees of freedom varies widely, ranging from the 
translational motion which is very nearly classical, to 
the electronic motions which are quantized with energy 
spacings which are generally much larger than k7. 
Pure vibrations are usually strongly quantized, and 
pure rotations are very frequently almost classical. 
Twisting and bending vibrations, as well as rotations 


* This work was carried out under contract with the U. S. 
Atomic Research Commission. 

t Present address: Polychemicals Department, 
Experimental Station, Wilmington, Delaware. 

1 Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases and 
Liquids (John Wiley and Sons, Inc., New York, 1954). 

* The nonadditivity of pair potentials is being investigated 
both theoretically and experimentally. A comparison between the 
potentials determined from crystal structure and those determined 
from the properties of a dilute gas would, for example, provide an 
empirical determination of the nonadditive forces. 
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of hydrogen containing diatomic molecules represent a 
critical intermediate case, since they frequently have 
energy spacings which are just of the order of kT. 

When nonadiabatic collisions are frequent, so that 
the concept of intermolecular forces is not useful, it is 
always possible to treat the collision process from a 
purely quantum mechanical standpoint. In this treat- 
ment each collision process is characterized by a set of 
differential scattering cross sections’ which are a meas- 
ure of the composite probability that the collision 
results in a particular angular deflection and that this 
is accompanied by a particular set of initial and final 
quantum numbers defining the internal state of the 
molecules. All of the macroscopic properties of a gas 
can be expressed in terms of these differential scattering 
cross sections‘ and thus, from a formal standpoint, a 
knowledge of them would be equally as satisfactory as a 
knowledge of the intermolecular forces. In point of fact, 
the differential scattering cross sections are very diffi- 
cult to calculate, so that to date a full set of them 
has not been obtained for even a single case. Further- 
more, it is difficult to develop the sort of intuitive 
feeling for the cross sections which would make it 
possible to estimate their behavior under a wide variety 
of conditions. It is on these accounts that we shall try 
to push the intermolecular force concept until we are 
forced from practical considerations to abandon it. 

A semiclassical treatment implies that the coordi- 
nates be separated into two groups, those which are 
treated classically and those which are treated quantum 
mechanically. The approximate methods necessary for 
such a procedure are similar to those of the Born- 
Oppenheimer separation of electronic and nuclear 
coordinates. One first regards the group of classical 
coordinates as fixed, thus obtaining a set of clamped 
energy levels which represent the motion of the quan- 


3 Reference 1, p. 672. 
* deBoer, Uhlenbeck, and Wang Chang, Physica (to be pub- 
lished). 
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tized coordinates. It is these clamped energy levels 
which give rise to the notions of intermolecular forces 
between polyatomic molecules. Since a complete semi- 
classical theory provides trajectories for both elastic 
and inelastic collisions and assigns a relative probability 
to each such trajectory, it is clear that, when this is 
desirable, one can always use the semiclassical results to 
evaluate the differential scattering cross sections. 

There seem to be three sorts of semiclassical descrip- 
tions which we might consider, each leading to a 
different concept of intermolecular force: 


(a) Only the electronic states are treated quantum 
mechanically. In this case we obtain a set of Eyring- 
type potential energy surfaces in a space of a large 
number of variables. A point in this space corresponds 
to a value of the energy for a particular instantaneous 
configuration of all of the nuclei of the molecules partici- 
pating in the collision. There are an infinite number of 
these potential energy surfaces stacked as sheets one 
above the other, corresponding to all of the possible 
electronic states of the system thought of as a super- 
molecule. The motion of all except the electronic coordi- 
nates may be interpreted in terms of the motion of a 
particle on one of these potential energy surfaces, 
providing the coordinate axes are skewed in order that 
the kinetic energy appear in diagonal form and in order 
that the same effective mass be associated with each 
coordinate.® 

(b) Electronic and vibrational degrees of freedom are 
treated quantum mechanically while translations and 
rotations are treated classically. This leads to a set of 
potential energy surfaces with somewhat fewer degrees 
of freedom. Such a treatment has considerable merit. 

(c) Only translations are treated classically, while all 
other degrees of freedom are quantum mechanical. 
This leads to a set of potential energy curves. Let us 
examine the separation and the meaning of intermolecu- 
lar force in considerable detail for this case. 


First, regard the colliding molecules a and b as a 
single quantum mechanical system. Let r, represent all 
coordinates necessary for specifying the configuration 


5J. O. Hirschfelder and J. S. Dahler, Proc. Natl. Acad. Sci. 
U. S. 42, 363 (1956). The kinetic energy of the nuclei in the x 
direction, minus the kinetic energy of the center of gravity of the 
system (neglecting the masses of the electrons relative to the 
masses of the nuclei) is 

Zi baie? +2; dmsjbo7?—(1/2M) [Xi maitait+Z; mojeojP, (a) 
where mai and xq; are the mass and x coordinate of the ith nucleus 
in molecule a, measured in a space-fixed coordinate system. Now 
in order for the classical trajectory to correspond to the motion 
of a single particle moving on a potential energy surface, it is 
it is necessary to find a set of relative coordinates g; such that the 
kinetic energy of Eq. (a) can be transformed into the form 
$u2% 9.7, where u is some effective mass. It is easy to show that 
the g,; can always be taken as linear combinations of x4;—%a1 and 
%»j—%Xv1. This is the generalization of the skewing of Eyring 
potential energy surfaces for the case of an atom A colliding with 
a molecule BC. See J. O. Hirschfelder, dissertation, Princeton 
University, 1935 (unpublished), Appendix II, and Glasstone, 
Laidler, and Eyring, The Theory of Rate Processes (McGraw-Hill 
Book Company, Inc., New York, 1941). 
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of molecule a relative to its mass center, and ry all 
coordinates for specifying the configuration of molecule 
b relative to its mass center. The location of molecule } 
relative to molecule a is given by R. The motion of the 
center of mass of the whole system may always be 
separated out, and the Schrédinger equation in the 
relative coordinates may be written® 


qh? 
| Hate) +H,(rs) —$Ve+0(totoR) [Ox(to to) 
im 


= E,*°t@,(ra,ts,R). (1) 


Here H, and H, represent the Hamiltonian operators of 
the isolated molecules, ®(ra,r,,R) is the potential 
energy of interaction, E*°t is the total energy of the 
system relative to its mass center, and u=mam,/ 
(ma+mz,). As far as the translational degrees of freedom 
are concerned, Eq. (1) corresponds to holding molecule 
a fixed at the origin of the relative coordinate axes and 
letting molecule 6 move relative to it, except that the 
mass of molecule } is replaced by the reduced mass uz. 
It is important to note that in Eq. (1) the orientation 
of each of the internal and relative coordinate axes 
remains fixed with respect to a coordinate system fixed 
in space. 

Exact solutions of Eq. (1) may be written in the form 


Ox.= D5 xei(R)Wi(ta,80,R), (2) 


where the y, are called “adiabatic clamped” wave func- 
tions since they are solutions of the following Schréd- 
inger equation in which the relative coordinates are 
held calmped or fixed 


[Ha(ta) +H o(ts)+(ra,ts, R) We=Ex(R)yi. (3) 


In the limit that the translational motion is slow com- 
pared to the motion of the internal coordinates, we may 
carry out a Born-Oppenheimer type separation which 
is equivalent to dropping all but a single term from the 
right hand side of Eq. (2). Deviations from the separa- 
tion appear as the probability of transition to states 
described by other terms in the series of Eq. (2). In 
the absence of such transitions, the motion of the rela- 
tive coordinates R is governed by the adiabatic 
clamped energies obtained from solutions of Eq. (3). 
That is, the E,(R) act as an intermolecular potential 
and the relative translational motion of the system 
may be described in terms of the frictionless motion of 
a point of mass u on the potential energy surface E,(R).’ 
* Any of these three separations of coordinates, and 
the associated concept of intermolecular force, is 


§N. F. Mott and H. S. W. Massey, The Theory of Atomic Col- 
lisions (Oxford University Press, Oxford, 1950), p. 140. 

™T. Y. Wu and A. B. Bhatia, J. Chem. Phys. 24, 48 (1956). 
Wu and Bhatia have pointed out that there is an additional 
small correction to the clamped energies which appears even in 
the limit of zero relative velocity, and which is due to the nuclear 
kinetic energy implied by the R dependence of ¥;(ra,ro,R). The 
term is important, however, only for very slight molecules, 
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meaningful only as long as the coupling between the 
coordinates is small enough so that quantum transitions 
are rare. When two potential energy surfaces come close 
together, from a quantum mechanical standpoint there 
is a probability of the system crossing from one energy 
surface to the other. Clearly a high probability of such 
a crossing would make the application of the semi- 
classical approach difficult. The probability of such a 
crossing is greatest when the relative kinetic energy in 
the particular degree of freedom is comparable to the 
energy difference between the two potential surfaces. 
Thus at very low velocities there are no crossings and 
at very high velocities there are few crossings. As a 
result, the concept of an intermolecular force might be 
restricted to apply to certain ranges of velocity away 
from these conditions of resonance. 

From the oscillator strengths of the separated mole- 
cules, one can often tell a great deal about the coupling 
of the various degrees of freedom and determine what is 
the logical form of representation of the intermolecular 
forces. Consider, for example, the dispersion forces at 
large separations. The energy of interaction of two 
molecules at large separations is given in terms of the 
oscillator strengths for all the quantum transitions. 
Let us suppose that we are considering a collision be- 
tween two diatomic molecules where there may be 
electronic, vibrational, and rotational transitions. 
Because of the Franck-Condon principle, there is 
usually a strong coupling between the electronic and 
vibrational transitions. Thus, if we tried to represent 
the intermolecular forces by treating vibrations classi- 
cally, we would obtain oscillator strengths which were 
far too small, and the intermolecular forces calculated 
would also be too small. The Eyring type of potential 
energy surfaces (a) will thus not lead to satisfactory 
calculations of long-range dispersion forces. As far as 
short-range first order perturbation valence forces are 
concerned, the Eyring type of representation might 
still be useful. 

In a semiclassical treatment, there will always be 
separate interaction potentials corresponding to all the 
possible internal quantum states, and when resonance 
degeneracy exists there will be a splitting into families 
of energy surfaces. For equilibrium or equation-of-state 
properties, there is a strong averaging tendency and it 
is frequently permissable to replace a family of energy 
surfaces by a single averaged potential energy. This is 
because the equilibrium properties are expressed in 
terms of the partition function which is the Boltzmann 
average of a point in the phase space of the system. 
For small energies, the difference between a Boltzmann 
average and an arithmetic average is small. Thus for 
equation-of-state calculations it is often satisfactory 
to use as a potential energy surface the intermolecular 
potential obtained by the arithmetic average over 
some of the quantum numbers which lead to splitting 
of the energy surface. Such average potentials are easy 
to calculate because they make use of quantum me- 
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chanical sum rules. Usually the averaged potentials 
correspond to forces which are of shorter range than 
those for the nonaveraged potentials. Often the concept 
of intermolecular force is clear from the standpoint of 
the averaged potentials even where it is no longer 
useful for the nonaveraged potentials because of fre- 
quent transitions. 

However, if the theory is to be applied to nonequi- 
librium or transport properties, such averaging is not 
possible. In this case it is important that the dynamics 
corresponding to each potential energy surface be 
treated independently. This can be seen by considering 
the interaction between two dipoles. If the dipoles are 
pointed in one direction the molecules repel each other, 
and if pointed in the opposite direction they attract 
each other. In the first case the angle of deflection in the 
collision is positive, whereas in the second case it is 
negative, As far as the transport properties are con- 
cerned it is the cosine of the angle of deflection which 
matters, so that both the attractive and repulsive 
collisions would contribute in the same sense. This be- 
havior is in contrast to that of the second virial coeffi- 
cient, where the angle of deflection itself occurs to the 
first power so that the effect of the attractive collision 
would tend to counteract the effect of the repulsive 
collision. Thus we see why the equation of state for 
polar molecules is not very different from the equation 
of state for nonpolar molecules, but why the viscosity, 
heat conductivity, and diffusion for polar species are 
very significantly different. For molecules in excited 
states where resonance splittings are truly large, this 
can be expected to be a large effect. 

In the following sections we will consider in detail 
the possibility of developing the semiclassical theory of 
thermal energy collisions between polyatomic molecules 
in which only the relative translational motion of the 
molecules is handled classically. To preserve generality 
of the treatment, we will avoid introducing any aver- 
aged potential energy surfaces. From our meaning of 
semiclassical, it is clear that our conclusions will not 
necessarily apply to the classical-type approximations 
used by some authors for obtaining limiting values of 
integrals arising in purely quantum mechanical 
treatments. 


Il. LOW-VELOCITY LIMIT 
(a) Clamped Energies 


Solutions of Eq. (3) give the adiabatic clamped wave 
functions and the potential energy surfaces which are 
8 The coefficient of viscosity »(7) and the second virial coeffi- 


cient B(T) for monotonically varying intermolecular potentials 
are given by the expressions 


ane [7 exp(—v)n J (1—cost)bdbdy, 


B(T) ="2Net f exp(—7)74 ft xb*dbdy, 


where x is the angle of deflection, } is the collision parameter, and 
y is a reduced energy variable. 





INTERMOLECULAR FORCES IN COLLISIONS 


appropriate when the relative translational motion is 
to be treated classically. It is interesting to consider 
exact and approximate solutions of Eq. (3) in both 
space-fixed and body-fixed coordinate systems. Let xyz 
be a set of body-fixed coordinates oriented so that the z 
axis coincides with the line joining the mass centers, R, 
and let the exact wave functions and energies in this 
representation be y, and E,. Let successive approximate 
solutions be labeled y,, ¥,“, «++ and E,, E,, --- 
Let the primed symbols y,’, yy’, -+-yy’ and 
E,’, Ex”, «++ Ex’ have a corresponding significance 
in a space coordinate system x’y’s’ and let 8 and a be 
the polar coordinates of R in x’y’s’. 

In the absence of externa! fields, the energy of inter- 
action depends only on the relative orientation of the 
molecules and not on their location in space, so that the 
total Hamiltonian of the system is invariant under a 
rotation of the coordinates. Thus the exact eigenvalues 
of Eq. (3) can depend only on the magnitude of the 
intermolecular separation R, and the potential energy 
surfaces may be represented in terms of the kind of one 
dimensional energy curves used to describe atomic 
interactions. The energies E,(R) and E,’(R) are of 
course identical. The wave functions y, and y;’ are 
also identical under the change of variables relating 
xyz and x’y’s’. 

It will usually be necessary to use approximate 
methods of solution, however, and in this case the two 
representations can lead to different results. Suppose 
the zero-order solutions are obtained by solving Eq. (3) 
for larger R, where the interaction is zero. Then the 
first-order perturbation energies in the body-fixed 
coordinates, 


E,©= (fi || yr), (4) 


depend only on R because % is invariant under a rota- 
tion and the ¥, are not explicit functions of 8 or a. 
In the space-fixed representation, on the other hand, 


Ey '= (We |3 |’) (S) 


may depend on f and a. The y are a complete set, 
so we may write 


ve’ =D aei(B,a)yi, (6) 
where the a,; depend on 8 and a. Thus 


Ey’ = (Li aei|H| D5 aes) 
=Dilaes(8,a)|?E(R). (7) 


Thus if the approximate solutions are to have the same 
symmetry as the exact solutions, it is important that 
trial functions be chosen which have the proper sym- 
metry with respect to the intermolecular axis. Accord- 
ing to Eq. (4), this may be accomplished by working 
entirely in the body-fixed coordinate system. However, 
if one wishes to use trial functions defined in the space- 
fixed coordinates and first-order perturbation, then it is 
necessary to use a full set of first-order functions and to 
solve the resulting secular equation. Some authors 
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have used only single terms in the space-fixed coordi- 
nate system for their approximate wave functions, and 
they have been led to the erroneous notion that the 
intermolecular forces depend on the angles 6 and a 
which give the orientation of R. 


(b) Sample Calculation of Clamped Energies 


As an example of the sort of problems which arise and 
of the approximations which may be made in order to 
obtain usable clamped energy functions, consider the 
problem of studying collisions between polar diatomic 
molecules. For this case, we assume a pure dipole- 
dipole energy of interaction between the molecules, so 
as to fix our attention on the interaction between the 
rotational motions of the molecules and the transla- 
tional motion of the trajectory. 

We may idealize the molecules as linear rigid rotators 
with moments of inertia 7, and J, and with ideal electric 
dipoles wa and yw, located at the mass centers and 
oriented along the molecular axis. The energy levels 
E,(R) are now given by solutions of Eq. (3) where 
H, and H, are the Hamiltonians of the isolated rigid 
rotators, and ®(r,,r,,R) is the energy of interaction 
between two ideal electric dipoles, 


Yo'ts (ua R)(u,- R) 
$=——~3 
R R$ 





(8) 


In the body-fixed coordinates, this takes the simple 
form 


Hab 
p= i 2 cosO, cos,+sina sind, cos( ¢ga— ¢») |, (9) 


where the angles 04, gq and 6, ¢g» are the polar angles 
giving the orientation of the dipoles wz and wy. Clearly 
the operator for the component of the angular momen- 
tum in the z direction, 


at a 0 
2 +—} 
tldga Ags 


(10) 


commutes with ® so that the solutions y, may be 
chosen to be eigenfunctions of £,. 

First, let us consider the nondegenerate case in which 
I,~I,. The wave function of each isolated molecule is 
simply a normalized spherical harmonic,’ Y;"(6,¢), so 
that at large separations the wave function for the 
system representing a collision between molecules a 
and b may be written (in body-fixed coordinates) 

ve = Vy"(a) ¥,*(5). (11) 


If we take the y, as the basis for a perturbation calcu- 
lation, the matrix elements of the perturbing potential, 


Fv @) Vy") || Ve(@¥n"(0)), (12) 
® Reference 1, p. 906. 
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may conveniently be evaluated from the recursion 
relations of the spherical harmonics,” and it is easily 
shown that the elements are zero unless all of the 
following conditions are satisfied : 


V=I41, V=ALH1, 
m'=m,m+1, pw’=y, u+1, 
m'+p’=m+p. 


(13) 


Clearly, all the diagonal matrix elements of the per- 
turbing potential vanish, so that when the two molecules 
are different species and hence possess different mo- 
ments of inertia, the first-order perturbation is neces- 
sarily zero. 

In collisions between two identical molecules (whose 
moments of inertia are equal), the first-order perturba- 
tion energy is also zero except when the rotational quan- 
tub numbers bear certain resonance relations. If the 
molecules are identical then the spatial part of the wave 
function must be either symmetric or antisymmetric 
with respect to an interchange of the labels a and 6 
Thus the single product of spherical harmonics, 
Eq. (11), no longer represents a suitable unperturbed 
wave function. Rather, the correct unperturbed 
wave function is formed from linear combinations of 
the 2(2/+1)(2A+1) such terms corresponding to all 
allowed values of m and uw. Under such conditions a 
nonvanishing first-order perturbation energy results 
when A=/+1 and in this case the two rotators are 
said to be in resonance. If \+/+1 the first-order per- 
turbation energy vanishes just as in the case of the 
two unlike rotators. 

Consider the simplest resonance case, /=0, A=1. 
The secular determinant is then formed from matrix 
elements of the six functions 


Vi%=VP(a)Vi(b), ws =Vr*(a)¥%(d), 

¥2=YV(a)V%(6), v=YVi9(a)¥0(5), 

vs=VP(a)¥'(0), yo=Vi'(a)¥0°(0). 
It is easily verified that the first-order perturbation 


energies obtained from solutions of the secular equa- 
tion are 


(14) 


Ex™ (R) = digtaur/ R’, 


a=, @2=a;=}, %=a5=—}, a=—§% (15) 


and that the wave functions belonging to these energies 
are 


VP =o — Ys = F(a) Vi°(b) —Vi(a) ¥0%(0), 
V2) =r +ya = VP(a) V(b) + Vr" (a) V0%(d), 
Vs =Ps +o = VN(a)Vi'(b) +¥i'(a)¥ 00), 
WO =r —pa = VP(a)Vi*(6)—Vr"(@) V0"), 
V5 =Ps —Yo = V(a)¥i'(0) — ¥i'(a) ¥0°(0), 
Vo =Y2 +5 = Vora) ¥1%(b) + ¥1°(a) ¥0%(S). 


© Reference 1, p. 907. 


(16) 
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For resonant interactions with higher values of /, 
the solution of the secular equation may be difficult. 
For approximating the energy in such cases, as well as 
for calculating the first nonvanish terms arising from 
nonresonant interactions, the method of “unsharp 
resonance” developed and applied to this problem by 
London" may be used. The method is essentially a 
variation procedure in which a given unperturbed func- 
tion ¥, is replaced by a linear combination com- 
posed of y, and the twelve (at most) ¥; with which 
it forms nonvanishing matrix elements of ®. The 
secular equation can be solved, and for the nonresonance 
case yields energies which for large R have the form 


Wri(i4+-1) AA+1) Baur? 
--| + |-s, Wie | 3 
ot 4. I, 6 





E,© 


The constants B, depend on the quantum numbers /, m, 
\, and yw, and can be calculated easily.“ London con- 
cludes that these forces are smaller than the dispersion 
forces, even for such strongly polar molecules as HCl. 

For resonance cases the energies have the form, for 
large R, 


hh? 


Mabkb 
E,O =—[U(I+1) +041) ]+4i—, (18) 
21 R 


where again the A, are easily calculated.” Energies 
obtained from Eq. (18) will in general not be as good as 
those obtained from a solution of the secular equation 
because the variation function does not include the 
entire degenerate set. It is to be noted, however, that 
Eq. (18) will give the proper number of energies for a 
given degenerate set, and that the variation functions 
are eigenfunctions of £, in the body-fixed coordinates. 


Ill. REGION OF MODERATE RELATIVE VELOCITY 


The relative motion of the two molecules introduces 
new terms in the Hamiltonian of the system, corre- 
sponding to the kinetic energy of the relative motion 
and resulting in coupling and transitions among the 
clamped internal wave functions. In the equation for 
the radial motion, the centrifugal potential }ug?(b/R)* 
must be added to the potential energy for the clamped 
molecules. Here 6 is the collision parameter and }ug’ 
is the relative kinetic energy of the molecules at the 
beginning of the collision. In the equations for the 
angular motion of the trajectory, there are velocity- 
dependent terms which correspond to torques. These 
additional terms in the Hamiltonian can be treated as 
perturbations which result in transitions between our 
previously calculated clamped potential energy sur- 
faces. We shall define the region of moderate relative 
velocity as the region where such quantum mechanical 


1 F, London, Z. Physik 63, 245 (1930); see also H. Margenau, 


Revs. Modern Phys. 11, 1 (1939). 
12 Explicit formulas and some tabulated values may be found in 
reference 1, p. 997. 
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transitions are rare enough so that they may be treated 
by perturbation theory. When the quantum numbers 
describing the integnal motion do not change during a 
collision, the entire motion lies on a single potential 
energy surface and the relative motion is called an 
adiabatic trajectory. When such transitions do occur, 
the semiclassical theory must give both the probability 
of transition and the effect of the transition on the 
trajectory. 


(a) Adiabatic Trajectories 


In the classical mechanical solution of the two- 
particle problem, the trajectory of relative motion is 
characterized by the fact that both the total energy 
and the total angular momentum of the system are 
conserved at every point of the trajectory. In the semi- 
classical formulation the energy is always a well defined 
quantity, so that it is conserved along the trajectory. 
If g(R) is the relative translational velocity, the con- 
servation of energy becomes 


E,'°'= jug?(R)+£;,(R). (19) 

In general, only the magnitude and one component of 
the angular momentum associated with the internal 
motions are specified in the semiclassical description, 
so that it is not possible to carry over the conservation 
law of angular momentum directly. An interpretation 
of the angular momentum consistent with the semi- 
classical approximation would be the requirement 
that the trajectory be characterized by conservation 
of the known angular momentum, so that the quantity 


L=u(RX8(R))+Miin (20) 


remain constant along the trajectory.” 

The characteristics of a semiclassical trajectory for 
which the energy is given by Eq. (19) and the angular 
momentum by Eq. (20) may be deduced from a 
mechanical analog. In place of the two rotating mole- 
cules moving with respect to each other, we have a 
flywheel constrained to rotate about a radial axis and 
bound to the origin by the intermolecular forces which 
we calculated for the clamped molecules. This mechani- 
cal analog is shown in Fig. 1. The flywheel] A has a 
mass » and angular momentum #M in the direction 
of its axis of rotation. The flywheel slides and rotates 
without friction on the massless rod B and it has a 
potential energy E;,(R). The moments of inertia of the 


13 On the other hand, one might interpret the internal angular 
momentum in the correspondence limit as a definite vector of 
length ALJ (J+ 1) }! which lies on a cone about the z axis such that 
its component in the z direction is #M. For each particular orienta- 
tion on the cone, one could assign a precise angular momentum 
to the internal coordinates and construct a classical trajectory 
which conserved energy and angular momentum. Letting all 
orientations on the cone appear with equal a priori probability 
would yield an infinite family of classical trajectories for each 
solution of the clamped equation. Using such families of trajec- 
tories, it would be very difficult to evaluate the differential scatter- 
ing cross sections. 


Fic. 1. A mechanical analog which illustrates the dynamics of 
a collision in which the internal angular momentum is constant 
relative to body-fixed coordinates. 


flywheel about any axis perpendicular to B, as well 
as the moment of inertia about the z axis, are vanish- 
ingly small, but the initial speed of rotation about the z 
axis, y, is large such that the product J, is equal to the 
desired angular momentum, ”M. 

Subject to these restrictions, the solution of the 
mechanical problem may be written 


Iy=hM, (21) 


ud?R/df—uR[B?+sin’6 a2]= — AE, (R)/AR, 
(22) 


ul2R6+R @B/de—R sinB cos6 a? ]= —I.Wa sinB/R, 
(23) 


u[l2 sing Ra+2R cosé a8 
+R sin @a/d?]=14B/R. (24) 


Equation (21) indicates that the internal angular 
momentum does remain constant, so that the mechani- 
cal system is indeed the desired analog of the semi- 
classical problem. The left-hand sides of Eqs. (22), 
(23), and (24) are the components of the vector quan- 
tity ud’R/df in R, B, and a directions, and the right- 
hand sides are force-like terms. The force in the radial 
direction is the true force — (0/AR)[E,(R)]. In addi- 
tion there is a virtual force in the 8 direction propor- 
tional to (@ sin8)/R, and a virtual force in the a direc- 
tion proportional to 8/R. Considered together, these 
comprise a virtual force which is perpendicular to the 
plane containing the instantaneous motion, and which 
is proportional to the component of the velocity 
perpendicular to R. 

Thus the correct semiclassical trajectories may be 
obtained as solutions of the classical equations of 
motion 


ud?R/d@ = —VE,(R)+h#MRX¢/R3, — (25) 


with the usual boundary conditions of initial relative 
velocity and collision parameter. 

At first sight it might seem that this virtual force 
proportional to R~ is energetically inconsistent with 
the fact that the true intermolecular forces will gener- 
ally fall off much more rapidly. Since the deflection 
due to the virtual force is always perpendicular to the 
force, as in gyroscopic motion, the virtual force does 
no work, and the skewing of the trajectory out of the 
plane is consistent with the conservation laws. 
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Fic. 2. The probability of transition during a collision. The 
broken curve is calculated from the quantum mechanical expres- 
sion, Eq. (26) ; the solid curve is calculated from the approximate 
expression, Eq. (27), which is more suitable for a semiclassical 
interpretation. 


(b) Probability of Transition 


The adiabatic trajectories obtained from solutions 
of Eq. (25) give the relative separation R of the two 
molecules as a function of time, so that the method of 
time-dependent perturbations as an unperturbed set is 
indicated for an investigation of the probability of 
transition. Usually one takes the wave functions de- 
scribing the system when R is very large. In our 
formulation of the collision problem, beginning from 
the Born-Oppenheimer type separation, the relative 
motion of the molecules is the perturbation, and the 
correct unperturbed functions are the adiabatic clamped 
functions ¥, obtained as solutions of Eq. (3). Using 
this basis, it may be shown" that the probability that a 
system which at time ‘=— © was in the pure initial 
state y; is found in the final state y at time /, is given by 


exp( f [Es(e")—B,(0") He") 
Pia = Reon 
ill J Et)—E;(t’) 


d& 3 
x (¥, —|ys)ae 
dt'| 


It is characteristic that in this nearly adiabatic form of 
time-dependent perturbation theory the matrix ele- 
ments of d@/dt rather than those of the potential itself 
appear in the integrand. As Bohm points out, this use 
of adiabatic functions as a basis for the perturbation 
allows one to consider systems in which the interaction 
is large, as long as the rate of change of the interaction 





(26) 


4D. Bohm, Quantum Theory (Prentice-Hall, Inc., New York, 
1951), p. 496. 
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is small. Unfortunately, the probability that a transi- 
tion occurs between time ¢ and + At, as given by 
Eq. (26), is not satisfactory for the semiclassical theory, 
as may be seen from Fig. 2 where the function P;_,;(¢) 
is pictured for the case: 

Initial quantum numbers: /=2, m=0; A=5, u=0, 
Final quantum numbers: /’=3, m’=0; d’=6, u’=0, 
g=3.19X 10° cm/sec, 
b=4.89X 10-§ cm. 


Initial relative velocity : 


Impact parameter: 


These constants correspond to a typical encounter for 
HC! molecules at room temperature. The calculation 
was made assuming that the trajectory was a straight 
line traversed at constant velocity, and that E,(R) 
—E;(R) was constant and equal to (#/2/)[I(/+1) 
+A(A+1)—/'(’+1)—d’(A’+1)]. Although these ap- 
proximations would not in general be valid if we were 
seeking precise numerical results, they are adequate 
for illustrating the general behavior of the function. 

The probability that the transition occurs between ¢ 
and /+-At is given by (d/dt)[ P;.,;(t) ] At. Because of the 
oscillating behavior of P;.;(t), there are regions where 
such a procedure would give negative probabilities 
which would be difficult to interpret in a semiclassical 
theory. Such oscillations are caused by diffraction 
effects, and the apparent ambiguity of a negative 
transition probability arises from the fact that the 
semiclassical theory violates the uncertainty principle 
in asking about the simultaneous values of the energy 
and the time. The relatively long period and large 
amplitude of the oscillations make it impossible to 
construct a satisfactory curve by connecting corre- 
sponding points on the curve separated by one period. 
In the absence of a satisfactory derivation of the 
classical analog of the transition probability, we sug- 
gest that the following function may serve as a satis- 
factory approximation : 


‘7 Idd} \2|dR 
J (¥, a’ di’ 
a’) | ae 


Ps de dR|- 
f (¥, — vi } |—|] at 
"ie dt’ dt’ 


This function has the following desirable properties: 


(27) 





P;_,;°8**(t) = P;.4(@). 














1. It is zero at t=—o and equal to P;,;() at 
i= ©, in agreement with the exact quantum mechanical 
expression. 

2. It is a nondecreasing function of the time, corre- 
sponding to the classical picture that if transitions are 
rare, there is negligible chance of multiple or reverse 
transitions, so that there should be a steadily increasing 
probability of finding the system in the final state. 

3. The probability that a transition occurs during the 
approaching half of a symmetric trajectory is equal to 
the probability that it occurs during the receding half, 
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corresponding to the fact that as a first approximation 
the quantum mechanical expression does not dis- 
tinguish between db/dt and —d/dt. 

4. The transition probability increases most rapidly 
in regions where the perturbation potential is changing 
most rapidly in time, consistent with the adiabatic 
theorem. 

5. Pis°!***(t) agrees with the general form of 
P;.7(0) if both are considered as functions of R, in that 
both indicate that the region about the distance of 
closest approach is a likely region for the transition. 


The function P;.,°!***(/), applied to the special case 
already calculated, is given as the dotted line in Fig. 2. 

In the semiclassical approximation, then, the prob- 
ability that a particular quantum transition of the 
internal coordinates occurs on some element As of a 
collision trajectory is given by the function 


A 
aati —[Pi4;°!8**(¢) ] As 
g(s) dt 


evaluated along an adiabatic trajectory. 


(28) 


(c) Nonadiabatic Trajectories 


If at some point R* along an adiabatic trajectory, a 
transition does occur such that the wave function 
describing the internal motions changes from y; to yy, 
then the remainder of the motion is a segment of an 
adiabatic trajectory on the new potential energy surface 
E;(R), calculated according to Eq. (25). This trajectory 
is uniquely specified by the speed and direction of 
motion immediately after the transition. To be con- 
sistent with the semiclassical development so far, these 
boundary conditions must be determined from the con- 
servation laws Eqs. (19) and (20). Letting the sub- 
script i denote quantities before the transition and f 
those after, the conservation laws may be written 


Ett=}yug?(R*)+£,(R*) = jug? (R*)+E,(R*), 


L=y[R*Xg,(R*) ]+4M are 
=uLR*X¢,(R*)]+4M jigs. (30) 


The energy equation may be solved immediately to 
give the new relative speed 


E,(R*) —E,(R*)+4ug2(R*) }} 
(R*) —E,(R*)+3ug?( ). G1) 


3h 


(29) 





c(R)=| 


If the increase in internal energy is larger than the 
initial relative kinetic energy, Eq. (31) yields an imagi- 
nary value of the final relative velocity, and this is to be 
regarded as a sort of “selection rule” peculiar to the 
semiclassical theory. Actually, the quantum mechanical 
probability of transition, Eqs. (26) and (27), becomes 
small in such a situation, so that this semiclassical 
selection rule would not be expected to rule out any 
important fraction of the possible transitions. 
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In the angular momentum equation we note that the 
angular momentum due to the relative motion is always 
perpendicular to the known component of the internal 
angular momentum, so that Eq. (30) may immediately 
be written as the two equations 


AM ,=hMy (30a) 
ul R*Xg.(R*) ]=u[R*X¢,(R*) ]. (30b) 


Equation (30a) contains the second semiclassical 
selection rule, namely that the total magnetic quantum 
number of the two molecule system does not change in a 
transition. To understand this selection rule and its 
limitations, it is instructive to review the assumptions 
of our development. Proceeding from the Born-Oppen- 
heimer type separation of coordinates, we have sup- 
posed that the best instantaneous wave functions were 
those obtained from solutions of the clamped system, 
Eq. (3). This led us to a meaning of “adiabatic” which 
was defined in terms of quantum numbers referring to 
the body-fixed coordinate system, so that an adiabatic 
function was one for which the component of angular 
momentum in the radial direction remained constant 
during an encounter. This meaning of adiabatic is 
illustrated by the trajectory of Fig. 3(a) where the 
motion of molecule d is pictured relative to molecule a. 
The body-fixed wave function ¥, remains unchanged 
during the collision and is an eigenfunction of £,. The 
vector representing the expectation value of £, is 
indicated at several points of the trajectory. 

Clearly, from the point of view of a space fixed coordi- 
nate system this does not represent an adiabatic trajec- 
tory, for the direction of the known component of the 
angular momentum has changed continuously during 
the encounter. To differentiate between these two 
points of view, one must distinguish between “elastic 
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Fic. 4. Illustration of the two possible trajectories which conserve 
angular momentum after a transition. 


adiabatic” and “elastic nonadiabatic” wave functions. 
From the point of view of the body fixed representation, 
Fig. 3(a) depicts an elastic adiabatic trajectory; from 
the space fixed point of view it is elastic nonadiabatic. 

One could also formulate a semiclassical theory by 
defining adiabatic functions with reference to a space 
fixed coordinate system. In this case they would be 
eigenfunctions of £,,, and the known component of the 
angular momentum during an encounter would be 
depicted as in Fig. 3(b). From a space-fixed point of 
view we would call this an elastic adiabatic trajectory, 
but from the body-fixed coordinate system, we would 
call it elastic nonadiabatic. 

Each of these representations is useful for particular 
kinds of collisions. When the interaction between the 
molecules is strong, the representation of Fig. 3(a) will 
be the best. Since we are interested in applying our 
results to kinetic theory problems, where collisions are 
important only when the interaction is strong enough 
to produce an angular deflection, we have chosen this 
representation. 

In a grazing collision, where the trajectory may be 
approximated as a straight line, the representation of 
Fig. 3(b) will be the best. This is the approximation 
made by Anderson'® and by Smith, Lackner, and 
Volkov"* in their calculations of the pressure broadening 
of microwave spectra. The collision cross sections for 
pressure broadening are generally much larger than the 
kinetic theory cross sections’ so that it is just the 
grazing collisions, represented by straight-line trajec- 
tories, which are important. Note, however, that if one 
were to attempt to use this representation for describing 
collisions with small impact parameters, the interaction 
energies calculated from perturbation theory might 
no longer be spherically symmetric, as was shown in 
Eq. (7). 

Thus for collisions with large impact parameters the 
intermolecular forces are best expressed in terms of 


16 P. W. Anderson, Phys. Rev. 76, 647 (1949). 

16 Smith, Lackner, and Volkov, J. Chem. Phys. 23, 389 (1955). 

Gordy, Smith, and Trambarulo, Microwave Spectroscopy 
(John Wiley and Sons, Inc., New York, 1953). 
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space-fixed coordinates, whereas for collisions in which 
the molecules come close together the body-fixed repre- 
sentation is superior. This situation is reminiscent of 
the two types of coupling, LS and JJ coupling, in 
atomic structure. The essential difference here is that 
during the course of a collision the molecules start out 
in a region of loose coupling, then as they come close 
together the coupling can become tight. 

For grazing collisions, the second semiclassical selec- 
tion rule, Eq. (30), is no longer valid, for as the coupling 
decreases there is an increasing tendency for the type 
of adiabatic collisions depicted in Fig. 3(b) to pre- 
dominate. It is not clear whether this breakdown of the 
selection rule will appear before the angle of deflection 
has become so small that the collisions are no longer 
important for kinetic theory purposes. 

When the magnetic quantum number does not 
change, Eq. (30b) may be used to construct a satis- 
factory final trajectory. It is clear from Eq. (30b) that 
g, must lie in the plane of R* and g;. Call this the plane 
P and let be the angle from R* to g. Then the orienta- 
tion of g; relative to R* is given by the relation 


sin e(®") sin 
ns = Nis 
gi(R*) 

Clearly if ny is a solution of Eq. (32), so is r—ny. The 
significance of these two solutions may be seen in 
Fig. 4 where the final velocities are pictured in the 
plane P. The two possible directions of g; are the two 
tangents to the circle of radius R* sinyy. One of these 
represents an encounter in which the molecules are 
approaching each other, the other an encounter in 
which they are receding. By viewing the discontinuous 
change in velocity at the point of transition as a series 
of infinitesimal changes which gradually distort the 
trajectory, it is clear that the distinction between ap- 
proaching and receding paths remains distinct. Thus if 
g;(R*) is an approaching trajectory, g;(R*) must also 
be chosen as an approaching trajectory and similarly 
for receding trajectories. 

It is to be noted that if [g,(R*)/g,(R*) ] sinn;>1, no 
sstisfactory final trajectory exists, and this constitutes 
the third semiclassical selection rule. This selection rule 
can be operative only when there is a net transfer of 
energy from the translational motion to the internal 
degrees of freedom, so that g;(R*)>g,(R*), and then 
only when the transition occurs near the distance of 
closest approach. 


(32) 


IV. HIGH-VELOCITY REGION 


When the relative velocity of the encounter increases 
to a point where internal transitions become likely, the 
concept of intermolecular force and the semiclassical 
description of molecular collisions as developed in this 
paper are no longer useful. In this case we must rely 
on a strictly quantum mechanical formulation and seek 
to determine the differential scattering cross sections 
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directly. There are a number of variations of the dis- 
torted wave treatment which are being developed at 
the present time to handle such cases. It is to be ex- 
pected that at extremely high velocities the problem 
again becomes tractable by semiclassical methods, as 
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in the case for the stopping powers of alpha particles 
passing through matter. Unfortunately high-tempera- 
ture thermal collisions and collisions resulting in 
chemical reactions are usually in the intermediate 
velocity range which is most difficult to handle. 
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Radioactive Decay of La!’ and Ce?*’ 


A. R. Brost anp B. H. KETELLE 
Chemistry Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received May 3, 1956) 


A long-lived radioactive isotope of lanthanum has been produced by neutron bombardment of natural 
cerium. It decays with emission of Ba x-rays and has been assigned as La™’, The K-electron capture half- 
life is (6-2) X10‘ yr calculated from the Ba K x-ray intensity and the yield of mass 137 atoms in the bom- 
bardment. Approximate measurements of neutron cross sections of Ce!* gave 6.3 barns for activation of 
Ce!’ and 0.6 barn for activation of Ce’, A previously unobserved 10-kev M1 transition has been dis- 
covered in the decay of Ce!8’. A decay scheme is proposed which has a g7/z ground-state spin assignment for 
La’, Electron capture to the d3/2 ground state of Ba’? on the basis of this assignment is second-forbidden. 


I. INTRODUCTION 


HUBBOCK and Perlman! estimated that the half- 
life of La’ must be longer than 400 yr. Their 
estimate was based on the K x-ray counting rate of a 
Ce"? sample, the x-ray detection efficiency of their 
counter, and the fact that they found no evidence of 
radioactivity which could be attributed to a lanthanum 
daughter. In some recent work on the Ce"? isomers, 
the present authors’ estimated that the La’ half-life 
must be longer than 10° yr if it decayed by K electron 
capture. However, spin assignments consistent with the 
experimental data indicated that the transition between 
the La’ and the Ba’ ground states should be allowed. 
In the present work, La’ has been identified and 
found to decay by K electron capture. Since the half-life 
was found to be very long for an allowed transition 
with enough energy to permit K capture, further work 
was done on the Ce’ decay scheme in order to under- 
stand the apparent anomaly. This work has led to the 
discovery of a low-energy transition and to the addition 
of a new energy level below the ground state in the 
previous Ce’ decay scheme. On the basis of the spin 
assigned to the new ground state, electron capture 
decay of La"? would be second-forbidden. 


II. IDENTIFICATION OF La?*’ 


La"? was produced by bombardment of 880 mg of 
CeO: in the ORNL graphite reactor with an integrated 
flux of 1.310% neutrons/cm*. After dissolving the 
CeO, in nitric acid, a known amount of La™ tracer 
was added. Most of the cerium was removed from the 


1 J. B. Chubbock and I. Perlman, Phys. Rev. 74, 982 (1948). 
2 A. R. Brosi and B. H. Ketelle, Phys. Rev. 100, 169 (1955). 


lanthanum by extraction with tributyl phosphate. 
Final purification of the lanthanum fraction was accom- 
plished by adsorption on a cation exchange column and 
elution under conditions which gave essentially com- 
plete separation of lanthanum from cerium and other 
rare earths.’ Measurement of the La activity in the 
final sample showed that it contained 60% of the 
original lanthanum. 

After the La™ tracer had decayed, scintillation spec- 
trometer measurements showed the presence of x-rays 
with an energy of about 32 kev and the absence of 
gamma rays of higher energy. The intensity of these 
x-rays has remained constant for a period of more than 
six months, indicating a half-life longer than twenty 
years. The proportional counter pulse-height spectra in 
Fig. 1 were used to identify the radiation from the long- 
lived lanthanum source as barium K x-rays. These 
spectra were taken with a xenon filled counter and show 
the “escape” peaks that result from critical absorption 
of x-rays in xenon with escape of Xe, Ka, or K@ x-rays 
from the counter. 

In the upper curve of Fig. 1 taken with a Pm™ 
source, which emits Nd K x-rays, both the Ka and the 
Kf lines are critically absorbed in xenon. In each case 
either xenon Ka or K@ x-rays may escape resulting in a 
pulse height spectrum with four escape peaks. The most 
intense peak at 7.6 kev results from Nd Ka absorption 
followed by Xe Ka escape. The peak at 8.6 kev which 
results from Nd KB absorption with Xe KB emission is 
not resolved from the peak at 7.6 kev and hence only 


*B. H. Ketelle and G. E. Boyd, J. Am. Chem. Soc. 69, 2800 
(1947). 

‘S. C. Curran, Beta and Gamma Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 


p. 176. 
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Fic. 1. Xenon-filled proportional counter spectrometer K x-ray 
“escape” spectra. An aluminum absorber was used to remove L 


x-rays. 


three peaks are seen. Absorption of Nd Ka x-rays 
followed by Xe K8 escape gives a peak at 3.5 kev and 
Nd Kf absorption with Xe Ka escape gives a peak at 
12.8 kev. 

In the case of Ce’ the prominent peak results from 
critical absorption of Ce Ka, x-rays in the counter and 
emission of Xe Ka x-rays. This spectrum is complicated, 


because the 34-hour isomeric transition is in equilibrium 
with the 8.7-hour ground state which decays by electron 
capture and therefore emits La x-rays. Although about 
60% of the x-ray quanta emitted are from La, the 
escape peaks from La x-rays do not stand out in this 
spectrum because only the relatively low intensity 
KB La x-rays are critically absorbed in xenon. The 
shoulder on this curve results from the fact that absorp- 
tion of the K@ x-rays of Ce and La followed by Xe Ka 
escape gives peaks at 9.8 kev and 8.3 kev, respectively, 
which are not resolved. 

In the electron capture decay of Ce™, La x-rays are 
emitted. Since the La Ka x-rays do not have sufficient 
energy to be critically absorbed in xenon, the escape 
spectrum has two peaks at 8.0 kev and at 4.2 kev, which 
result from absorption of La Kf x-rays followed by 
the escape of Xe Ka and of Xe Kf x-rays, respectively. 

Barium K§ x-rays have about 1.5 kev less energy 
than lanthanum K@ x-rays. It can be predicted that 
they will be critically absorbed in xenon and give an 
escape spectrum the same as that from lanthanum 
x-rays except that the peaks will be shifted 1.5 kev to 
lower energies. Since the spectrum observed from the 
x-rays emitted by the long-lived lanthanum fraction is 
the same as the spectrum predicted for Ba K x-rays it 
is concluded that the lanthanum decays by K electron 
capture. An attempt was made to obtain the escape 
spectrum of Ba Kf x-rays from Cs"’. This proved to 
be impossible with the equipment used, because the 


660-kevy gamma ray gave pulses which completely 
obscured the low-energy x-ray escape spectrum. 

Although it has not been established that the long- 
lived lanthanum isotope which decays by electron 
capture is La’, it seems very improbable that it is 
any other lanthanum isotope. The only other La isotope 
that could be produced by an (n,7y) reaction on Ce is 
La™ which is known to be stable. The flux of neutrons 
energetic enough to produce (m,p) or (m,2n) reactions 
on cerium isotopes was several orders of magnitude 
lower than the slow-neutron flux. In addition, the 
presence of any of the lanthanum isotopes, other than 
La’, that might be produced by these reactions could 
be excluded because of the absence of their known 
radiations in the gamma-ray spectrum of the sample. 
It has been concluded, therefore, that the long-lived 
lanthanum produced in the cerium bombardment is 
almost certainly La™’. 

The intensity of Ba K x-rays emitted by the lan- 
thanum source and the number of mass-137 atoms 
produced in the neutron bombardment have been used 
to estimate the K electron capture half-life of La™’. 
The x-ray intensity was determined by comparison of 
the scintillation counter pulse-height spectrum with the 
Ba K x-ray spectrum from a Cs"? source of known dis- 
integration rate. The K electron capture decay rate, 
corrected for chemical yield, is given in Table I along 
with other data needed to calculate the La’ half-life. 

Uncertainty in the Ce™® neutron cross section con- 
tributed a much greater error to the half-life than any 
of the other quantities used in the computation. Because 
of this, the yield of 8.7-hr Ce™’ from bombardment of 
Ce in the ORNL graphite reactor was redetermined. 
The neutron flux was monitored with Co™, and Ce’? 
was counted with a scintillation counter which had 
been calibrated for La x-rays by using a Ce™ source of 
known disintegration rate. A 6.3-barn cross section was 
found for neutron activation of the 8.7-hr ground state. 
The cross section for activation of the 34.5-hr isomer 
was found to be one-tenth that for activation of the 
ground state giving a total cross section for production 
of Ce™’ of 7 barns. These cross sections are the thermal- 
neutron activation cross sections provided 1/» absorp- 
tion occurs. However, since pile bombardment condi- 
tions for La’ production were essentially the same as 
for the Ce’ yield measurement, resonance absorption 
of neutrons should not lead to an appreciable error in 
the half-life. The data in Table I give a La™’ half-life 
of 6X10‘ yr. This is somewhat shorter than the mini- 


TABLE I. Computation of La’? half-life. 








Weight of CeO. bombarded 
Atoms of Ce™® bombarded 
Cross section of Ce! 
Integrated neutron flux 
Atoms of mass 137 produced 
Disintegrations/sec of La!” 
Half-life of La’? 


880 mg 

5.9X 10%* 

(741) X10™ cm? 

(1.30.3) X 10” neutrons/cm? 
(5.4+1.5) 10% 

(2.0+-0.2) X 10° K captures/sec 
(62) X 104 yr 
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mum half-life estimated earlier? because the new cross 
section used in the computation is smaller by a factor 
of three than the cross section used in the estimate. 

The K electron capture half-life obtained from the 
data in Table I could be much longer than the total 
electron capture half-life if the ratio of K electron 
capture to electron capture from other shells were 
small. The relative intensity of the Z and K x-rays 
emitted by La‘? was compared with the relative in- 
tensity of the Z and K x-rays emitted by a Ce™® source. 
The LZ to K x-ray intensity ratio of La’ was about 
one-half the L to K ratio’ of Ce. This is the intensity 
ratio expected if La’*’ has the theoretical® L/K electron 
capture ratio and the disintegration energy is large 
compared to the K electron binding energy. 


Ill. Ce’? DECAY SCHEME 


In earlier work on Ce*’, the La™’ ground state was 
given a ds2 assignment in a decay scheme which was 
consistent with all experimental observations. Since the 
ground state of Ba'*’ is known to be a d3;2 level, electron 
capture decay of La’ should be allowed if the dsy2 
ground state spin assignment is correct. In the work on 
La’ reported above, the electron capture half-life was 
found to be long even though the disintegration energy 
appeared to be large compared with the K electron 
binding energy. Because of this discrepancy, the Ce’ 
decay scheme has been studied further. Since the energy 
differences between the d5;2 and the gzy2 levels of odd-Z 
nuclides in this region are known to be small, this work 
has taken the form of a search for a low-energy transi- 
tion which would be indicative of a low-lying energy 
level. 

A source of high specific activity, made by bombard- 
ment of CeO, enriched in Ce'** in the Low-Intensity 
Training Reactor at ORNL, was measured in a thin 
magnetic-lens beta-ray spectrometer with a 10-ug/cm? 
window on the counter. The electron momentum spec- 
trum obtained is shown in Fig. 2. In addition to the 
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Fic. 2. Conversion and Auger electron spectrum of Ce’, 


5 Ketelle, Thomas, and Brosi, Phys. Rev. 103, 190 (1956). 
*M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 
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Fic. 3. Krypton-filled proportional counter spectrum showing the 
x-rays and the 10-kev gamma ray emitted in Ce"? decay. 


K and L Auger electrons, this spectrum shows the 
presence of 9.2-kev electrons which are interpreted as 
the M conversion electrons of a 10-kev gamma ray. 
The intensity of the 4.2-kev peak relative to the K 
Auger peak is greater than would be expected from the 
L/K x-ray intensity ratios when compared with the 
Ce'*® spectrum. Therefore, part of the intensity at 
4.2 kev from the Ce'®’ source is attributed to L con- 
version electrons of a 10-kev gamma ray. Both of the 
conversion electron peaks decay with the same half-life 
as Ce’ within an experimental error of about 10%. 

The low-energy photon spectrum of Ce'*’ was meas- 
ured with a krypton-filled proportional counter and is 
shown in Fig. 3. This spectrum shows the presence of a 
10-kev gamma ray in addition to the K and L x-rays 
of lanthanum. By measuring coincidences between a 
scintillation counter and a proportional counter, both 
the K x-rays and the 445-kev gamma ray of Ce'*” were 
shown to be in “prompt” coincidence with the 10-kev 
gamma ray. Since the 10-kev gamma ray is emitted in 
coincidence with the other radiations of Ce'*’ and since 
it decays with the Ce!’ half-life, it is concluded that 
this gamma ray is emitted in the decay of Ce'®’. It can 
also be concluded that the lifetime of the initial state 
of the 10-kev transition is shorter than 10~7 sec because 
no delayed coincidences were observed in measurements 
with a 4X 1077 sec coincidence resolving time. 

Because of large and uncertain electron absorption 
and scattering losses in the source and counter window, 
conversion electron intensities from the data in Fig. 2 
cannot be used with confidence to estimate a conversion 
coefficient. However, if it is assumed that all Ce!*’ 
disintegrations occur through the 10-kev level, then a 
total conversion coefficient, (V z+N 4)/N ,, can be com- 
puted from the relative intensities of the unconverted 
10-kev gamma ray and the K x-rays from electron 
capture. Support for this assumption was obtained by 
comparing the L/K x-ray intensity ratio of Ce!” with 
that of Ce#*, The relative L x-ray intensity of Ce!” was 
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Fic. 4. Ce? and La’ decay schemes. 
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about three times that of Ce’’, in approximate agree- 
ment with the relative intensity calculated for the case 
where every capture in Ce'*’ is followed by L conversion. 

The intensity of the K x-rays emitted by a Ce!’ 
source was measured on a counter calibrated with a 
Ce'*® source whose x-ray emission rate was determined 
by coincidence counting. The 10-kev gamma intensity 
from the same Ce’? source was measured with a 
krypton-filled proportional counter at a known geom- 
etry. The counting efficiency was calculated to be 50% 
from the krypton absorption coefficient for 10-kev 
gamma radiation. These data gave a conversion coeffi- 
cient V./N, of 140 with an uncertainty of a factor 
of two. 


IV. DISCUSSION 


The decay scheme proposed for Ce'*’ and La!*’ is 
shown in Fig. 4. The Ce!’ scheme differs from the one 
proposed earlier? by inclusion of the 10-kev transition 
discovered in this work. The 10-kev transition is placed 
after the 445-kev transition because coincidences were 
found between the 10-kev gamma ray and the 445-kev 
gamma ray. In addition, the intensities of the con- 
version electrons and the L x-rays indicate that there 
are almost as many 10-kev transitions as captures, 
whereas only a few percent of the disintegrations are 
through the 445-kev transition. This indicates inde- 
pendent capture to the 10-kev level, placing it below 
the 445-kev transition. The relative intensities of the 
radiations emitted in Ce'*’ decay also indicate that the 
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fraction of captures directly to the ground state of La!” 
is small. 

The level assignments are based on the single-particle 
model and the systematics of energy level spacings. 
The ground-state level assignments of odd-proton even- 
neutron nuclei just after the 50-proton shell is filled 
are in general ds;2 for low-mass-number and gz for 
high-mass-number nuclides of a given atomic number. 
In the case of atomic number 53, the shift from ds/2 to 
£7/2 occurs between mass numbers 127 and 129. At a Z 
of 55, the shift is between mass numbers 131 and 133. 
This trend suggests that at atomic number 57 and 
mass number 137 the two levels will be close together 
and that the ds,2 level may be above the g7/2 level. 

Although the experimental data do not permit definite 
spin assignments, they are consistent with the assign- 
ments given in Fig. 4. The maximum limit placed on 
the lifetime of the 10-kev level indicates that the 
multipole order of the transition is low. This is con- 
sistent with the assignments which show an M1 transi- 
tion. Although a large extrapolation is required to 
obtain the theoretical conversion coefficients’ for a 10- 
kev gamma ray, the differences between multipole 
orders are so large that the experimental value indicates 
rather definitely an M1 transition. A ds/2 assignment of 
the La™’ ground state would require electron-capture 
decay to the d3;2 ground level of Ba!*’ to be allowed. 
This is inconsistent with the experimental work reported 
here, which shows that the K electron capture half-life 
is 6X10* yr even though the disintegration energy 
appears to be considerably larger than the K electron 
binding energy. On the other hand, if the La’’ ground 
state assignment is gz/2, electron-capture decay is 
second-forbidden which is consistent with the long 
half-life observed experimentally. This assignment also 
makes electron capture to the La"’ ground state in Ce’ 
decay second-forbidden. This is consistent with the 
conclusion, drawn on the basis of intensity measure- 
ments, that only a small fraction of the electron captures 
occur directly to the La"’ ground state. 
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The beta spectrum of the main inner group of 89.0-hr Re!% 
(Eo=934.341.3 kev; 24% of total betas; log/t=8.0) has been 
magnetically analyzed in coincidence with the 137.2-kev gamma. 
The observed spectrum does not have the allowed shape nor the 
unique (AJ =2, yes) shape; its spectrum shape correction factor 
increases about 18% from 150 kev to 900 kev. Subtraction of this 
spectrum, weighted with its measured relative abundance, from 
the composite spectrum, produces the spectrum of the ground 
state transition (H)=1071.5+1.3 kev; 76% of total betas; 
logft=7.68). Its similarly nonallowed, nonunique shape factor 
increases by about 22% from 150 kev to 1050 kev. Both transi- 
tions are interpreted as first forbidden (AJ=1, yes); Re'® is 


assigned a ground state spin and parity 1(—). A theoretical 
parametric fitting of these spectra with the combination of scalar 
and tensor beta interactions is demonstrated; the limited ranges 
of the fitting parameters, which are functions of the nuclear matrix 
elements, are obtained. 

A comparison is presented between the theoretical fittings of the 
beta spectrum of the inner group and of the beta-gamma angular 
correlation. 

Pursuant to these studies on Re!®* we obtained values for the 
maximum beta energies, gamma energies, conversion coefficients, 
half-life, and branching ratios, particularly of the approximately 
0.1% abundant 307-kev beta group. 





I. INTRODUCTION AND SUMMARY 


OST of the first forbidden 8 transitions involving 
nuclear spin changes of zero or one have experi- 
mentally the allowed (‘statistical’) shape.! The notable 
exception, Bi? (RaE) has recently been discussed 
extensively”; only with the presumption that AJ=1 
rather than 0 has the experimental spectral shape been 
fitted in a satisfactory way (with a combination of 
scalar and tensor interaction). The other exception is 
the 2.317-Mev 8 transition in Sb'™,° which also exhibits 
a B-y directional anisotropy.* * The nuclear parameters 
which account for the shape of the 8 spectrum are not 
inconsistent? with those fitting the 6-y correlation for 
the combination ST and A/=1, in the theoretical ap- 
proximation aZ<1. 

It has been-pointed out!? that only in the case of 
accidental cancellation of the usually dominant energy 
independent terms (Coulomb terms «<aZ/2R) in the 
spectrum shape correction factor will the energy 
dependence of the smaller terms be exhibited. If one 


fairly expects that present day 8 spectroscopy is capable 
of detecting 3 to 5% deviations from the statistical 
shape, then theory" leads one to expect that deviations 


¢ Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1H. M. Mahmoud and E. J. Konopinski, Phys. Rev. 88, 1266 
(1952). 

2M. Yamada, Progr. Theoret. Phys. (Japan) 10, 252 (1953). 

3E. A. Plassmann and L. M. Langer, Phys. Rev. 96, 1593 
(1954). 

4G. E. Lee-Whiting, Phys. Rev. 97, 463 (1955). 

5 Langer, Lazar, and Moffet, Phys. Rev. 91, 338 (1953); J. 
Moreau, Compt. rend. 239, 800 (1954). This transition is un- 
complicated by lower energy betas only above 1.60 Mev. 

6 FE. K. Darby and W. Opechowski, Phys. Rev. 83, 676 (1951). 

7D. T. Stevenson and M. Deutsch, Phys. Rev. 83, 1202 (1951). 

8 Kloepper, Lennox, and Wiedenbeck, Phys. Rev. 88, 695 
1952). 

; 9M. Morita and M. Yamada, Progr. Theoret. Phys. (Japan) 
8, 449 (1952) ; 10, 641 (1953). 

Using Eq. (8) of reference 1 with Wo=2 and aZ/2R~10, 
one expects deviations of the order of 3% for (estimated) x~y~1, 
AI=1. 


from statistical shapes should not be as infrequent as 
seems to be true thus far. 

Moreover, as has been pointed out," in decays in 
which f-y directional anisotropy exists, the associated 
8 spectrum must deviate from the statistical shape, 
although Fuchs” has shown that this deviation may be 
small. Of the several known cases of B-y anisotropy,!*"!8 
K®, As’®, Rb**, Sb, Sb, I'°6, Tm!” the associated 
spectra of all but Sb!‘ have been reported to have the 
statistical distribution. All the others except Tm!” are 
believed to beta decay from a 2(—) parent state to a 
2(+) excited state of the even-even daughter and thus 
are AJ=0 first-forbidden transitions followed by E2 
transitions. Tm'” differs only in having a 1(—) ground 
state.'* Hence AJ = 1 for the inner group beta transition, 
which has an allowed shape associated with a f-y 


u 2—. L. Falkoff and G. E. Uhlenbeck, Phys. Rev. 79, 334 (1950) ; 
L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 729 
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M4 As6; By(0)—H. Rose, Phil. Mag. 44, 739 (1953); S. L. 
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E. P. Tomlinson and S. L. Ridgeway, Phys. Rev. 88, 170 (1952); 
E. N. Jensen, Ames Laboratory Report, ISC-533, 1954 (un- 
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83, 1202 (1951) ; shape—Pohm, Lewis, Talboy, and Jensen, Phys, 
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Fic. 1. Decay scheme of Re!** including results of the present work. 


anisotropy. Fujita, Morita, and Yamada” have shown 
that for Tm’”, the nuclear parameters which produce a 
fit for the differential 8-y anisotropy permit, but do 
not require, a spectral shape which deviates by only a 
few percent from the allowed distribution. We judge 
that this slight “shape” might be within the uncertain- 
ties of the experiments. Sb™ is the only other case also 
believed to be AJ=1; it, as noted above, has a non- 
allowed shape. 

In the present paper we consider the related case of 
Re'**, Previous investigators” had established the basic 
features of the decay scheme as given in Fig. 1 with 
general agreement that both abundant beta branches 
have allowed shape. This led to the assignment of 
1(—) for the ground state of Re'**. King” has pointed 
out that this assignment would violate Nordheim’s rule 
which would predict spin 2 and hence a unique shape 
for the ground state transition. 

The first indication that at least one of the 8 spectral 
shapes is not allowed came from Guss, Killion, and 
Porter” who reported that if the ground state 8 transi- 
tion was assumed to have the allowed shape, then the 
934-kev group obtained by subtraction exhibited a 
shape which could be fitted with the unique first for- 
bidden correction factor (AJ=2, yes), supporting a 
0(—) assignment. At the same time, Hurley and 
Jastram™ reported that the 6-y directional correlation 
was isotropic (A <0.07). These results are incompatable 
in the light of 8-y correlation theory which predicts an 
integral anisotropy of about 0.4 for the B-y cascade 
(O—, 2+, 0+). It appeared that a resolution of the 
problem hinged on a determination of the shape of the 
first inner group which would be independent of as- 
sumptions as to the nature of the ground-state transi- 
tion, i.e., by coincidence spectroscopy. 

In the interests of continuity we summarize the re- 


1” Fujita, Morita, and Yamada, Progr. Theoret. Phys. (Japan) 
11, 219 (1954). 

*F,. R. Metzger and R. D. Hill, Phys. Rev. 82, 646 (1951); 
R. M. Steffen, Phys. Rev. 82, 827 (1951). 


21R. W. King, dissertation, Washington University, 1952 
(unpublished). 

2 Guss, Killion, and Porter, Phys. Rev. 95, 627(A) (1954). 

% J. P. Hurley and P. S. Jastram, Phys. Rev. 95, 627(A) (1954). 


sults of these experiments briefly here.* We have ob- 
served nonunique, nonallowed, and very similar shapes 
for both the first inner group and the ground state beta 
transitions in Re'**, These are interpreted as first for- 
bidden transitions with AJ = 1, requiring a spin assign- 
ment, as originally proposed by Metzger and Hill” and 
by Steffen” of 1(—) for the Re'®* ground state. The 
integral and differential 6-y directional anisotropy has 
been measured.”® The integral (Es=257-934 kev) ani- 
sotropy of 0.105(+0.003) and the maximum differential 
anisotropy of 0.158 (for Egs=934 kev) are both too 
small to be associated with a AJ = 2, yes beta transition. 
Both the beta spectra and the differential directional 
correlation can be reconciled with theory, in an in- 
ternally consistent fashion for the theoretical approxi- 
mation used. 
Il. APPARATUS 


Spectrometer 


The beta spectroscopy described here involves both 
coincidence operation and the usual (singles) manner 
of operation. The Argonne double lens spectrometer*®.?” 
was operated in two different modes in the present 
experiments. One mode, used in coincidence studies, is 
characterized by a measured transmission of 5% (of 4x 
steradians) and a momentum resolution of 6.7% (width 
at half-height) for a source diameter of 6 mm; the other 
mode has a transmission of 0.8% and a resolution of 
2.0% with a source diameter of 3 mm. 


$6 Detectors 


One of the two types of beta particle detectors used 
was an end-window, loop-type, continuous-flow pro- 
portional counter using research grade propane at 18 cm 
Hg pressure. The window for these experiments, 0.92 
mg/cm? Mylar, with measured cutoff of 19 kev, was 
unsupported over the 1-cm diameter aperture. In these 
experiments we are interested in beta energies greater 
than 150 kev. Plateaus 200 volts long were realized with 
slope of 1% per 100 volts for high-energy (low pulse 
amplitude) beta particles. 

The other beta particle detector was a scintillation 
counter. Although both detectors were used in the 
coincidence experiments, emphasis is placed on the re- 
sults obtained with the scintillation detector. The light 
output of the 1 mm thick X11 mm diameter anthracene 
disk (covered by 200 ug/cm? aluminum foil reflector), 

% Preliminary reports of this work have appeared: Porter, 
Freedman, Novey, and Wagner, Phys. Rev. 98, 214 (1955); 
99, 671(A) (1955). 

28 Novey, Freedman, Porter, and Wagner, Phys. Rev. 103, 942 
(1956) following paper. 

26 Space limitations prevent an extended discussion of many of 
the details of this paper. Reference should be made to Argonne 
National Laboratory Report 5525, 1956 (unpublished). Copies of 
this report may be purchased from the Office of Technical Services, 
Department of Commerce, Washington 25, D. C. 

27 The coils and current control are discussed by Freedman, 


Ramler, and Smaller, Rev. Sci. Instr. 23, 571 (1952); and by J. 
Wolff and M. S. Freedman, Rev. Sci. Instr. 22, 736 (1951). 
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was led out of the strong magnetic field region by a 
Lucite light pipe 24 in. long by 1 in. 0.d. to a Dumont 
6292 photomultiplier tube, cooled to —80°C. Double 
shell magnetic shielding (Mu metal) around the photo- 
tube was sufficient to insure that the phototube per- 
formance was not affected (<1% variation) by the 
magnetic field of the spectrometer. 

The question of the relative efficiency of the scintilla- 
tion detector for beta particles over the energy range of 
interest (>150 kev), has been approached in three 
ways. The first involved pulse-height analysis of the 
output of the scintillation detector; the second was a 
direct comparison of the anthracene counter to the 
proportional counter; the third was the performance in 
the spectrometer with spectra of known shape. We 
present the first of these in some detail because the 
knowledge of the pulse-height distribution from the 
scintillation beta detector is necessary for some of the 
later comments on the over-all coincidence efficiency. 

Figures 2 and 3 show the pulse amplitude distribution 
from the anthracene beta detector as electrons of 
various indicated energies are focused from a beta 
continuum onto the crystal by the spectrometer. We 
include one example at 104 kev which is below the limit 
of our interest, 150 kev. Note that at energies over 370 
kev the pulse-height distribution is “double peaked.” 
The peaks near 300 bias units are interpreted as those 
from electrons which penetrate the 1-mm crystal 
without large-angle scattering except that the 370-kev 
electrons do not quite penetrate the crystal. The 
higher broad “peak” is due to electrons with path 
lengths in the crystal which, because of scattering, 
exceed the minimum length, about 1 mm, by various 
amounts. The rise at low bias, which has been shown to 
originate in anomalous afterpulses in the phototube 
extending far beyond the analyzer dead time of 8 micro- 
seconds, is shown only for the 150-kev electrons, but it 
exists for all incident energies. The backscattering 
“tail” and afterpulse rise of the beta pulse-height dis- 
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Fic. 2. Pulse-height distributions for beta particles of indicated 
energy focused on 1-mm-thick anthracene disk in spectrometer. 
Figure 3 shows per of low pulse height region. All curves 
are normalized to the same area. 
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Fic. 3. Pulse-height distributions for beta particles of indicated 
energy focused on 1-mm-thick anthracene disk in spectrometer. 
Photomultiplier at —80°C. Upturn below 8 bias units due mainly 
to afterpulses; the background (source out) has been subtracted. 
Flat tail A due to beta particles backscattered from crystal. B 
indicates beta pulse-analyzer discrimination level (10 bias units). 
Shaded rectangle designates assumed loss of single counts for 
150-kev beta particles due to discrimination at B. 


tribution are obscured by the large room temperature 
background of the phototube, but at —80°C they are 
distinct. The integral background of 12 000 counts/min 
above the discrimination level, 10 bias units, is reduced 
to 500/min with cooling. In the interest of maximum 
gain, we operated with the highest phototube voltage 
(1015 volts) consistent with a clean separation from 
afterpulses” at low pulse amplitude. At this voltage the 
sharp rise in afterpulse distribution occurs below 8 bias 
units for all energies and so we reject them by discrim- 
inating at 10 bias units. In so doing, we must inevitably 
lose some small fraction of the real pulses, the fraction 
thus lost depending on the beta energy. We compute the 
singles efficiency » by extrapolating the flat low tail on 
the pulse-height distributions to zero amplitude. Above 
150 kev the relative efficiency is greater than 99% and 
is known with an accuracy of 0.1%. This operating 
point of 10 bias units corresponds, as expected, to the 
upper end of gain and bias plateaus (flat to within <1% 
for fivefold bias increases). 

For the second check on the scintillation counter 
efficiency, the counting rate of the anthracene detector 
was compared directly with that of the proportional 
counter at various energies from 100 kev to 700 kev by 
interchanging the two via the detector vacuum lock 
with the same sample in the spectrometer. A detector 
baffle limited the image diameter to 7 mm, less than the 
the respective detector apertures. This experiment 
showed that within the experimental error of the com- 
parison (0.8%), the relative efficiency of the scintillation 
counter was the same as the calculated from the pulse- 
height distributions. 

Finally, independent evidence that the scintillation 
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Fic. 4. Kurie and m plots for P® with proportional-counter 
detector ; spectrometer transmission = 5%. The straight line in the 
m plot is drawn at the average ordinate of the points. 


detector efficiency is known accurately is the per- 
formance with known spectra. This performance is not 
independent of other characteristics of the magnetic 
spectrometer. However, the fact that straight Kurie 
plots were obtained for both P®, 300-1712 kev (Fig. 4) 
and Au'*, 400-960 kev (Fig. 5) employing the propor- 
tional counter detector and also for Au’®* (Fig. 11) using 
the scintillation counter supports both the performance 
of the magnetic lens spectrometer as an instrument for 
determining spectral distributions and the essentially 
constant efficiency of the scintillation counter over this 
energy range. A discussion of the slight upturn in the 
Au’ Kurie plots is given in Sec. IV. 


Gamma Detector and Source Mounts 


The gamma detector is a NaI(T]) crystal, 3 inch in 
diameter and #-inch long, located one inch behind the 
source on the axis of the spectrometer. Light pipe and 
magnetic shielding are the same as for the beta detector. 

The absence of significant scattering from the whole 
coincidence source holder is illustrated by the spectrum 
of P® which is presumed to have the statistical shape.?* 
Figure 4 gives the Kurie plot and m function” of P® 

8 Sheline, Holtzman, and Fan, Phys. Rev. 83, 919 (1951). 

* In the notation of J. P. Davidson and D. C. Peaslee, Phys. 
Rev. 91, 1232 (1953), m=N/[f(Eo—E£)*], the experimental 
spectrum shape factor; f, the Fermi Coulomb function as given 
in the Bureau of Standards tables, includes the usual factor 7°. 
With an accurately known end-point value, Eo, the m function 


provides a much more sensitive way of displaying small deviations 
from the allowed shape than does the conventional Kurie plot. 
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Fic. 5. Kurie and m plots for Au® with proportional-counter 
detector; spectrometer transmission=5%. Statistical error 
smaller than circle unless indicated. 


taken with the coincidence source holder and propor- 
tional counter beta detector. The source was vacuum 
volatilized HsPO.(~40 yug/cm*) on 200 yug/cm? Al, 
-inch diameter; the spectrometer was set to 5% 
transmission. The resolution correction®® was made by 
applying constants derived from the line shape of the 
Re'** 63-kev K-conversion line (from another experi- 
ment). We do not present data below 300 kev because 
of the presence of P* in the sample. Inspection of the 
figure, particularily the m function, indicates a maxi- 
mum possible scattering component of 2% at about 
300 kev, <E,/5. 


Coincidence Circuit 


Figure 6 shows a block diagram of the fast-slow 
coincidence arrangment used for the coincidence beta 
spectrum.” Saturated pulses are shaped with 30-mysec 
(double travel times) delay lines and are fed to the fast- 
coincidence circuit of the Garwin type." With this 
shaping and the extremely high gain used to oversatu- 
rate. the pulses, the measured resolution time, 27,, is the 
order of 0.12 yusec.*® 

Pulse amplitude selection is accomplished by de- 
manding triple coincidences between the output of the 
fast-coincidence circuit and the outputs of the relatively 
slow, well stabilized pulse-height analyzers® (operated 
either differentially or integrally) in the beta and gamma 
channels. We record triple coincidences (7), double 
coincidences (D), analyzed betas (B), analyzed gammas 
(G), unanalyzed betas (8), and unanalyzed gammas (7). 


*® When the proportional counter was the beta detector, the 
so-called “jitter time” necessitated the use of shaping times for 
the 8 and y pulses about twice as long as for the scintillation 
detector in order to insure 100% coincidence efficiency. 

31 R. L. Garwin, Rev. Sci. Instr. 24, 618 (1953). 

* R. K. Swank, Argonne National Laboratory Report ANL- 
4303, 1949 (unpublished), describes both the linear amplifier and 
the pulse-height analyzer. 
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Coincidence Efficiency 


A question of prime importance for beta coincidence 
spectroscopy is that of the relative coincidence efficiency 
as a function of beta energy. The crux of the problem is 
that the detectors, particularly the beta detector, put 
out a broad distribution of pulse amplitudes rather than 
a single pulse amplitude, and that, moreover (Figs. 2 
and 3), this distribution changes with beta energy and 
extends to a small extent down into the noise back- 
ground and afterpulse region. A criterion for 100% 
coincidence efficiency that is often used is the existence 
of a flat-top delay curve.* With coincidence rates of 
the order of a few hundred per minute, it is not practical 
to determine the “flatness” of the delay curves to the 
required accuracy.”® 

Another approach we have used is to demand that the 
real coincidence rate be independent of the fast-amplifier 
gains above a certain minimum. Gains above these 
minima insure that the fast-coincidence circuit will 
respond to every pulse which is recorded by B and G. 
Practically, one cannot realize flat gain plateaus if one 


% Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952). 
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must detect even moderately low-energy pulses*® and 
one must substitute for the goal of 100% coincidence 
efficiency the attainment of a high, measurable, and 
hence correctable, efficiency. 

Although the requirements of flat-top delay curves 
and gain plateaus were useful in the early exploration 
of the apparatus and in establishing optimal values for 
the delays and gains to be used, the quantitative answer 
to the question of relative coincidence efficiency was 
obtained by examining the number of real coincidences 
per B as a function of pulse height (not energy) selected 
differentially with the pulse-height analyzer. These 
experiments showed that the number of real coin- 
cidences per B was independent of beta pulse height 
for pulse heights above 60 bias divisions (refer to Figs. 
2 and 3 for bias unit scale). Figure 7 shows this differ- 
ential efficiency curve in the region below 60 bias 
divisions. In this figure we call 100% coincidence 
efficiency the constant value of reals/B™ obtained for 


% The B scaler was driven by the same trigger-generated pulse 
that was impressed on the triple mixer grid, and similarly for G. 
Thus any count recorded as B has been effective in questioning 
the triple coincidence circuit. By “reals” we mean real triple 
coincidences. 
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Fic. 7. Differential coincidence efficiency applicable for any 
beta energy, focused by the spectrometer. This curve is used in 
determining the over-all coincidence efficiency. The ordinate is 
the ratio of the triple coincidences (J) to the beta particles re- 
corded (B) with those pulse heights indicated on the abscissa, 
expressed as percent of the maximum observed. Above 60 bias 
units, the ratio 7/B was observed to be independent of the beta 
pulse height. Bias units are the same as in Figs. 2 and 3. The 
differential coincidence efficiency value used in computing the 
over-all coincidence efficiency is taken to be zero below 10 bias 
units, since the B discriminator is adjusted to count integrally 
above 10 bias units during an actual spectrum run. 


pulse heights over 60 bias units. Since the B pulse-height 
discriminator was operated as an integral discriminator 
during a spectrum run, accepting only pulse heights 
over 10 bias units, the efficiency must be taken as zero 
below 10 bias units. This differential efficiency curve 
convoluted with the pulse-height distribution of Figs. 2 
and 3 (with tails extrapolated as above) was used to 
obtain the over-all coincidence efficiency as a function 
of beta energy (Fig. 8). Note that because the sytems 
has an efficiency so near 100%, the over-all coincidence 
efficiency can be given to 0.1%, even with the uncer- 
tainties of the order of 5% in the low-energy part of the 
differential efficiency curve. 

The resolving time (27,) of the coincidence circuit can 
be determined in three ways: (1) chance rate measure- 
ment with independent sources; (2) chance rate meas- 
urement with single source in which the real coin- 
cidences are eliminated by use of a sufficiently long 
relative delay; and (3) measurement of the effective 
width® of the delay curve for real coincidences. Of these, 
we have used the more fundamental independent- 
source technique to investigate the dependence of 27, 
on the beta energy. Figure 9 shows the result of these 
measurements for the anthracene detector. Because of 
its convenience, we used the delay method during the 
run to monitor the stability of 27;. We have not been 
able to demonstrate conclusively any difference in 


85 Bell, Graham, and Petch, reference 33, define effective width 
as the area of the delay curve divided by the height. The resolving 
time so defined will be inconsistent with the results of measure- 
ment with independent sources unless the coincidence efficiency 
is 100% at the peak of the delay curve; see Bay, Henri, and 
Kanner, Phys. Rev. 100, 1197 (1955). 


27; as measured by the two methods in our apparatus. 
During the spectrum runs, we monitored 27; at one 
energy which is near the peak of the beta spectrum and 
which is on the flat part of the curve of 27, vs beta 
energy. The curve of 27, vs beta energy was then 
normalized to the value obtained during the actual run. 
We have not found any evidence for drift in 27, during 
three day runs, but changes of the order of 5% have 
been noted over periods of several weeks. In summary, 
our knowledge of 27, at a particular time for a particular 
beta energy has at most a 5% uncertainty. Since we 
used source strengths small enough so that the ratio 
reals/chance was greater than 10 over most of the spec- 
trum, the error due to the uncertainty in 27, was re- 
duced to less than 0.5%. 


Ill. TREATMENT OF DATA 
Calculation of Real Coincidences 


The treatment of the raw coincidence data to produce 
a value for the real coincidence rate, R, and for the coin- 
cidence momentum spectrum, M(p), is given in Eqs. 
(1); these represent a degree of approximation which is 
more than sufficient for most present day coincidence 
beta spectroscopy. The special effects given considera- 
tion are the coincidence efficiency, ¢, a chance rate, C,, 
peculiar to a fast-slow coincidence combination such as 
ours, and also some usually disregarded dead-time 
effects. Many of these effects are very small for our 
circuits, but might not be for others. However, in view 
of the small effects sought in the present experiments, 
we have included these small corrections.?¢.*6 


R=T,—21;*(B*—R’)(Gt—R’), 

T.= (T/e—C,)(1+8n°B)(1456°G), 

C,=(D—T)G2r,, 

R'=T/e—27,GB, 

B*=B(1+6pB), 

Gt=G(14806), 
(1+65°B,)(1+6¢°G,) 

T +8nB)(1+50G,) 


(1a) 
(1b) 
(1c) 
(1d) 
(1e) 
(1f) 





27/*= 


(1g) 


M(p)= (th) 


(G—bg)p 


The quantities are defined as follows: R=real coin- 
cidence rate; R’=first approximation of R; B and G 
=observed analyzed beta rate and analyzed gamma 
rate; bg=appropriate background ; T= observed triple 


% See Westcott, Greenberg, and Kirkaldy, Can. J. Phys. 31, 
859 (1953) for a discussion of some of these and higher order 
corrections. 
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coincidence rate; 7.=triples rate corrected for coin- 
cidence efficiency, slow chance events, and dead time 
losses; D=observed double coincidence rate; ¢=in- 
trinsic coincidence efficiency, <1, in general a function 
of beta energy (see Fig. 8); 27,,=resolving time of the 
slow (triple) coincidence circuit for G pulses and D-B 
pairs (2.5 usec); 2r=observed resolving time of fast 
(double) coincidence circuit measured with rates B, 
and G, [in general, a function of beta energy (see 
Fig. 9)]; 6g and 6g=effective dead time of B channel 
and of the G channel (8.0 and 5.9 usec); 53° and 5¢° 
=effective dead time for triple coincidences of the 
B and G channels (6.3 and 3.6 usec); M(p)=ob- 
served coincidence momentum distribution ; p= electron 
momentum. 

The asterisk denotes dead-time-corrected quantities. 
Dead-time corrections [e.g., Eqs. (1e) and (1f)] in our 
case are given well by the linear approximation." The 
dead-time-correction factors of the form (1+6,B) are 
usually between 1 and 1.01. The measurement of the 
fast resolving time 27; has been discussed previously. 

The real coincidence rate R is obtained in Eq. (1a) in 
which the second term represents the fast chance 
coincidences, and 7, is the triple coincidence rate 
corrected [Eq. (1b)] for coincidence efficiency (e), 
resolving time losses, and slow chance rate C, [Eq. 
(1c) }. C, is always less than 0.2% T for our experiments. 
Equation (1d) for R’ represents the usual approximation 
in treating coincidence data with the exception of the 
factor ¢, the over-all coincidence efficiency. The ratio 
R/R’ in these experiments lies in the range 0.99-1.02, 
for B and G rates of <100 000 counts/min, and for the 
resolving times and dead times of this equipment.”® 

The coincidence rate R is divided by (G— bg) to correct 
for small drifts in G-discriminator level. This eliminates 
the explicit correction for radioactive decay. Since the 
G-discriminator level is chosen in the trough between 
the photopeak and the Compton and/or x-ray distribu- 
tion, small drifts in the G-discriminator level are 
expected to affect the G count only slightly. It is indeed 
observed that (G—bg) follows the decay curve charac- 
teristic of the sample with fluctuations of +2%. 
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Fic. 8. Over-all coincidence efficiency as a function of beta- 
particle energy obtaining during the Re’** experiments. This curve 
is calculated from the observed differential efficiency curve of 
Fig. 7 in conjunction with the observed pulse-height distributions 
of Figs. 2 and 3. 


37 See for example L. G. Rainwater and C. S. Wu, Nucleonics 
1, 60 (1947). 
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Fic. 9. Fast resolving time (27;) as a function of beta energy. 
Note the small increase in 27, at low beta energies. This behavior 
is observed with the anthracene scintillation counter as beta 
detector. No variation in 277 with beta energy is observed above 
beta energies of 300 kev. 


Correction for Finite Resolution 


M(p) must be corrected for the finite momentum 
resolution of the spectrometer.”*** This correction ex- 
presses the true momentum distribution N(p) in a 
series expansion in derivatives of the measured spectrum 
M (p) ; the coefficients are derived by numerical integra- 
tion from the empirical line shape (‘‘transmission 
curve”) of the spectrometer rather than from analytic 
approximations thereto. The analysis requires only that 
the line shape parameters be independent of the 
momentum as would be the case for a magnetic spec- 
trometer with no scattering and for a thin source. This 
has been investigated experimentally by comparing in 
detail conversion line shapes at various energies, with 
sources of the same diameter, in the high transmission 
mode of operation of the spectrometer. The sources 
were all very thin with reference to the energies of the 
conversion lines of interest. The comparison showed 
that the K-conversion line at 63 kev in the decay of 
Re'** has very nearly the same shape as the 328-kev 
conversion line in the decay of Au’*, and as the 624-kev 
line in the decay of Cs'*” (Fig. 10). In the first two 
examples, however, some uncertainties in the low- 
intensity wings of the lines is introduced by the neces- 
sity of subtracting the underlying beta Continua. This 
comparison of the line shape parameters as a function 
of energy, which is the only point of concern for the 
spectrum resolution correction, cannot be made un- 
equivocally using different sources,® because of small 
source distribution effects. However, since the differ- 
ences in the line shapes are quite small, (those shown in 
Fig. 10, plus a number of others run with different Re'*® 
and Au’ sources) and exhibit no trends with energy 
(down to 63 kev) such as might be expected, e.g., 
scattering tails at low energy, we assume that the 
parameters are independent of energy for such sources. 
We therefore apply the parameters as constants, but 
use those derived from a conversion line (if one exists) 
in the actual source to correct the spectrum of that 
source. The straightness of the Kurie plots of P® and 
Au’ observed in the 5% transmission mode (Figs. 4, 

38 G. E. Owen and H. Primakoff, Phys. Rev. 74, 1406 (1948) ; 
Rev. Sci. Instr. 21, 447 (1950). George W. Hinman, Carnegie 


Institute of Technology Report NYO-91, 1951 (unpublished), 
Appendix VII. 
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5, and 11) demonstrates the excellence of the resolution 
correction as applied here. 

To assess the errors involved in the resolution cor- 
rection, the spectrum of Re!* inner group in coincidence 
was calculated using the constants from its own line and 
from the Au’ and Cs'*’ lines (Fig. 10). The comparison, 
in the least favorable case, Re'** constants vs Cs!*7 
constants, showed the variation in the ratio of the so- 
corrected spectra to be <0.2% from 150 kev to 600 kev, 
<0.5% up to 785 kev and to attain a maximum of 
1.5% at 900 kev (E)>=934 kev). When the Au’ 
constants are applied to the Re'** spectrum, the differ- 
ences are smaller. 

While these differences (Cs vs Re constants) are in- 
visible in the Kurie representation, they are significant 
in the m plot (spectrum correction factor) near the end 
point where the correction is large. The most conserva- 
tive view, which we adopt, is that these differences 
represent the uncertainty in the resolution correction. 
This estimate of uncertainty may be excessive for a 
spectrum corrected with an internal line shape. 
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Fic. 10. Line shapes for 63 (Re!®*), 328 (Au'®8), and 624 (Ba!*’) 
kev electrons in the 5% transmission mode of operation of the 
spectrometer. All sources are } inch in diameter, volatilized onto 
200 ug/cm* Al; source thicknesses were 12, 57, and 20 ug/cm?, 
respectively. This comparison is taken as evidence that the line 
shape parameters used in the resolution correction can be con- 
sidered independent of the electron energy for the samples used 
in the Re and Au experiments. The 624-kev line (K-line of the 
2.5-minute 661-kev transition in Ba'’) was obtained free of 
L-line and the continuum of the parent Cs? by counting in 
coincidence with K x-rays. Representative statistical errors near 
the peak are indicated. Note that the resolution correction 
parameters are derived from a “counting rate” plot rather than 
a “counting rate per unit momentum” plot. 
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Correction for §— y Angular Correlation 


Because of the beta energy dependence of a beta- 
gamma angular correlation (if one exists), examination 
of the beta spectrum in coincidence with a gamma at a 
particular angle (or in a range of angles) will result in 
a spectrum shape which is a function of the angles 
employed. To obtain the shape associated with gammas 
at all angles (i.e., the “singles” shape, if the spectral 
group could be seen in singles counting not in combina- 
tion with interfering beta transitions), one must apply a 
further correction to the observed momentum spectrum. 
The mathematical details of the correction and evalua- 
tion for our spectrometer are given in reference 26. For 
the Re'®* spectrum in our spectrometer, the correction 
amounts to about —2% at 150 kev and increases to 
—6% at 900 kev, as the beta-gamma anisotropy 
increases with increasing beta energy.”® 


Inner Bremsstrahlung 


Theoretical evaluations® of the relative number of 
inner bremsstrahlung (I.B.) photons per beta decay, 
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Fic. 11. Spectrum of Au, (1) Kurie plot of Au’ in coin- 
cidence with 412-kev gamma ray; (2) Kurie plot of Au in 
“singles”; (3) ratio of coincidences to singles R/(B-bg) vs beta 
energy; (4) m function plot of Au’ in coincidence; (5) decay 
scheme of Au’, 


*C. S. Wang Chang and D. L. Falkoff, Phys. Rev. 76, 365 
(1949). 
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TABLE I, Summary of Au'*® beta spectroscopy. All work on Au'** with reasonably thin sources, reported in the literature is listed 
with relevant data here. Inspection of the column “Kurie plot” with reference to the source thickness and mode of deposition used, 


indicates the uncertain character of the shape of the 960-kev transition below 400 kev. We have listed selected values for E 


o (Column 6) 


where resolutions, line shapes, and calibrations could be ascertained. Note that the 960-kev average is lower than the ennsiacted average 


of 963 kev of Hollander, Perlman, and Seaborg.* 








Reference 


Source thick- 

ness (mg/cm?) 

and mode of 
deposition 


Spectrometer 
and estimated 
resolution 


Eo (Mev) corrected 
by us where 
resolution cor- 
rection and cali- 
bration are known 


Region where 
Kurie plot 
is straight 


Eo (Mev) 
reported 





c 


rr —-rRere © @ 


0.4, liquid drop 
0.26, foil 

0.1, liquid drop 
0.6 


?, liquid drop 
? 


0.2, foil 
?, liquid drop 
0.020, volatilized 


0.057, volatilized 


180°, 1%(?) 
180°, 1.5% 

180°, 0.6% 

lens, 4% 

double lens, 2% 
thick lens, 5.5% 
double lens, 0.5% 
180°, 1.6% 

lens, 3% 


double lens, 6.7% 


>200 kev 
> 600 kev! 
>120 kev™ 
>250 kev 
>400 kev" 
>400 kev” 9674 5 
>400 kev 959+ 2.5 
>200 kev® 952 

>400 kev 960 

>400 kev 


960+ 5 
966+ 10 
956+ 5 
975415 
970+ 10 


960+5 


959+2.5 
96242 
96145 
960+2 


Average Ey)>=960+1 








* Hollander, Perlman, and Seaborg, Revs. Modern Phys, 25, 469 (1953). 


> D. Saxon, Phys. Rev. 73, 811 (1948). 

°P. W. oe and E, Greuling, Lig = Rev. mn 819 G94). 

4 Langer, Motz, and Price, Phys. Rev. 76, 6 1949 

° Steffen, Huber, and Humbel, Helv. Phys. ae 22, 167 (1949). 
{C, Y. Fan, Phys, Rev. 87, 252 (1952). 

8 Pohm, Lewis, Talboy, and Jensen, Phys. Rev. 95, 1523 (1954). 
b See reference 41. 

iF. T. Porter, Washington University (private communication). 
i Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 

* Present work. 

! Abundant group of Eo =600 kev reported. 

™ No 282-kev group evident. 

» Au'® present. 


well substantiated by experiment,” give~0.002 for the 
fraction of beta decays associated with quantum of 
energy >W /10; this fraction decreases rapidly with 
increasing I.B. energy. The detection of the distortion 
(because of I.B.) of a spectrum distribution seen in 
singles counting is considerably below present spectro- 
scopic standards, However, in Re'** the approximately 
threefold more abundant ground transition will, in 
coincidence with I.B. of energy > 137 kev, give rise to 
=~ 0,008 relative contribution to the coincidence spec- 
trum over all angles. However, a strong 6-I.B. angular 
correlation is known,” such that no I.B. photons emerge 
at angle m to the betas, and in a lens coincidence spec- 
trometer arrangement like ours a severe discrimination 
(about fivefold) against 6-I.B. coincidences exists. This 
reduces the relative 6-I.B. contribution to the coin- 
cidence spectrum to a negligible value, about 0.1%. In 
the case of Au'®’, the contribution is about 0.01% 


IV. GOLD-198 


An over-all test of the equipment was obtained from 
the coincidence spectrum of Au'®*, under conditions as 
nearly as possible like those used in the Re'** experi- 
ment. For Au!®*, Ey = 960 kev; for Re!®*, Ey = 934 kev for 
the main inner group. 

The abundant 960-kev beta group (see Fig. 11 for 
the decay scheme), which exhibits the statistical shape 


“ T. B. Novey, Phys. Rev. 89, 672 (1953) ; Bolgiano, Madansky, 
and Rasetti, Phys. Rev. 89, 679 (1953); and K. Lidén and N. 
Starfelt, Phys. Rev. 97, 419 (1955), 


(see Table I for references), carries 99.0%" of the dis- 
integrations to the well-studied 412-kev level in Hg!®. 
The beta—412 kev gamma coincidence data, when 
corrected for the coincidence efficiency (Sec. IT) should 
exhibit a constant number of coincidences per beta 
recorded except for the (practically) negligible contribu- 
tion to the singles count from the 0.02% ground-state 
transition and for the enhancement of the low-intensity 
282-kev beta group in the coincidence spectrum. This 
latter is due to the added possibility of its detection® in 
coincidence with the 677-kev and/or 1089-kev gammas; 
we compute the enhancement to be ~ 40-50%, leading 
to at most a 1% increase in the coincidence count per 
single beta recorded at 150 kev. 

The coincidence/singles ratio would also vary if 
other beta emitters not recorded in coincidence were 
present. The production of appreciable amounts of 
Au’ (Eo= 460 kev, 5%; Ey=297 kev, 73%)* by neu- 
tron capture in Au’®® is ‘well known.“ The fraction of 
= Elliott, Preston, and Wolfson, Can. J. Phys. 32, 153 (1954). 

* We use reference 41 and the data of P. W. McLaughlin and 
G. D. O’Kelley, California Research and Development Company 
Report on “Counting efficiencies for sodium iodide crystal,” 
MTA-40 (unpublished) to compute the enhancement factor 
for the 282-kev group of 1.4 (relative to the coincidence effi- 
ciency for the 960-kev beta group). Using the data of M. Kalk- 
stein and J. Hollander [University of California Radiation 
Laboratory Report UCRL-2764 (unpublished) ], we calculate an 
enhancement factor of 1.55. 

48 P. M. Sherk and R. D. Hill, Phys. Rev. 83, 1097 (1951); 
de Shalit, Huber, and Schneider, Helv. Phys. Acta 25, 279 (1952). 

“R. D. Hill and J. W. Mihelich, Phys. Rev. 79, 275 (1950); 
Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 (Technical Information Division, Department of 
Commerce, Washington, D. C., 1952), Suppl. 2 (June, 1953). 
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Au in our samples is reduced by short, low-flux 
irradiation, Assuming a cross section for Au"®* of 35 000 
barns,“ we calculate that our samples have about 
0.05% of the total disintegrations as Au’. The change 
in the ratio, coincidence/singles, due to the presence 
of Au’ (whose gamma rays are below the G threshold) 
is —0.1% at 150 kev. 

The 6-mm diameter sources were prepared by vacuum 
volatilization of the neutron irradiated Au foil onto 
200-ug/cm? Al backings. The source thickness, 575 
ug/cm?, was obtained from the known weight of gold 
placed on the filament and the measured fraction of the 
activity collected; this was checked by an activation 
comparison to a weighed gold standard. 

The pulse amplitude from the 411-kev gamma was 
artificially reduced even below that of the 137-kev 
gamma by inserting a perforated metal screen of about 
20% light transmission between light pipe and photo- 
multiplier while holding the other gain variables con- 
stant.”* We believe that this would emphasize any tend- 
ency towards lower coincidence efficiency for lower 
gamma pulse height and thus test the over-all perform- 
ance more severely. In fact the differential coincidence 
efficiency curve (Sec. IT) applicable to the gold experi- 
ment was essentially the same as for the Re'* 
experiment. 

The data are the combination of three successive 
spectrum “runs” the total covering a period of 24 hours. 
Maximum beta (B) counting rates were 65000 per 
minute and the initial G rate was 135 000 per minute. 
Real/chance coincidence rates exceed 10/1 for every 
point. No f#-y angular correlation correction was 
necessary.** The data are treated as in Sec III. 

Figure 11 shows the Kurie plots of the Au’®* spectrum 
in coincidence and in singles and the m function plot of 
the coincidence spectrum. The inset gives the ratio 
coincidence/singles [R/(B—bg)] vs beta energy. This 
ratio is seen to be constant from 150 kev to 900 kev 
within the statistical fluctuations of 1.5% (about 2.5% 
above 800 kev). The Kurie and m plots for the coin- 
cidence spectrum indicate an allowed shape to within 
2% for Ey= 9602-2 kev over the range 300 kev to 900 
kev. Note in the coincidence Kurie plot the complete 
suppression of the conversion lines because of the dis- 
crimination in G against the x-rays. 

An upturn in the singles spectrum appears below 
400 kev, amounting to about 5.5% (in the counting 
rate) at 180 kev, roughly E)/5. [The singles spectrum 
taken with proportional counter detector (Fig. 5) 
shows the same deviations. ] The coincidence Kurie plot 
also deviates at 180 kev by the same amount, but ap- 
pears not to deviate above 300 kev. This difference (if 
real) is submerged in the statistical fluctuations of R in 
R/(B—bg), and the comparison is unavailable in the 


S. L. Ridgeway, ne Rev. 78, 821 (1950); R. Stump and 


S. Frankel, Phys. Rev. 
for Au®®, 


9, 243 (1950) report no 6~y correlation 
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range 300-400 kev due to the presence of the conversion 
lines in the singles spectrum; the deviations may well 
be identical. Such upturns may be ascribed to five 
effects: (1) the beta particles of Au (or other activi- 
ties); (2) the 282-kev group in Au"*; (3) source thick- 
ness ; (4) curvature of the main group in Au"; or (5) an 
effect introduced by the apparatus. 

Since Au’ is not counted in coincidence, it can only 
contribute to the singles upturn and there only to the 
extent of 0.05%. We have searched for other activities 
in this neutron-irradiated gold and found none. The 
relative intensity of an impurity of half-life >10 days 
could not have exceeded 1%. The 282-kev group in 
Au’ accounts for about 40%**-" of the upturn in the 
coincidence Kurie plot at 180 kev on the basis of the 
branching ratio value of 0.98% of Elliott et al.“ and the 
enhancement factor of 1.4. Cavanaugh,‘ also on the 
basis of gamma counting, has reported a 1.8% branch- 
ing ratio for the 282-kev group which would give an 
apparent deviation on the Kurie plot at 180 kev of 
70% of our Kurie deviation. Our source thickness was 
57 yg/cm? uniformly deposited; this would not be 
expected to give an upward deviation due to source 
scattering of as much as 2% at 180 kev on the Kurie 
plot,** or <40% of the upturn. : 

Thus, ruling out Au™ and other impurities, we see 
that the deviation from the statistical shape exhibited 
by the coincidence and singles data for Au'®* might be 
accounted for by the 282-kev group and by source 
thickness, taking the maximum abundance value of 
1.8%*" and the upper limit for source scattering. How- 
ever, we regard this abundance of the 282-kev group as 
probably too high and this amount of source scattering 
as improbable, and believe that the deviation may not 
be completely accounted for in this way. The possibility 
that the residual upturn below 400 kev originates in an 
instrumental effect cannot be eliminated by the avail- 
able information. On the other hand, the possibility 
that real curvature (of the order of 2 or 3% variation in 
the spectrum correction factor) may exist in the 960-kev 
group in Au’* (AJ=0, yes) cannot in our opinion be 
ruled out by these or any previous experiments (Table 


46 In the preliminary report of this work, Porter, Freedman, 
Novey, and Wagner, reference 24, it was stated that all the 
upturn could be ascribed to the 282-kev group in Au", on the 
basis of Cavanaugh’s‘” value for the branching and an over- 
estimated enhancement factor of 1.75. 

47 P. F. Cavanaugh, Phys. Rev. 82, 791 (1951). 

48 Compare, for example, the results of Langer, Motz, and Price, 
Phys. Rev. 77, 798 (1950). A 50-ug/cm? source of Pm"? (Eo=225 
kev) formed by deposition from solution exhibited a scattering 
deviation on the Kurie plot of about 2% at 4£». Assuming that 
our 57-ug/cm? volatilized sources are at least as good as these 
50-ug/cm? sources and that the comparison is valid at the same 
fraction of Eo, the 2% deviation would occur at 180 kev for Au. 
Actually, a smaller scattering component is anticipated for the 
higher energy spectrum. Further, C. S. Wu and R. P. Albert, 
Phys. Rev. ts, 1107 (1949) found that 100-ug/cm* Cu“, chemically 
deposited, deviates 1.5% upward in counting rates at about 115 
kev, Eo/5, whereas Langer, Moffat, and Price, Phys. Rev. 76, 
1725 (1949) with 75-ug/cm* Cu®, volatilized, observed no devia- 
tion at E,/5, 
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I). The answer to this problem, which is of fundamental 
interest per se, must await experiments with much 
thinner samples. 

In summary, the fundamental result of the Au!% 
experiments, relative to the Re'®* experiments, is seen 
in the constant ratio, real coincidences/singles, as a 
function of beta energy above 150 kev (inset of Fig. 11), 
and in the closely statistical shape obtained for Au! 
down to at least 400 kev. 


V. RHENIUM-186 
Inner Group Beta Transition 


Some of the early beta spectroscopy® on Re'* 
indicated a single beta group of the allowed shape, 
and other early work® pointed to a complex beta 
spectrum. Metzger and Hill” and Steffen,” simultane- 
ously discovered that the 122-kev gamma is associated 
with orbital capture decay to W'**. Both analyzed the 
beta spectrum into two groups with allowed shapes 
having end points differing by 137 kev, the energy of 
the gamma ray in Os'**. In addition, Steffen” obtained 
the beta spectrum in coincidence with the 137-kev 
gamma-ray, but no definite conclusions about the shape 
of the spectrum could be drawn from the coincidence 
data. 

Re'®* is conveniently produced in high specific activ- 
ity by slow-neutron irradiation of natural rhenium. We 
irradiated KReO, as dry salt for five days at a flux of 
10% neutrons/cm? sec in the Argonne heavy water 
reactor, CP-5. Spectrochemical analyses on the salt set 
an upper limit of 1 in 10‘ for any impurity. Ten days of 
decay reduces the Re'** (Zy=2.1 Mev) to <0.1% of 
the Re'®* activity. No beta spectroscopy on Re'** was 
done until the counting rate beyond the end point of 
the Re'®* spectrum was indistinguishable from back- 
ground. This also guaranteed the absence of K® activity. 
Consideration of the products of other reactions such as 
(n,p), (nx), and (n,2n) indicated that only 40-day 
Re!™, 73-day W'*, and 117-day Ta'™ could possibly be 
of concern during the beta spectroscopy (10-15 days 
after irradiation). The activity of a 10-millicurie sample 
of irradiated salt was followed for 300 days, and no 
trace of long-lived contamination was discernible. The 
decay of the sample obtained during the spectroscopy, 
and from separate samples followed for seven half-lives, 
showed only an 89-hr period. 

Sources for the concidence spectroscopy were made by 
volatilization in vacuo of KReO, onto 200-ug/cm? Al 
foil. We calculate average source thickness of about 12 
ug/cm? for the Re'®® sources. The 6-mm diameter 
deposits were barely visible with strong illumination. 

Figure 12 shows the pulse-height distribution from the 
gamma detector as it is assembled in the coincidence 


# See reference d of Table I and Beach, Peacock, and Wilkin- 
son, Phys. Rev. 76, 1585 (1949). 

Pp. J. Grant and R. Richmond, Proc. Roy. Soc. (London) 
A62, 573 (1949). 
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Fic. 12. Low-energy gamma pulse-height distribution from Re!* 
with the 1-inch-diameter by 24-inch-long light guide. The curves 
with and without 460 mg/cm? Cd absorber have been normalized 
at the 137-kev y~ peak. The arrow labeled G indicates the dis- 
crimination level used in the coincidence beta spectral measure- 
ments. 


source holder in the spectrometer with and without a 
0.021-in. cadmium disk absorber in addition to the 
normal 2-mm glass vacuum seal between the source and 
the Nal crystal container. With this Cd absorber the 
over-all efficiency for the 137-kev gamma is about 
1.8%. These x-rays rejected by the discrimator setting 
(G) are both Os (conversion) and W (conversion and 
electron capture) K-radiation. Including the Os K 
x-rays introduces the problem that the 6-y correlation 
must then be measured with just the same admixture of 
137-kev gamma and x-rays if the spectrum is to be 
corrected properly. By accepting only the 137-kev 
gamma, we also render the G count insensitive to small 
drifts in the G discrimination level. The cadmium 
absorber was introduced so that the double coincidences 
due to x-8 events were reduced with respect to y-8 
events and hence “slow” chance events (Cs) were 
minimized.”* 

During the 70-hr experiments, the following items 
were monitored every four hours: the photomultiplier 
voltages; the spectrometer current control potentiome- 
ter; the fast resolving time; differential coincidence 
efficiency ; monoenergetic beta pulse-height distribution ; 
B background; and 137-kev photopeak amplitude. 
Drifts in the y-photopeak never exceeding 3% were 
compensated by adjustment of the G discrimination 
level ; no other drifts were observed. The thirty momen- 
tum values were run as a complete spectrum eight 
times during an experiment. Each of the eight runs was 
programmed so that every other point on the spectrum 
was taken with increasing spectrometer magnetic field 
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TABLE II. Beta spectrum of Re!8*,*> 











E (kev) b(me) Nr(?) (Nr/f)* Ne(?) 


Main inner group 


Eo =934.3 kev 


Ground state transition 
Eo =1071.5 kev 
76% of total betas 
6 7 9 10 
Ne Ne 
f(Eo—E)? f(Eo—E)? 
(X<105) (X105) 


(coinc.) 


(Ne/fi Na(?) (Ne/f) 





c oot 915 
28.47 
27.94 
27.30 
26.65 
26.02 
25.33 
24.66 
23.90 
23.19 
22.44 
21.68 
20.91 
20.09 
19.32 
18.50 
17.66 
16.83 
16.05 
15.12 
14.30 
13.37 


0.8159 
0.8742 
0.9325 
0.9908 
1.0491 
1.1074 
1.1656 
1.2239 
1.2822 
1.3405 
1.3988 
1.4570 
1.5153 
1.5736 
1.6319 
1.6902 
1.7485 
1.8067 
1.8650 
1.9233 
1.9816 
2.0399 
2.0981 
2.1564 
2.2147 
2.2730 
2.3313 
2.3896 
2.4478 
2.5061 
2.5644 
2.6039 
2.6429 
2.6664 
2.6899 
2.7134 
2.7368 
2.7601 
2.7833 
2.8065 
2.8296 
2.8526 
2.8757 
2.8988 


148.6 
167.9 
187.6 
208.4 
229.6 
251.3 
273.8 
296.6 
319.8 
343.6 
367.6 
391.9 
416.8 
441.7 
466.9 
492.6 


3461 
3621 


24.19 
23.97 
23.34 
22.88 
22.48 
21.79 
21.17 
20.70 
20.15 
19.54 
18.82 
18.29 
17.61 
16.94 
16.23 
15.57 
14.97 
14.27 
13.50 


37.87 
38.35 
36.99 
38.01 
37.62 
36.84 
38.25 
39.29 
37.82 
37.73 
37.95 
39.34 
38.40 
38.59 
39.37 
40.37 
40.16 
39.00 
40.86 
40.59 


41.20 
42.09 


15.29 
15.01 
14.36 
14.15 
13.67 
13.11 
12.92 
12.64 
11.95 
11.47 
11.04 
10.76 
10.14 
9.68 
9.28 
8.87 
8.34 
7.70 
7.35 
6.80 
6.34 
5.77 
5.29 
4.74 
4.22 
3.66 
3.19 
2.51 
1.93 
1,38 
0.88 


71.68 
73.53 
73.15 
73.86 
75.12 


2499 
2664 
2738 
2836 
2939 
2965 
2991 
3057 
3085 


fos} 


43.02 


41.9 
43.4 
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* Columns 3 and 4 give the total (singles) momentum distribution and Kurie representation. Columns 5, 6, and 7 give the momentum distribution, 
Kurie representation, and m function for the main inner group in coincidence with 137-kev gamma, Columns 8, 9, and 10 give the analogous data for the 
ground state transition, computed using a relative abundance of 76% of total betas. 

> The data are normalized such that Nr =Nc+WNe. Actual experimental data (not smooth curve values) are given. The Fermi function f is corrected for 
orbital electron screening. [National Bureau of Standards Applied Mathematics Series 13 (1952). We use the “‘K binding energy data” curve of Fig. 13 
therein.) Energy values are from J. L. Wolfson and H. S. Gellman [Chalk River Report PD-255 (unpublished) }. 


eM" line of 137.2-kev gamma present. 


and the remaining points with decreasing field. This 
procedure was adopted so that the final data would 
reflect no short- or long-term instrumental drifts or 
hysteresis effects of any kind. The maximum B rate 
and G rate maintained dead-time losses at less than 1%. 
Between 4000 and 6000 coincidences were accumulated 
at each point below 840 kev, decreasing to 750 coin- 
cidences at 895 kev, the highest energy recorded. Real 
to chance ratios exceeded 10 below 760 kev, and dropped 
to 2 at 895 kev. Values of R/R’ ranged between 1.010 
and 0.994 (see Sec. ITI). As a check on the statistical 
reliability of the data, the eight values of R/(G—bg) at 


each momentum value were examined for trends and 
abnormal fluctuations. Applying standard criteria, we 
found that the distribution was perfectly normal 
(Gaussian) and exhibited no trends; only 2% of the 
values deviated from the average by more than twice 
the standard error and none by more than 2.5 times. 
The beta spectrum in coincidence with the 137-kev 
gamma is given in Table II, columns 5 and 6. The data 
have been treated as noted in Sec. III with the spec- 
trometer resolution correction applied and with correc- 
tion for B-y directional correlation made. The f-y 
correlation as a function of beta energy is shown in 
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1071.5 kev 











Fic. 13. Kurie plots of Re!®*. Data in Table II. Curve (a), main 
inner group in coincidence with 137-kev gamma ray. Curve (b), 
ground-state transition by subtraction of (a) from (c) assuming 
ground-state transition abundance of 76% of total betas. Curve 
(c), total singles spectrum. Solid circle points obtained from 
another experiment (Z» measurement) and normalized. 


Fig. 3(e) of reference 25." Actual experimental values 
(not smooth curve) are tabulated. The conventional 
uncorrected Kurie plot is shown in Fig. 13(a). The plot 
does not have the allowed shape, nor does it exhibit 
the unique “a” shape (associated with AJ =2, yes). 
The character and quantitative measure of the devia- 
tion from the allowed shape is best discussed in terms 
of the plot (Fig. 14) of the experimental values 
N/Uf(Eo— E)*]=m, the experimental (shape) correc- 
tion factor. The maximum beta energy Ep as read from 
the “allowed” Kurie plot is 933.5+3.0 kev. The experi- 
mental correction factor m is sensitive to the value of 
Ey for E near Ep. In another experiment, to be described 
below, we have narrowed the limits of experimental 
error, obtaining Ey>=934.3+1.3 kev. The experimental 
points have been computed with this value for Eo, and 


5! Reference to Fig. 3(e), reference 25 will disclose that the 
8~y angular correlation curve used to correct the spectrometer 
coincidence data differs from the final best evaluation of this 
function. The curve used was based on earlier measurements. 
The lengthy computations of the spectrum shape and the theore- 
tical fittings thereto were not repeated when the better data on 
the 8-y correlation became available. The difference in the m 
function of the inner group of Re!**, as corrected with the final 
8-y anisotropy, would be very small, about 0.5% reduction in the 
maximum span of m (Fig. 14). This recorrection would actually 
slightly improve the fit of the experimental m function with the 
theoretical curves (Fig. 18). The effect on the ground state m 
function is of still lesser importance, because of the relative 
branching ratios. 
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Fic. 14. Experimental spectrum correction factor (m) for 
Re!*6 inner group in coincidence. Solid curve presents best fit 
to data. Data in Table II. Curves labeled 933.0 kev and 935.6 kev 
give estimated upper and lower limits between which true m 
function is judged to lie. Curve labeled 937 kev indicates that the 
m function cannot be made constant even for a higher Eo value. 


are given in column 7, Table II. The solid curve of 
Fig. 14 gives the estimated best fit to these points. 

The error flags in Fig. 14 show the statistical counting 
error (J!/R), only. The two dashed curves labeled 
Eo= 933.0 kev and Ey= 935.6 kev give our estimates of 
the safe limits of error. The m function is, we believe, 
established within the accuracy represented by the error 
band between these two curves. The total error is 
computed taking account of the errors” in: (1) the Eo 
value, 934.3+1.3 kev; (2) the resolution correction; 
(3) B-y directional correlation correction; (4) the 
approximately 5% error in 27r;; and (5) reasonable 
statistical limits. The individual contributions (% of m) 
to the total error in m are shown in Fig. 15, together 
with the total error, as a function of energy. 

The variation in the experimental correction factor m 
(solid curve) is about 18% from 150-934 kev. 

The experimental points, even taking into account 
the net uncertainty in the data, seem to demand the 
indicated curvature (solid curve) in the region from 150 
to 300 kev. Consideration of relative abundances shows 
that this trend cannot be due to the 307-kev group in 
Re'**, Such a rise towards low energy is not readily 
attributable either to source thickness effects in the 
approximately 12-ug/cm? sources used, or to contami- 
nant activities detected in coincidence. As will be shown 
in the m plot (Fig. 16) for the ground state transition 
its experimental shape correction factor is, in contrast, 
linear in this region. We believe this to be a real differ- 
ence between the two spectra. However, we note that 
the evidence presented from the spectra of Au'®* and 
P® (see Secs. II and IV) does not rule out the possibility 
that purely instrumental effects, e.g., scattering from 
the coincidence source holder, as distinguished from 
source thickness effects may contribute upturns of 
1-2% around 300 kev. 
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Fic. 15. Experimental errors in Re!*®* inner group m plots as a 


function of beta energy (individual and total). Total error curve 
used in computing error band limiting curves in Fig. 14. 


As has been emphasized the results are critically 
dependent on the relative coincidence efficiency as a 
function of 8 energy for the particular combination of 
detectors and circuits employed. Our measurements 
showed that inclusion of the correction for the small 
variation of the relative coincidence efficiency (Fig. 8) 
actually did not materially affect the shape of the 
coincidence spectrum for the scintillation counter. 

During the course of the present work, Koerts™ 
examined the beta spectrum in coincidence with the 
137-kev gamma and found it to have the allowed shape, 
not in agreement with the present work. The reasons 
for the disparity in the experimental results are not 
evident. 


Composite Beta Spectrum 


The singles or total beta spectrum is recorded 
at the same time as the coincidence data; it is just 
[(B*/n)—bg]; » is the singles efficiency. For the 
measured total beta momentum distribution M(p) 
=e (B*/n)—bg]/p, one needs accurate values for 
the decay constant A. Our experiments”* give 88.9+.0.2 
hours for the Re'** half-life, based on 30 points on the 
momentum spectrum and on external samples followed 
for 300 hours. : 

The conventional Kurie plot (Fig. 13, curve c) 
clearly demonstrates a definite continuous curvature 
concave towards the energy axis. The identical curva- 
ture (within 1%) was obtained with the proportional 
counter. This curvature furnished what is probably the 
strongest evidence that one or both components are 
curved concave downwards, in the opposite sense to the 
curvatures usually ascribed to effects such as scattering 
and source thickness. The Au'®* and P® spectra demon- 
strate the absence of instrumentally introduced curva- 
ture above 400 kev, and certainly of any downward 
curvature even below 400 kev. The points from the 


®L. Koerts, Phys. Rev. 95, 1358 (1954). The large abundance 
of the ~300-kev group reported by Koerts suggests the presence 
of = effect which may mask the small downward curvature which 
we find. 


experiment described above are represented by circles 
(Fig. 13, curve c). The statistical error in these points 
is everywhere small compared to the size of the circle. 
The resolution correction to the singles data is smaller 
than that applied to the coincidence data in the neigh- 
borhood of 900 kev, since the singles spectrum extends 
to higher energies. However the resolution correction is 
too large in the region of the end point to obtain the 
requisite accuracy in the end-point measurement using 
the high-transmission mode of operation of the 
spectrometer. 


Determination of Transition Energies” 


For a determination of Ey for the ground-state 
transition, a 3-mm diameter, 30 ug/cm? thick volatilized 
Re source on 200-yg/cm? Al foil was prepared. The 
Re'** content was carefully checked and the sample 
was allowed to decay for 14 days until the calculated 
Re!*8/Re'®6 was 0.005% and the count 160 kev beyond 
the Re'** end point was indistinguishable from back- 
ground (9 counts/min). The spectrometer was adjusted 
to give 0.8% transmission and 2.0% resolution and the 
proportional counter beta detector was used. 

Calibration of the reference line in the Re!® source 
was accomplished in a separate experiment with a mixed 
Re'®*-Au'®* source. The source for the calibration 
experiment (1.5-mm diameter, about 150 yg/cm? total] 
thickness) was prepared by volatilizing Au'®* (about 
130 yg/cm?) onto 200-ug/cm? Al foil, and without 
moving the foil or mask in the volatilization apparatus, 
volatilizing Re'** (<20 uwg/cm?*) over the gold. The ob- 
served resolutions were 1.27(+0.02)% for the Au'® 
K-line (328 kev) and 1.30(+0.03)% for the 63-kev 
Re'** K-line, and no evidence for tailing out or scatter- 
ing was visible in the line profiles. The Hp value ob- 
tained for the Re'** K-line from the comparison is 
874.40+0.41 Hp. Using the Cauchois and Hulubei 
value for the K binding energy of Os, 73.87 kev, as 
computed by Slack,®* we obtain for the energy of the 
first excited state in Os'**, 137.19+0.07 kev. Day has 
measured the energy of the gamma ray on a Cauchois 
bent-crystal spectrometer,” obtaining 137.19-0.12 kev. 

Using the value obtained for the Hp of the line, 
applying resolution and decay corrections, and a care- 
fully determined value for the counter background, we 
calculated the conventional Kurie plot. No deviation 
from linearity could be seen from 935 kev to Ey on a very 
expanded plot. The points extended to within 1.5% 

58 The standard K-line momentum in Au"® was taken as 2222.4 
+0.4 gauss cm. The gamma-ray energy is quoted to somewhat 
better precision; Muller, Hoyt, Klein, and DuMond, Phys. Rev. 
88, 775 (1952). However, the uncertainty in the K binding energy 
of Hg limits the accuracy of the calculated conversion line to about 
the same limits as those quoted for the direct measurement of the 
Hp of the conversion line by D. A. Lind and A. Hedgran, Arkiv. 
Fysik. 5, 29 (1952). 

“TL. Slack (privately circulated tables). 

55 P. Day, Phys. Rev. 97, 689 (1955). Note added in proof.—N. 


Ryde and B. Anderson, Proc. Phys. Soc. (London) B68, 1117 (1955), 
obtained 137.22+0.03 kev for this gamma on a crystal spectrometer. 
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of the end point; for the last point the resolution 
correction was about 15%, and at 4% below the end 
point, about 4%. The data for this experiment, nor- 
malized to that of the high-transmission singles experi- 
ment over the range 730-935 kev, are shown as solid 
circles on Fig. 13, curves b and c. The normalizing 
factor obtained by comparison of the data from the low- 
and high-resolution modes of operation of the spec- 
trometer showed a mean deviation of 0.2% over this 
range, and no evidence of a trend. 

Graphical determination on an expanded plot and an 
unweighted least squares calculation gave Eo= 1071.5 
+1.3 kev, including estimated contributions to the error 
from the uncertainties of the Au'®* standard and from 
the calibration procedure. From the gamma energy of 
137.19+0.07 kev the energy of the main inner group is 
computed to be Ey>=934.3+1.3 kev, in comparison to 
the observed 933.5+3.0 kev. 


Ground-State Beta Transition 


By subtracting the inner group spectrum from the 
singles data, with an appropriate normalization to take 
account of the beta branching ratio, the shape of the 
ground-to-ground beta distribution can be obtained. 

The branching ratio was obtained to the requisite 
accuracy (1% in ~25%) from the beta spectrometer 
coincidence data along with the known efficiencies for 
counting betas and gammas. The following equation is 
employed : 


B- (934) 
8-(934)-+8-(1071) | 


(G/ey)+ (€-/¢s) 





? 


(1/¢p) f (B/Ap)dp 
0 


where B and G are the beta and analyzed 137-kev 
gamma photopeak counts recorded in the spectrometer 
(corrected for dead-time losses and decay) at efficiencies 
€s and ¢€,, respectively, and e~ is the total K+L1+M 
conversion line area. Ap is the “resolution width” of the 
spectrometer.”® ¢s was obtained by counting an ab- 
solutely standardized Ba'*™ source in the spectrometer, 
and ¢, was computed from the source-crystal geometry, 
taking account of absorption and edge effects® in the 
crystal. G is corrected for the presence of about 10% of 
122-kev gamma counts in the photopeak. We obtain for 
the inner group a branching ratio of 23.4(+1.5)%, and 
for the ground state 76.6(+1.5)% of total betas, and 
use the value 76% in further discussion. 

Curve (b), Fig. 13, shows the Kurie plot of the ground 
state beta transition obtained by subtraction of the 
inner group from the composite spectrum using a 
multiplying factor which yields the 76% branching 
ratio. This factor is obtained by trial and error compari- 
son of the areas of the momentum spectra. This Kurie 
plot is very similar in shape to that of the inner group, 
being concave downward toward the energy axis. In 
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Fic. 16. Experimental spectrum correction factor (m) for 
Re!®* ground-state transition. Ep>= 1071.5 kev. Solid curve pre- 
sents best fit to data. Curves labeled i070 kev and 1073 kev give 
estimated upper and lower limits between which true m function 
is judged to lie, for a branching ratio of 76% of total betas. Curve 
labeled “79%” represents best fit to data (experimental points 
not shown) for a branching ratio of 79% of total betas. Data in 
Table II. 


Fig. 16, the m plot for the ground-state transition, we 
indicate by dashed curves labeled Hy= 1072.8 kev, and 
E = 1070.2 kev, as in the m plot of the inner group 
(Fig. 14), the extremes of the “safe” error band for the 
ground transition. These take into account the un- 
certainty in Eo, the uncertainties in the resolution cor- 
rection of the total spectrum, the assigned uncertainty 
in the inner group, and reasonable upper and lower 
limits consistent with the statistical uncertainties of 
the counts. In computing the error limits, we have 
arbitrarily ignored the contribution to the total error 
due to the uncertainty in the branching ratio. In Table 
II, columns 8-10, we present the relevant data on the 
ground transition. The values listed are the actual 
experimental numbers (not smooth curve). The varia- 
tion in the m function for the ground-state transition is 
about 23% from 150 kev to Ep. 


Conventional Subtraction Analysis 


The disparity between the results of Guss, Killion, 
and Porter” (in which an “a” shape was found for the 
inner group on subtraction of an allowed shape for 
ground state group) and the allowed shape found by 
other investigators™:” was checked by application of 
the same procedure to our total singles data. The result”® 
of subtracting the least square allowed shape fit to the 
high-energy end (>934 kev) of the singles spectrum 
is an inner group shape which is indeed, accidently, a 
fair approximation to the Cyr correction factor. Close 
examination of the curve discloses only a very slight 
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TABLE IIT. Subsidiary data obtained on the nuclear decay of Re!®*. 








(1) ex~(137)/[p-(934)+8-(1071) 
(2) ex~(137)/[B-(934)+8- (1071) ]=0.065, 

(3) ex~(137)/eu~(137)*=5 

(4) ex~ tony B-(934)+ 87 (1071) ]=0.0042, 
(5) ez,~(122)/[B- (934) iP oad =0.0059; 
(6) ez (122) /ey-(122)*= 

(7) oF 634) Ca (934) + (1071) ]=0.24-40.015 
(8) K x-rays (W)/K x-rays (Os)®=1.9 

(9) 6207/7137 = 0.0070 

(10) y764/7137= 0.0034 

(11) £y=764 kev* 

(12) Electron capture* [total L/K]=0.18 

(13) ex~(137)/ex~(122) = 10.0 

(14) »(137)/7(122)*=9 

(15) ext M (122) /7(122) VL ereiea 
(16) K x-rays/K vacancies (Os and Wo: 
(17) From (1), (2), (3) 

(18) From (4), (5), (6) 

(19) From (1), (2), (3), (7), (9) 

(20) From (1), (2), (3), (7), (9) 

(21) From (7), (8), (12), (15), (16) 

(22) From (7), (8), (12), (15), (16) 

(23) From (7), (8), (12), (15), (16) 


(24) From (7), (8), (12), (15), (16) 
(25) From (7), (8), (12), (15), (16) 
(26) From (7), (8), (12), (15), (16), (10) 
ok From (7), (8), (9), (12), (1 


5), (16) 


(29) 
(30) From (28) and (11) 
(31) 


(32) 
(33) 
(34) Curves and nomographs of S. Moszkowski'‘ 
(35) Curves and nomographs of S. Moszkowski‘ 
(39) Curves and nomographs of S. Moszkowski‘ 
(37) 


(137) /y (137) ]~1 [estimated from (13) and (14).] 


K/L/M (137) =0.65/1/0.2 
K/L/M (122) =0.72/1/0.2 

ax (137) =0.36, 

az (137) =0.53; 

E.C. to ground/decay = 0.063 
E.C. to 122 kev level/decay=0.021 
B- (934 kev) /decay =0.22+-0.02 
8 (1071 kev) /decay =0.70+0.02 
B- (307 kev) /decay =0.0010 
v704/decay = 0.00034 

Y627/decay = 0.00070 
Eo8i=1071.5+1.3 kev 

EB2= 934.341.3 kev 
Eo8;=307 kev 

E(y1) =137.19+0.07 kev 
E(y2)=122.67+0.21 kev 
Half-life = 88.9+0.2 hr 

log fot(8934) =8.00 

log fot(81071) = 7.68 

log fot(8307) =8.95 

Upper limit 6*/decay = 2X 10-* 








* See reference 20. 
> Paul Day, Cauchois spectrometer (private communication), 
© See Metzger and Hill, reference 20. 


4H. Brysk and M. E. Rose, Oak Ridge National Laboratory Report ORNL-1830 (unpublished). 


¢ Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 
1S. Moszkowski, Phys. Rev. 82, 35 (1951). 


deviation over the mid energy range, but a fairly sharp 
drop off below the Cir shape below 400 kev, for an 
E> value of 915 kev, 19 kev too low. 


Additional Data on Re'*®* 


As the relative intensity of the 307-kev beta group is 
of concern in connection with the aforementioned 
curvature in the coincidence spectrum near 200 kev, a 
measurement of the intensity of gammas following the 
307-kev beta was made. Standard scintillation spec- 
trometry techniques” were used to compare the areas 
of the 764- and 627-kev photopeaks to that of the 
137-kev gamma. The ratio (627-kev y/764-kev y) ob- 
tained was 1.95+0.17. The ratio (627-kev y/137-kev y) 
=7.0X10-*, leading to a 307-kev 8-per total beta 
intensity of 0.105(+0.03)% (if the conversion of the 
627- and 764-kev gammas is neglected). 

We present here (Table III) a summary of data on 
the decay of Re'*, including a number of values ob- 
tained incidental to the spectrum shape studies. We list 
first in Eqs. (1) to (16) the primary experimental quan- 
tities (from the present experiment unless otherwise 


indicated) and theoretical quantities needed for the 
calculations. 

It will be noted from Table III that the values agree 
well with those of Metzger and Hill” and Steffen” 
except for the quantities (21) and (22) where the 
agreement is better with Steffen and for the quantities 
(25), (26), and (27) where they favor the results of 
Robinson, Whittle, and Jastram.* 


VI. THEORETICAL INTERPRETATIONS OF BETA 
SPECTRAL SHAPES OF Re'* 


From the ft values of the two main beta transitions 
the spectra are classified as first forbidden; the shell 
model prediction of the Re!** ground state parity (odd), 
together with the even parities of the ground and first 
excited states in Os'**, support the first forbidden 
character of the transitions. The nonunique shapes 
found for both transitions justify the assignment of 
a 1(—) character to the ground state of Re'**, (Either 


0— or 2— assignments would require an “a’”’ transition 


56 Robinson, Whittle, and Jastram, Phys. Rev. 91, 498(A) 
(1953). 
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for one or the other beta groups.) From the parametric 
fitting of these beta distributions to theoretical spectral 
shapes, values of ratios of nuclear matrix elements are 
obtained. From the similar fitting to theory of the 
directional correlation of inner group beta and 137-kev 
gamma, independent values for the same nuclear matrix 
element ratios governing the beta transition were 
derived”; these results are compared in Sec. VII. 

The experimental correction factors used in the 
fittings are the solid curves of Figs. 14 and 16. 

We calculate theoretical correction factors®’ for both 
ground-state and main inner group transitions involving 
the combination of scalar and tensor interactions only, 
GsS+GrT. This choice is based on the weight of current 
evidence®* that these two interactions contribute to the 
beta process rather than the VA combination and that 
the pseudoscalar invariant has not been found neces- 
sary’~‘ in the fitting of the spectrum of RaE, which is 
judged also to be a AJ=1, yes transition. 

From Konopinski and Uhlenbeck® we obtain the 
direct terms, and from Pursey® the cross terms, for the 
spectrum correction factor for a transition with spin 
change one with a parity change. 

Following Lee-Whiting‘ we define ratios 


fo 
G 8 


L=t-— 


p=nuclear radius. We equate™ p=4a(h/mc)A! cm, as 
do Rose et al. p=1.41X10-"A! cm for a=1/137.00. 

For the inner group, the B,; matrix element also con- 
tributes to the beta process (but not for the ground- 
state® decay). Inclusion of B;; would add a third nuclear 
matrix element ratio parameter to the fitting procedure. 


57 See E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 
308 (1941) for definition and notation. 

58 FE. J. Konopinski and L. M. Langer, in Annual Reviews of 
Nuclear Science (Annual Reviews, Inc., Stanford, 1953), Vol. 2, 

. 261. 

" 8B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955) 
show that the tensor predominates over the axial vector. 

© D. L. Pursey, Phil. Mag. 42, 1193 (1951). 

61 We have not investigated the sensitivity of the fitting to the 
choice of p value. Lee-Whiting* has stated that the fitting is 
fairly insensitive for RaE over a factor of two variation in p. 
However, in the fitting of the second forbidden ground-state 
transition in Cs"*’, the possibility of obtaining a fit at all is de- 
pendent on the selection of a value for p~1.210~"A! cm in- 
stead of p~1.4X10~%A! cm. [M. Freedman (unpublished). ] 

® Rose, Perry, and Dismuke, Oak Ridge National Laboratory 
Report ORNL-1459, 1953 (unpublished). 

% B,;=0 for [= 1¢>] =0 transitions. 
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Justification for avoiding this complication is derived 
from consideration of the about tenfold higher ft values 
for unique (AJ =2, yes) transitions which depend only 
on B,;. While we recognize that the B,; term contribu- 
tion may be significant, we are able to match the theo- 
retical and experimental shape factors for the inner 
group without it. By extension of the same argument, 
we omit the third forbidden matrix elements.” 

Following Yamada*® and Lee-Whiting,‘ we effect a 
transformation of the parameters such that if complete 
cancellation of the largest energy-independent terms 
(«p~*) occurs (in the expansions of Lo, Mo, No and Li, 
the conventional combinations of the electronic radial 
wave functions), then the new parameter vanishes. In 
terms of the new parameter, y, the total p* term 
becomes (y/p?)[a?Z?/2(1+.S)], where 


y=$(1+S)A—1—z, (3) 
and S= (1—«2Z?)}. 


As Yamada? has shown, this transformation also 
causes the smaller terms proportional to p™ to vanish 
as y vanishes; i.e., in the resulting correction factor, 
erms in p~ and in p~ are eliminated explicitly. 

Taking the coupling constants and the quantities 
x and A® as real, we can write 


Gs*\ | A a aZ\? 
Cisr = (—=)| fox (—) (~) U, (4) 
es | 1+-S 2p 


where the energy-dependent (shape-determining) terms 
are confined to 


U=y[2L)/(1+S)] 
+ay{[4Lo/(14+S)]+2¢ (3K Lo+No)} 
+27{(367(14+S) ](GK°Lo+2L1+ Mot+3KNo) 
+[2Lo/(1+S)]+2¢(3KLo+No)} 
+y[4Lo/(1+S)—25 (GK Lo— No) ] 
+2[4Lo/(1+S)+4¢NVo—(14+S)(Li— Mo) ] 
+{($22(14+-S)](QK?2Lo+4Li+Mo—3KNo) 

—2¢(§$KLo—No)+2L0/(1+5S)}, (5) 


where K=W —W and {= 2p/aZ=0.07511 for Os!**. 
For values of the parameters x and y for which the 
energy dependence of U is significant (y small), the 
six terms of Eq. (5) in powers of x and y do not suffer 
severe mutual cancellation in computing U. However, 
in evaluating the six coefficients of these terms, in all 
except the y? term, one finds that the coefficients 
represent very small differences between the quantities 
involved. To retain, say, 2-figure accuracy in the 
coefficients requires that at least 5 significant figures be 
employed in evaluating the Lo, Mo, and No functions. 
The advantage of transformation (3) is then that fewer 


% L. C. Biedenharn and M. E. Rose, Phys. Rev. 83, 459 (1951). 
65 C, L. Longmire and A. M. L. Messiah, Phys. Rev. 83, 464 
(1951). 
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Fic. 17. Quadratics in x and y for which theory reproduces 
ratio of experimental shape correction factor at two energies 
(Eq. 6). Because of experimental uncertainty, band (hatched) is 
generated rather than single conic section. Figure 17(a) is for the 
inner group and 17(b) is for the ground state transition in Re!**. 
Experimental ratios are taken at (p=1.2 mc, p=1.8 mc) for bands 
A and at (p=1.8 mc, p=2.4 mc) for bands B. All conics are hyper- 
bolas. Points (x,y) in cross-hatched region may produce good fits 
to the experimental shape correction factor. Theoretical correc- 
tion factors are displayed in Figs. 18 and 19 for the indicated 


points. 


figures need be carried through the rest of the com- 
putation. To obtain 5 significant figures in the Lo, Mo, 
and No, one must retain higher order terms in the 
expansion of the Lo, Mo, and No functions in powers 
of p. This has been called “taking account of the finite 
de Broglie wavelength of the electron in comparison to 
the nuclear radius.’”:®* Ly and No are given in Yamada,’ 


66 M. E. Rose and C. L. Perry, Phys. Rev. 90, 479 (1953). 


Eqs. (1) and (2), and Mo in Konopinski and Uhlen- 
beck.*” We use the first three terms in each expansion, 
so that Eq. (5) is complete to terms in p* and contains 
some terms in p* and p*. Lo and Mo so computed are 
valid to 5 figures and Np to 4 or 5. We obtain the rela- 
tively small quantity L; by graphical interpolation from 
the table of Rose, Perry, and Dismuke.” Unfortunately, 
these 4-figure tables do not quite carry enough signifi- 
cant figures for Lo, Mo, and No. 

Expression (4) is identical to Lee-Whiting’s Eq. (1) 
if in evaluating U we keep only terms through p?. 

The expansions of the electronic radial wave function 
combinations I, Mo, and No near the nuclear surface 
are given for the Coulomb field case only, i.e., the 
nuclear charge is considered to be concentrated at the 
center of the nucleus. Rose and Holmes*®’ have shown 
how sensitive the Lo, Mo, and No functions are to 
changes in the charge distributions. For example, the 
assumption of a uniform charge distribution leads to 
about 50% alteration in Mo. In view of the lack of a 
well established model for the nuclear charge distribu- 
tion, it appears that one cannot take account of this 
effect of finite nuclear size with the necessary accuracy. 
Two arguments may be adduced to justify the utility 
of precise calculations based on the unrealistic point 
charge model which surely yields grossly erroneous wave 
function combinations, in comparison to the stated 
requirements of precision. Yamada? argued that in the 
case of RaE the parameter values for which a fit was 
obtained were not sensitive to the nature of the nuclear 
charge distribution, as anticipated theoretically for 
cases, such as RaE, where extensive deviation from the 
allowed shape indicates near-cancellation of the large 
energy-independent terms, the ones most sensitive to 
the detailed nature of the charge distribution. We can- 
not with certainty apply the argument to the case of 
Re'** where the deviation from the allowed shape is 
slight. However, as we also compute*® the nuclear 
parameters x and y by fitting the experimental differ- 
ential 8-y directional correlation assuming point nuclear 
charge, a comparison of the fittings may be useful even 
if the absolute magnitudes of the parameters derived 
from either are not accurate. 

The ratio of the values of the experimental correction 
factor, m, at two energies, E; and E;, can be reproduced 
for a set of (x,y) values by the theoretical ex- 
pression (5); i.e., 


m;/m;=[U (x,y) /LUs(«,y)]. (6) 


This set generates a conic section in the x,y plane. 
Several pairs of points on the experimental correction 
factor are chosen and the conic section generated by 
each pair is plotted. Since actually the experimental 
correction factor has uncertainty, each pair of energy 
values determines a range for the correction factor ratio ; 
thus a band rather than a single conic is obtained. The 


67 M. E. Rose and D. K. Holmes, Phys. Rev. 83, 190 (1951). 
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range used was restricted to within the “safe” error 
limits of Figs. 14 and 16. It is in the common area of 
the bands that values of x and y lie which may produce 
fits to the experimental correction factor over the entire 
energy range. Figures 17(a) and 17(b) show these conic 
section plots for the inner group of Re!** and the ground- 
state transition respectively. Two hatched conic section 
bands are shown in each figure; for band A, i and 
j of Eq. (6) correspond to p;=1.2 and pj=1.8 mc and 
for band B, p;=1.8 mc and p;=2.4 mc. These bounding 
curves are all hyperbolas. In the computation of the 
theoretical correction factors U (x,y), we have used only 
the “best” Ey values, 934.3 kev and 1071.5 kev, 
respectively. 

Not all the points (x,y) in overlap regions (cross- 
hatched) of Fig. 17 are expected to be equally good in 
fitting the entire spectrum, since all the details of the 
experimental correction factor are not contained in the 
points chosen for the conic section plots. With selected 
values of x,y from Fig. 17 (indicated points) the 
theoretical correction factor was calculated from (5) 
and compared in Fig. 18 to the experimental data for 
the inner group and in Fig. 19 for the ground-state 
transition. Experimental and theoretical curves are 
normalized at 541.2 kev (p=1.8 mc). Each heavy solid 
curve in Fig. 18 or 19 is a reproduction of the solid 
curve in Fig. 14 or 16 respectively. In Fig. 18, one 
experimental curve is shifted vertically by 3.6 ordinate 
units and one by 7.2 units for clarity; the ordinate 
scale applies to the lowest set of curves. We have not 
included the error bands of Fig. 14 or 16 in Figs. 18 and 
19. In judging the quality of the fit, one must keep the 
error bands in mind. Each curve is labeled with the 
appropriate value of x and y. 
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Fic. 18. Main inner group in Re'**, Comparison of experimental 
and theoretical shape factors. Solid curves are tracings of “best fit” 
curve of Fig. 14 (experimental shape correction factor). Lighter 
curves are theoretical shapes calculated with indicated values of 
nuclear matrix element ratio parameters x and y. Middle group 
of curves is shifted vertically by 3.6 ordinate units and top group 
by 7.2 ordinate units; scale applies to lower group. 
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Fic. 19. Re!®* ground-state transition. Comparison of experi- 
mental and theoretical shape factors. Solid curve is tracing of 
“best fit” curve of Fig. 16 experimental shape correction factor. 
Lighter curves are theoretical shapes calculated with indicated 
values of nuclear matrix element ratio parameters x and y. 


In each of Figs. 17(a) and 17(b) the overlap area 
(cross hatched) is seen to extend (in fact, infinitely) to 
both positive and negative values of x, along straight 
lines. Theoretical shape factor curves calculated for 
points far out on these lines give satisfactory fits to the 
data, differing only slightly from the curves calculated 
for the indicated outermost points in Figs. 17(a) and 
17(b). In Fig. 19 we show one curve calculated for (x,y) 
points on the line x/y=—1.25, which for «>2 or 
x<—5 lies well within the extrapolated overlap bands 
of Fig. 17(b). The implication of the good fits obtained 
for these high values of « and y for both transitions is 
that the matrix element (Se Xr need not contribute 
to these beta transitions. 

One curve in Fig. 19 represents the almost indistin- 
guishable fits of three distinct points in Fig. 17(b), 
(0, —0.0975), (0.25, —0.26), and (1, —0.83). 

In Fig. 18 one curve has been computed with the more 
approximate Eq. (8) of Mahmoud and Konopinski.! 
It is seen that although the point (x,y)® is outside the 
bands of Fig. 17(a) [and hence would give a poor fit 
using Eq. (5) ], a fit is obtained. The curve marked 
“scalar only” clearly shows the need for including 
substantial contribution from tensor interaction. The 
curves for x=0 (no scalar) in Figs. 18 and 19 show that 
a fair fit can be obtained with tensor interaction only. 

With the sole exception of the “scalar only” curve, 
the fits to the inner group must be regarded as more 
than satisfactory at energy >300 kev; the calculated 
curves lie well within the error bands of Fig. 14. In 
Sec. V we noted that the flattening of the experimental 

8 Note that x and y are given. They are related to the param- 
eters x; and y; of reference 1 by the equations x,=x, y,=[2/ 


(1+5S)](y+1+2). 
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Fic. 20. Corrected Fermi-Kurie plot of main inner group of 
Re!**. The correction factor Cisr® and the definition of the 
parameters x and y are given in Eqs. (2) to (5). 


correction factor below 300 kev could not be due to the 
low-abundance 307-kev beta group, and thus the 
theoretical fitting actually is poorer below 300 kev than 
above. Two examples are shown, (x= —0.205, y=0.173) 
and («=—0.5, y=0.37), of calculated Cisr™ which 
turn upwards above the experimental curve below 300 
kev. All x,y pairs from the overlap area in the upper 
branch of the hyperbolas give such upward-deviating 
theoretical curves at low energies while the downward- 
turning theoretical curves arise from the overlap area on 
the lower branch of the hyperbolas. No overlap region 
exists which will give a theoretical curve lying between 
these extremes at low energy and better fitting the 
experimental data. Oscillations like those exhibited in 
the (x=—0.5, y=0.37) curve can occur since the 
U function employed is fifth degree in W owing to the 
inclusion of all the terms in the three-term expansion of 
Lo, Mo, and No. Inclusion of higher order terms in the 
series may reduce these oscillations. Some support of 
this may be found in the fact that recomputing this 
curve with tables of Lo, Mo, and No extended to five- 
figure accuracy® eliminated the oscillations, while 
preserving the same general trend of the shape. 

The relatively poorer fit obtained below 300 kev for 
the inner group compared to the ground state may 
reflect the omission of a possibly significant B;; con- 
tribution for the former. 

In Fig. 20 we show in an alternative representation 
of the fitting, the corrected Kurie plot for the inner 
group with «=—0.1 and y=—0.046. Any other x,y 
pair from the overlap regions of Fig. 17 would give 
Kurie plots which are just as straight. 


® These five-figure values were obtained from raw data of the 
ORNL-1459 tables® kindly supplied to us by Dr. M. E. Rose. 
The existence of these more accurate data was discovered only 
after the computations of this section were complete. 
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VII. DISCUSSION 


We have demonstrated that is is possible, within the 
stated theoretical approximations, to fit the experi- 
mental energy dependence of both abundant beta 
spectra in Re'** with a precision comparable to that 
obtained with allowed shapes with current beta spectro- 
scopic techniques. We now show that for the inner 
group transition, the simultaneous theoretical fitting of 
the spectrum shape and of the beta-gamma angular 
correlation® serves to reject most of the range of the 
nuclear parameters for which a fitting of either sepa- 
rately is possible. 

In a manner analogous to the solution of Eq. (6), the 
fitting of the angular correlation energy dependence 
proceeds graphically, resulting in conic section bands 
(as in Fig. 17) in x and y for each momentum p. These 
hyperbolas are shown in Fig. 4, reference 25. Only 
within the overlap areas of the bands of the latter 
figure [including (0.695, 0.035) and (—1.0, 0.58) ] can 
fits be obtained for the angular correlation. Com- 
parison” of these conics to those for the spectrum shape 
[Fig. 17(a)] shows no common overlap areas, but the 
overlap areas of both conic sets do approximate each 
other in the second quadrant. We have calculated the 
spectrum shape [Fig. 21(a)] and the correlation [Fig. 
21(b)] for the (x,y) set, (—0.6, 0.44), selected at the 
point of closest approach of the overlap areas. The 
quality of the fit for the spectrum shape and for the 
angular correlation is not as good as for points selected 
within the overlap areas, particularly for the angular 
correlation, but is perhaps acceptable in each case. 

In view of the recognized approximations in the 
theoretical development (omission of finite nuclear size 
effects, B;; matrix element, other interactions, etc.), 
it is probably correct to regard this common “near” 
fitting as indicating that a theory including such re- 
finements will probably fit both experiments more 
closely. However, the range in x,y for which there 
might be a common fitting would almost certainly differ 
from that found here. A relatively small shift in the x,y 
value is anticipated, by generalizing from the results oJ 
Yamada? on the small influence of finite nuclear size 
corrections in RaE and from Lee-Whiting’s‘ calculations 
on the small effect associated with a factor-of-two 
change in nuclear radius value. This expectation is 
probably most optimistic with regard to the change in 
the angular correlation fitting associated with intro- 


%” The validity of the comparison is limited by the fact that 
slightly different electronic wave-function evaluations were u 
in computing the conic sets. Those for the angular correlation 
were the five-figure tables of Rose et al. computed for mass 
number A = 189; those for the spectrum shape were the Yamada? 
3-term expansions using A=186. The mass number difference 
corresponds to a small (0.6%) difference in nuclear radius used. 
Some evidence that the influence of these differences is small is 
derived from the comparison of the theoretical shape factors for 
the point (—0.5, 0.37) described above, 
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ducing the @B;; matrix element, inasmuch as it enters 
there linearly (in cross terms) as well as to second 
power, while only the squared term enters the spectrum 
shape factor. Since the 8B,; influence is small com- 
pared to fa, the linear terms may be significant 
to the angular correlation where the squared terms 
are negligible in the shape factor. Indeed, some 
preliminary attempts”® to include very small contribu- 
tions of BB,; interaction to the angular correlation 
fitting [i8B;;/ f/BoXr=+0.1, too small to affect the 
spectrum shape fitting significantly ] resulted in marked 
changes in the overlap areas of the conics. A more 
refined attempt at simultaneous fitting must take the 
8B,; interaction into account. 

If, nevertheless, one assumes that the region in the 
x,y plane for which the inner group beta transition 
would be best fit is approximately located as found here 
near (—0.6, 0.44), then some significance attaches to 
the following remarks. 

For y=0.44, A= (2p/aZ)(SBa/ f BoXr) =0.90. Rose 
and Osborn,” Ahrens and Feenberg,” and Pursey® 
predict A lies in the range 1 to 3. 

The quantity Gs/Gr can be obtained from the value 
for x (—0.6) if the quantity e=i(/pr/f/BeXr) is 
available. This latter can be estimated on the basis of 
the single-particle nuclear model if only one nuclear 
orbital is involved in the beta transition,” :” which may 
not be at all realistic for an odd-odd nucleus like Re'**, 
so far removed from shell edges. Assigning the proton 
and neutron orbitals as /y1/2 and ij3/2, respectively,” 
one obtains e=—1. Thus Gs/Gr=+0.6, in agreement 
with Lee-Whiting’s‘ evaluation from the RaE analysis 
as regards sign and well inside his indicated range for the 
magnitude. 

The fitting of the ground-state transition [ Fig. 17(b) | 
gives equally good results with either sign of x, and 
hence furnishes no information on the sign of Gs/Gr. 
The theoretically predicted®:”:” range of A, 1-3, would 
be consistent with values of x in the range 0 to +10, 
using Eq. (3) and the relation «/y=— 1.25 for which the 
ground state can be fit. Thus all high positive and all 
negative values of x would be rejected. For positive x, 
Gs/Gr is negative (for e= — 1), in contrast to the result 
for the inner group. For A<1, however, Gs/Gr is 
positive, for «/y=—1.25. 

Transitions to members of a rotational band have 
been discussed by Alaga ef al.4; they predict, for 
transitions with the spin and parity sequence of the 
ground state and main inner group betas of Re!*, a 
ratio of 2.0 for the reduced transition probabilities. 
This probability varies inversely as f,¢ for a first for- 


1M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1326 (1954). 

7% T. Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952). 

7% P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 

% Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 
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Fic. 21. (a) Spectrum shape correction factor for inner group 
of Re!®* ys beta energy. Solid curves are experimental error bands 
of Fig. 14. Dashed curve (I) is theoretical shape for a point in the 
overlap region of Fig. 17(a) (x= —0.1, y=0.046). Dashed curve 
(II) is the theoretical shape for the point of closest approach of the 
shape factor and angular correlation conics, (—0.6, 0.44), com- 
puted with the five-figure tables of Rose et al. (b) 6~y angular 
correlation for Re!®* vs beta energy. Solid curves are experimental 
error bands of Fig. 3, reference 25. Dashed curve (III) is theore- 
tical correlation for a point in the overlap region of the “correla- 
tion conics’’, (0.695, 0.035). Dashed curve (IV) is the correlation 
for the point (—0.6, 0.44). 


bidden transition. The ratio of the fof values for these 
beta transitions in Re'* is 2.10.2 assuming the beta 
multipolarity L=1. The error in the ratio is mainly 
that in the beta branching ratio. The ratio f,/ fo should 
be close to unity because of the small deviation from the 
allowed shape. Thus the transitions are consistent with 
the intensity rule. The similarity in spectrum shapes is 
perhaps correlatable by the collective model; the in- 
tensity relation indicates that the daughter states are 
pure rotational states, and thus AK=AJ=1 for both 
transitions. 

Quite in contrast is the fot value of the 307-kev beta 
transition to the 2+ level at 764 kev in Os'*, in relation 
to the ground state transition. Here the fot ratio is 
about 20, where the daughter states are not members of 
the same rotational band, even though the spins of this 
level and of the 137-kev level are the same. 

It is noteworthy that preliminary work on the beta 
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spectrum of Re'** gives indication” of similar concave 
downward deviations from the allowed shape for the 
transitions to ground and first excited states of Os'**. 
We are pursuing investigation of the isotope, and of 
Tm!”, searching for smaller deviations than have thus 
far been sought in the latter. We feel also that a more 
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careful investigation of the shape of the main transition 
in Au!® is merited. 
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The directional correlation between the nonunique first forbidden 934-kev beta group and the 137-kev 
E2 gamma transition in the decay of Re!** has been measured as a function of beta energy above 150-kev. 
Analysis of the experimental data included a correction for the finite energy resolution of the anthracene 
crystal scintillation spectrometer, which takes into account the effect of the backscattering of electrons from 
the crystal. The differential anisotropy increases with increasing beta energy to 0.158+-0.006. The direc- 
tional correlation W (6) =1-+-(0.105+-0.003) cos*@ for beta energies of 257-934 kev, with no evidence for a 
cos‘# term, in agreement with theoretical expectation for a first forbidden beta transition. 

Limited ranges for the ratios of the nuclear matrix elements governing the beta decay were obtained by 
comparison with theory, assuming the following: the spin and parity sequence (1—, 2+,0+-); the beta 
interaction mixture scalar plus tensor; point nuclear charge. Higher order terms in 2p/aZ were included. 


I. INTRODUCTION! 
Bigercctere vg with the investigation? of the 


shape of the beta distribution of 89-hr Re'®*, a 
study was made of the directional correlation of the 
934-kev beta branch with the 137-kev gamma.’ The 
primary purpose of this experiment was to secure an 
independent determination of the nuclear matrix ele- 
ment ratios governing this beta decay, for comparison 
to those derived from beta spectroscopy. An added 
motive was to obtain a measurement of the correction 
to be applied to the magnetic spectrometer coincidence 
data to derive the “integrated over 4m solid angle” 
spectral shape. We measured both the differential (with 
beta energy) and integral correlations. 

In the only previously reported‘ measurements of 
this beta-gamma directional correlation, an upper 
limit of 0.07 was set on the anisotropy. 

The decay scheme’ of Re'* is given in Fig. 1, refer- 
ence 2. The 137.2-kev gamma ray is known to be E2 
in character from the L-subshell relative conversion 


t Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 For an extended discussion of some of the details of this paper, 
see Novey, Freedman, Porter, and Wagner, Argonne National 
Laboratory Report ANL-5523, February, 1956 (unpublished). 

? Porter, Freedman, Novey, and Wagner, Phys. Rev. 103, 921 
(1956), preceding paper. 

* Preliminary reports of these experiments have been given; 
Porter, Freedman, Novey, and Wagner, Phys. Rev. 98, 214 
(1955); and Phys. Rev. 99, 671(A) (1955). 

‘J. P. Hurley and P. S. Jastram, Phys. Rev. 95, 627 (1954). 

*F. R. Metzger and R. D. Hill, Phys. Rev. 82, 646 (1951); 
R. M. Steffen, Phys. Rev. 82, 827 (1951). 


ratios,® from the K-conversion coefficient,?> and from 
the 627-kev gamma-137-kev gamma angular correla- 
tion.* The lifetime of the lower 2(+) state in Os!*®® is 
0.8X10~* seconds.’ From the first forbidden character 
of the 934-kev beta transition and the pure E2 char- 
acter of the 137-kev gamma ray, a correlation function 
W (6) of the form 


W (@)=1+-A(E) cos’é (1) 


is anticipated, neglecting contributions from third and 
higher order forbidden terms. 


Il. EXPERIMENTAL 
A. Apparatus 


The sources were prepared from the identical supply 
of neutron activated and aged KReO, as used for the 
spectrometer sources,’ and were similarly volatilized in 
vacuum onto 200 yug/cm?® Al foils. Average source 
thickness over the }-inch diameter sources was 12 
ug/cm?*. The foils were mounted on a 2-in. diameter thin 
aluminum ring to minimize source mount scattering. 

The source holder was centered in a chamber® 7 in. 
in diameter and 7 in. high with } in. thick Bakelite 
walls, which was evacuated to about 1 mm Hg. The 
plane of the source was oriented at 45° to the beta 
direction. 

The }-in. thick by 1}-in. diameter anthracene beta 


6 J. B. Swan and R. D. Hill, Phys. Rev. 91, 424 (1953). 
7F. K. McGowan, Phys. Rev. 81, 1066 (1951). 
8 T. B. Novey, Phys. Rev. 89, 672 (1953). 
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detector crystal was coupled to an RCA 6342 photo- 
multiplier. Resolution for the 624-kev Ba conversion 
electron line was about 18%. The gamma crystal, a 
right cylinder of NaI(T1), 234 in. in diameter by 23 in. 
high, was mounted on a DuMont 6363 3-in. cathode 
photomultiplier at about 1.5% gamma geometry. Reso- 
lution for the 661-kev Ba*™ gamma ray was 8%. 

The electronic system! consisted of a fast-slow co- 
incidence arrangement with single-channel pulse-height 
analyzers for energy selection, similar to that used in 
the beta coincidence spectroscopy.? Two distributed 
line amplifiers were used in both beta and gamma 
channels, and amplified pulses were fed into the pulse 
limiter of a Bell, Graham, and Petch® diode coincidence 
circuit, modified by McGowan.” This circuit uses a 
common delay-line pulse shaper and a biased G7A diode 
detector of coincident pulses. 

The common delay-line pulse-shaping time used in 
these experiments was 20 musec. With independent 
sources, the resolving time 27 was measured as 30-35 
musec instead of the anticipated 40 musec. For this 
range of resolving times, a coincidence efficiency of 
>90% was realized. The Oak Ridge type single-channel 
pulse analyzers have a dead-time of about one 
microsecond. 

Angular positioning and recording of data were 
accomplished automatically, usually at 20-40 minute 
intervals. 

Analyzed beta counts (B), gammas (G), and triple 
coincidences (7) are recorded. No observable instru- 
mentally introduced angular asymmetries greater than 
one percent are present, based on previous experience 
with the apparatus. 


B. Treatment of Data 
(1) Calculation of Real Coincidence Rate 


Real coincidence rates (R) were derived from the 


formula 
R= (T—2rGB)e—- /GB. (2) 


The absolute value of the coincidence efficiency is not 
material for these experiments, insofar as the measure- 
ment of anisotropy is concerned, as in the comparison 
of real coincidences at different angles, the efficiency 
cancels out, if it is constant during the measurement 
over angles. 

In the measurement of 27 with independent sources 
of Re'® the circuits saw the identical pulse-height 
distributions and counting rates as those seen in the 
actual measurements. During the experiments the re- 
solving time was measured daily. No dependence of 
2r on beta energy was observed. 

Correction for the small variation in gamma solid 
angle with the beta-gamma detection angle, @ (resulting 
from imperfect location of the source on the rotation 


9 Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952). 
10 F. K. McGowan (private communication). 


IN Re!8é 943 
axis), and for radioactive decay of the sample was 
made by referring observed coincidences to unit analyzed 
gamma recorded. Drifts in the analyzed beta (B) count 
amounting to about 1.5% deviation from the value 
calculated from the 88.9-hr half-life were corrected by 
dividing by Bes“) 

In the experiments, maximum analyzed beta (B) and 
gamma (G) rates were each 200 000/min. In order to 
assess any rate effects, the beta spectrum of Tl was 
measured by using strong and weak sources so as to 
give maximum beta integral counting rates of 2.5 10° 
counts/min and 2X 10° counts/min; the spectrum shape 
was seen to be independent of the rate over this range 
and to have the expected [Cir®] form. 


(2) Geometrical Corrections 


For the 1.5% geometrical efficiency used, the correc- 
tion for angular resolution is important. Correction 
formulas for circular detectors and a line source are 
given by Walter et al.," by Frankel,” and by Feingold 
and Frankel. Only a very small error is introduced by 
applying these formulas to the case of a circular source 
} in. in diameter. The geometrical correction amounts 
to 10.0% of the anisotropy. 


(3) Correction for Finite Beta-Energy Resolution 


A major instrumental distortion of the true anisot- 
ropy arises from well-recognized effects, which in 
scintillation spectroscopy distort the beta spectrum 
distribution. These are mainly the following: (1) the 
statistical response of the phosphor-photomultiplier 
combination; (2) the finite width of the pulse analyzer 
“window” employed; and (3) the most important 
effect, backscattering of electrons from the phosphor. 
In principle all of these distortions can be taken into 
account in one procedure“ by applying a “finite energy 
resolution correction’’ based on a manifold of line shapes 
of monoenergetic conversion line sources, including the 
backscattering “‘tails.’”’ Using this procedure, we have 
computed the true composite beta spectrum of Re!** 
from scintillation spectrometry data; the corrected 
spectrum matches the total spectrum observed on the 
magnetic lens spectrometer* (corrected for its resolution 
width, of course) to <2% above 200 kev, whereas the 
uncorrected spectrum deviates above the true spectrum 
by 20% at 200 kev. 

To compute the energy resolution correction to our 
data, we obtained the true spectrum distribution of the 
main inner group of Re'** from the magnetic coinci- 
dence spectrometer.? From this spectrum and the 
manifold of line shapes for the scintillation coincidence 
apparatus, one can derive the true anisotropy A(E) by 
a process of successive approximations. The validity of 


4 Walter, Huber, and Zunti, Helv. Phys. Acta 23, 697 (1950). 
2S. Frankel, Phys. Rev. 83, 673 (1951). 

18 A, M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 

™ Freedman, Porter, Novey, and Wagner (to be published). 





944 


the procedure is attested to, at least insofar as the 
accuracy and applicability of the manifold of line shapes 
is concerned, by the excellence of the match of the cor- 
rected scintillation spectrum to the true spectrum. We 
took the coincidence efficiency as independent of beta 
energy for the purposes of the correction. 


(4) Beta-Energy Calibration 


For the measurement of the differential correlation 
(as a function of beta energy), the energy calibration 
of the beta pulse analyzer was based on the 624-kev 
conversion line of Ba®™, on the L-conversion line of 
the 137.2-kev gamma of Re'®* (125 kev), and on an 
extrapolation of the high-energy end of the Re’®** spec- 
trum.' In agreement with the results of Hopkins'® and 
of Taylor et al.,\* the calibration curve was linear above 
100 kev with low-energy intercept of 22 kev. The 
calibration was checked before and after each run at a 
given energy. 


C. Extranuclear Field Effects 


For the purpose of correcting the magnetic spec- 
trometer coincidence data, the correlation results from 
the solid sources of volatilized K ReO, are, in principle, 
directly applicable, even if the anisotropy were found to 
suffer attenuation due to crystalline field effects. The 
sources used were prepared identically, and the re- 
solving time used in either experiment (35 musec or 
120 myusec) is very long in comparison to the lifetime 
of the intermediate state, 0.8 myusec.’ However, if a 





pis, aera | 


COINCIDENCE RATE 
(Arbitrary Units) 











cos? @ 


Fic. 1. Integral beta-gamma directional correlation in Re! vs 
cos’#, for beta energies in the range 257-934 kev. The straight line 
is the least squares fit to the data assuming no cos@ term con- 
tribution. The slope of this line is 0.0955; when corrected for 
finite angular resolution this corresponds to an anisotropy of 
0.1052-0.003. 


16 J. I. Hopkins, Rev. Sci. Instr. 22, 29 (1951). 
16 Taylor, Jentschke, Remley, Eby, and Kruger, Phys. Rev. 
84, 1034 (1951). 
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fitting to 6-y angular correlation theory is to be at- 
tempted, some consideration must be given to the 
magnitude of such attenuation effects. 

Only small attenuations are expected for lifetimes of 
intermediate states of the order of 1 mysec in solid 
sources. Fraser and Milton'’ have measured the attenu- 
ations as a function of delay time in In™ and Am™! 
solid sources, from which one can deduce a half-life for 
attenuation of these correlations of the order of 5 
musec. From the experimental lifetime of the inter- 
mediate state of Re!**, 0.8 mysec, one would estimate 
an attenuation of about 5-10%, making the crude 
assumption that the combined influence of crystalline 
field gradients and nuclear electric quadrupole moments 
are similar in our case and theirs. 

As a check on the possibility that large attenuations 
might be occurring in our volatilized solid sources, we 
examined the anisotropy for beta energies of 700-934 
kev, using as a source an aqueous solution of KReQ,. 
One microliter of this solution was spread over 1 cm? 
as a thin film (1 mg/cm?) between 0.5-mg/cm? rubber 
hydrochloride film and a 1-mg/cm? mica square; the 
anisotropy was measured in an atmosphere of helium 
saturated with water vapor to prevent the source from 
drying out. The observed anisotropy was 0.170.015. 
A second experiment for beta energies of 500-934 gave 
an anisotropy of 0.092+0.015. From the A(E) curve 
obtained with solid sources [ Fig. 3(b) ] one obtains, for 
the average anisotropy over these energy ranges, 0.147 
and 0.130, respectively. The agreement is quite poor, 
but perhaps indicates that severe attenuation does not 
occur in the solid sources. This point requires more 
detailed investigation. We assume in making the com- 
parison to theory, that the results with the solid sources 
truly represent the unattenuated directional correlation. 


D. Inner Bremsstrahlung Effect 


In reference 2, it was argued that the influence of 
inner bremsstrahlung (I.B.) on the determination of 
beta spectral shapes, even for such a case as Re!**, is 
negligible because of the small I.B. intensity and the 
strong angular correlation of 8-I.B. which discriminates 
against the angles used in the magnetic spectrometer. 
For the angular correlation experiments, however, the 
gamma discrimination is differential rather than in- 
tegral above a lower limit, and for the case of the 137- 
kev photopeak of Re!®*, only about 4 of the I.B. spec- 
trum above 100 kev is accepted, giving a contribution 
of 0.0025 for the ratio of 8-I.B. coincidences to p-y 
coincidences over all angles. Figure 12 of reference 8 
demonstrates that about 80% of this contribution (or 
0.002) will be seen at 90° and none at 180°, leading to 
a 0.2% reduction of the 6-y anisotropy. In comparison 
to the approximately 10% §-y anisotropy, this effect 
was neglected. 


17 J. S. Fraser and J. C. D. Milton, Phys. Rev. 94, 795 (1954). 
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Ill. RESULTS 
A. Integral Anisotropy 


The integral 8-y anisotropy in Re'** was observed by 
accepting beta particles of energy > 257 kev. The 137.2- 
kev gamma peak was selected differentially so as to 
reduce the x-8 coincidences to <1%.'* Data were taken 
every 15° from +90° to 180°; the real coincidence rate 
(per analyzed ‘gamma) always exhibited symmetrical 
behavior about 180°. Chance rates averaged about 1% 
of true coincidence rates. 

In Fig. 1 the correlation function W (6) is plotted vs 
cos’*@. The straight line, a least squares fit to the data 
using only the cos’# term, as expected for the spin se- 
quence involved, 1(—) — 2(+) —0(+), corresponds 
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Fic. 2. The beta-gamma directional anisotropy in Re!®* as a 
function of beta particle energy. The vertical flags on the experi- 
mental points represent errors due only to counting statistics. 
The horizontal flags represent uncertainty in the energy. All cor- 
rections except that for the energy resolution of the 8 detector 
have been applied. Curve (a) is the “‘best fit” to the data. Curves 
(b) and (c) give our estimate of extreme limits of error taking into 
account the counting statistics and uncertainty in the energy. 


to a value for the integral anisotropy A =0.1050.003, 
for beta energies of 257-934 kev. A least squares fit of 
the data to a series including a cos‘? term gave the 
result, W=1-+-(0.127+0.016) cos’@— (0.025+0.018) 
Xcos‘?. We do not believe that this represents a sig- 
nificant detection of a cos‘# term. 


B. Differential Anisotropy 


The differential correlation was examined in 100-kev 
increments of beta energy at angles 180° and 90° on 
both sides. Several Re!** sources were used so as to 
maintain counting rates within preset limits. The ratio 
of true/chance coincidences exceeded 7 at all energies. 
About 200000 coincidences were obtained at each 


48 The 3078-y and y-y coincidences were completely negligible 
(<0.001%). 
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Fic. 3. The beta-gamma directional anisotropy in Re!** with 
correction for finite energy resolution of the beta scintillation 
spectrometer. Curve (a) repeats the central curve of Fig. 2, and 
transforms into curve (b) on application of the energy resolution 
correction. Curves (c) and (d) define the error band about (b) 
including a small contribution from uncertainty in the energy 
resolution correction. Curve (e) is that function A (E) which was 
used in correcting the magnetic spectrometer coincidence data; 
it is based on preliminary measurements and is shown here for 
completeness. 


energy in many runs. The gamma analyzer was ad- 
justed as in the integral correlation experiment. 

Figure 2, a plot of the anisotropy A(£) vs the beta 
energy in kev, presents the experimental results with 
the vertical flags representing statistical errors only. 
The error contributed by uncertainty in 27 is negligible 
in comparison. Horizontal flags represent uncertainty 
in energy calibrations. All corrections, except that for 
the energy resolution, have been applied to the data. 
The central curve (a) is drawn to represent the best 
fit to the data, and the upper (b) and lower (c) curves 
give our estimate of the extreme edges of an “error 
band” within which the true experimental curve is 
judged to lie, taking into account both the uncertainties 
in statistics and in energy. 

Curve (a), Fig. 3 reproduces the central curve of 
Fig. 2; application of the correction for the finite 
energy resolution of the beta scintillation spectrometer 
transforms it into curve (b). A comparison of the curves 
shows that the correction is small (<4%) and positive 
above about 550 kev and rises to about 37% (negative) 
at 150 kev. With a small additional contribution to the 
total error to account for the estimated inaccuracies in 
the resolution correction, the error band curves of Fig. 2 
transform into those of Fig. 3, curves (c) and (d). 

Curve (c) of Fig. 3 presents that function A (£) that 
was used to compute the correction for the 6-y anisot- 
ropy to be applied to the magnetic spectrometer co- 
incidence spectrum.” This curve is based on earlier 
measurements, with poorer statistics, and a more 
approximate energy resolution correction. The final 


19 See reference 2, footnote 51. 
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“best” curve (b) lies within the error band (not shown) 
of curve (e). 

Integration of the corrected curve (b) from 257-934 
kev leads to a value for the anisotropy of 0.101, in 
comparison to 0.105+0.003 obtained in the integral 
experiment. 


IV. COMPARISON OF THEORY AND EXPERIMENT 
A. Theoretical Formulation 


The observed §-y directional correlation as a function 
of 8 energy in Re’ is here compared with the theo- 
retical expression for this correlation, from which one 
obtains the ratios of nuclear matrix elements effective 
in the 6 transition. 

The treatment of B-y directional correlation as first 
given by Falkoff and Uhlenbeck™ has been extended to 
give formulations not restricted by the approximation 
aZ<1 and to include the cross terms associated with a 
combination of the five beta-decay interactions.“ 
Several attempts have also been made to take into 
account the effects of finite nuclear size.* In the present 
work we assume point nuclear charge. 

The theory for the 6-y angular correlation involving 
first-forbidden beta decay is given by Yamada and 
Morita® and by I. Hauser.” In the present section we 
have followed the notation and formulation of Hauser 
as his work contains a complete formulation of the 
problem of interest, in particular, explicit expressions 
for the calculation of the quantities Ly) and No which 
enter into the cross term coefficients. Specifically, we 
consider the case of a first-forbidden 8 transition fol- 
lowed by an £2 gamma transition in which the sequence 
of nuclear spins and parities is [1(—), 2(+), 0(+)]. 

The f-y correlation is expressed as 


W (0,E) = >°Ax(E)BiP:.(cosd), 


where W is the relative probability of emission of beta 
rays with energy E at angle @ to the gamma direction, 
and the P; are Legendre polynomials. The coefficients 
A,(E) depend only on those variables which describe 
the 6 decay, and the B,** depend only on the gamma 
transition (Bo=1). 


k=0,2, (3) 


” 2D. L. Falkoff and G. E. Uhlenbeck, Phys. Rev. 79, 323, 334 
(1950). 

#1 A review of work up to 1954 is contained in the article by 
H. Frauenfelder, Beta and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Chap. XIX. 

#H. Takebe, Progr. Theoret. Phys. (Japan) 12, 561 (1954); 
12, 574 (1954) ; 12, 747 (1954). 

87. Hauser, doctoral thesis, State University of Iowa (un- 
published). 

*%M. Yamada, Progr. Theoret. Phys. Capen) Ry ro (1953) ; 
M. E. Rose and D. K. Holmes, Phys. Rev. 83, 1 90 (19 51). 

2M. Yamada and M. Marita, Progr. Theoret. Phys. (Japan) 
8, 431 (1952); M. Morita, Progr. Theoret. Phys. (Japan) 10, 
363 (1953). 

26 B, is equivalent to the symbol A; of Ferentz and 
Rosenzweig, whose tables cover the cases of transitions of pure or 
mixed multipolarity. [M. Ferentz and N. Rosenzweig, Argonne 
National Laboratory Report ANL-5324 (unpublished). ] For our 
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It can be shown! that 
B2A2(E)/Ao(E)= 2A (E)/[3+A (E) ], (4) 


where A (£) is the experimentally measured anisotropy 
defined in Eq. (1). Finally the quantities A2(Z) and 
Ao(E) must be specified. Ao(Z)/D(E) is just the fa- 
miliar angle-independent beta-spectrum shape “correc- 
tion factor,” while A2(E)/D(E) is the beta-spectrum 
“shape factor” of the angular dependent term in Eq. (3), 
and D(E) is the allowed beta-energy distribution 
[D(E) = pEK*F,(Z,E) |. In measurement of the direc- 
tional correlation between beta and gamma rays only 
the ratio B,A2(E)/Ao(E) is obtained. 

For the currently accepted beta-decay interaction 
combination scalar plus tensor, as was used in fitting 
the spectrum shape,’ and for a first forbidden transition 
from 1(—) to 2(+),?%. 


Ao(E)/D(E) 
=a? (Mot §R7Lot+3KNot+2L;)+r?Lo 
+0? ($K?Lo+9L;/8)+2x0( Not4KLo) 
+ 2x(Mo— L1)+20( No-— 4K Lo) 
+ (Mot §K°Lo—FKNot+$li), (5) 
and 
A:(E)/D(E) 
=4($)4w2(11)[4—3 JLx(Ni0— 3K Lit 311) 
+ (Niot$KLy—fLi)— vL 10 }+3(§)'we(21)u 
X[a(N—$KLio— Li) + (Not $KLi0t$L1)—0L 10] 
— (9/8) (7/2)'we(22)w?L;. (6) 


The real parameters x, v, and u, which involve the 
ratios of nuclear matrix elements, are to be determined 
from the comparison with the experimental data. They 
are defined as 


es (ics for) / (Gr f sexs), 
=(foe)/(Jor) 
w= (iss) / (f pox). 


The electron momentum is #, the total electron energy 
is E (mc units), and K= E)—E is the neutrino energy. 
The atomic number of the daughter nucleus is Z. The 
quantities ZL), My, Ny, Px, Qx are combinations of elec- 
tronic radial wave functions as given by Konopinski 
and Uhlenbeck*’ and by Pursey.** The quantities Ly, 
M,, etc., were evaluated from the tables of Rose, Perry, 


case of a pure £2 transition, B; reduces to F;.(202) = —0.5976 as 
given by L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 
25, 729 (1953). 

27 E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 69, 308 
(1941). 

28D. Pursey, Phil. Mag. 42, 1193 (1951). 





B-y DIRECTIONAL CORRELATION 


and Dismuke” extended to five significant figures” and 
hence the point nuclear charge approximation is im- 
plicit in the results. Further, these tables at Z=76 are 
computed for mass number 189 rather than 186 (our 
case). 

The notation w,(JJ’) is defined as 


we (JJ) = (—1)7-40(2F,+1)!W (Ine I'; ke), (8) 


where W is a Racah coefficient and J, and J; are the 
initial and final nuclear spins, respectively in the beta 
transition. 

The quantities Lio and Ny are given by Hauser* in 
a form convenient for computation. 


Liw=} Y (Li—«P1)*(Lo+x«Po)! cos[6,(—KE) 


c=+1 
+bu(—KB)+4r(n—wt +E Sa(0)] (9) 


Nw=} rim (Li—xP)!(Mo—xQo)! cos[61(—xE) 


c=+1 


4.80(—KE) +4110 +E Sa(g)]; (10) 


n=! 
for positron emission, reverse the sign of Nip. 
§, (x) =arc tan{[g/(ya+A+1) ]L1— (x/E) J}, 
g=aZE/p, a=e/he, 
y=[(A+1)?— (@Z)*}, 


(11) 


and 


Sn(g)=arc tan{[g(yayi—Ya— 1) ]/ 
C(vatm) (yay1—1+n)+¢")}. 


For the calculation of >> ,1%S,(g), the sum of the 
remainder of the terms past the Nth is given by 


DY Sn(g)~3Sw4i(g) + (rr4—-M— 1) 


n=N+1 





Xarc tan 


: (12) 
a (Yap tytVY+N 


within an error which is less than $Sy41(g). 


B. B,;;=0 


From Eqs. (5) and (6) it is seen that Eq. (4) isa 
quadratic in x, v, and #«. We consider first the case 
u=0 (B,;=0). Then, for any energy E and the corre- 


22M. E. Rose and C. L. Perry, Phys. Rev. 90, 479 (1953); 
Rose, Perry, and Dismuke, Oak Ridge National Laboratory 
Report ORNL-1459 (unpublished). 

%® These extended tables were derived from the raw data of the 
four-figure tables, ORNL-1459, by Rose, Perry, and Dismuke. 
The data were kindly supplied us by Dr. M. E. Rose. The neces- 
sity for the 5-figure accuracy in computing Ao is discussed in 
reference 2. 

31 The Lio of Hauser (reference 23) is defined with the sign 
opposite to that of the Liz of Yamada. They are otherwise 
identical. 
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Fic. 4. Conic sections obtained in the graphical solution for the 
parameters x and y [Eq. (4) ]. Because of experimental uncer- 
tainty a band (hatched) is generated rather than a single conic. 
Band A is for p=2.4; band B is for p=1.4. Points in the cross- 
hatched region may produce good fits to the experimental p-y 
anisotropy. The theoretical anisotropies for the points indicated 
are shown in Fig. 5. 


sponding experimental value, A(£), a conic section in 
the x, v plane can be plotted. This graphical method of 
determining values for the nuclear parameters x and v 
is illustrated in Fig. 4. The ordinate in this figure is the 
same y which was introduced in reference 2. The neces- 
sary transformation is as follows: 


y=4(14S) (2p/aZ)v—1—x, 


where S=(1—a?Z’)! and with Rose ef al.™ we take 
p=4aA'!, A=189. Since the experimental values A (EZ) 
have uncertainty, two conics are generated at each 
energy corresponding to the upper and lower experi- 
mental error limits [ Fig. 3(c), (d) ]. In Fig. 4 the bands 
whose boundaries are these conics are shown for en- 
ergies 368 and 818 kev (p=1.4 and 2.4). 

It is seen that the conic bands overlap in two regions 
within which (x,y) values lie which may give good fits 
to the angular correlation. Representative points from 
these regions are chosen to compute the anisotropy; 
dashed curves I, and II, Fig. 5 correspond to the points 
(0.695, 0.035) and (—1.0, 0.58), respectively. The solid 
curves reproduce the experimental error limit curves 
[Fig. 3(c), (d)]. It is seen that we are able to obtain 
an excellent comparison of experiment to theory without 
B,; contributions. 

The spectrum shape fitting for the inner group beta 
transition also selects (x,y) parameter values. A dis- 
cussion of attempts to fit both shape and angular 
correlation simultaneously is given in Sec. VII of 
reference 2. It is shown there that only points in the 
neighborhood of (—1.0,0.58) even approximately fit 
the spectrum shape. 


(13) 
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Fic. 5. Comparison of the experimental and theoretical f-y 
anisotropy in Re!**, The solid lines are the error limits on the 
experimental data. The dashed curve I is for the (x,y) point 
(0.695, 0.035) ; dashed curve II is for the point (— 1.0, 0.582). The 
oe u is zero (B;;=0). The parameters x, y, u are defined 
in Sec. IV. 


C. B,;;~0 


An’ attempt was made to investigate the sensitivity 
of the position of the overlap regions of the conics to 
small admixtures of B;;. Values of uw=+0.1 were 
assumed. The resulting conic sections for p=0.8 and 
p=2.4 are shown in Fig. 6. It is apparent that the 
regions of overlap are very sensitive to small B,; 
contributions. For w= —0.1, the overlap region in the 
neighborhood of x= — 1.0, y=0.58 is moved perhaps to 
give better agreement with the beta spectrum results 
while for ~=+0.1, the overlap moves to regions of the 
x,y plane not giving agreement with the beta shape 
[see Fig. 17(a), reference 2]. It does not follow from 
this, however, that large positive values of u will not 
give suitable overlap regions for both experiments. 
Values of of 0.1 correspond to a ratio of |i8B;;/ /Be| 
of about 0.01, whereas from ff values for decays where 
J Ba and B,; are the largest contributors one would 
expect values of about 4 for this ratio. Thus one may 
reasonably expect even larger contributions from B;; 
than were tried here. For |u| <1, the directional corre- 
lation is more affected by B,; contribution than is the 
spectrum shape as w appears to the first power in A»(Z) 
but only as # in Ao(Z). 
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Fic. 6. Conic sections obtained in graphical solution of Eq. (4) 
for the Re'** beta-gamma correlation. Because of experimental 
uncertainty, bands rather than single conics are generated. These 
show the effects of including small contributions from 6B,; matrix 
element, i.e., the parameter «= +0.1. The parameters x and y are 
defined in Sec. IV. Vertically hatched bands are for p=0.8; diag- 
onally hatched bands are for p=2.4. 


Rose and Holmes™ have shown how extremely sensi- 
tive the important quantities Z,, M), etc., are to the 
nature of the nuclear charge distribution. The most 
obvious theoretical refinement seems to require the 
evaluation of these functions to the required 5-figure 
accuracy for various reasonable nuclear charge dis- 
tributions. Were these available one might pursue 
with more confidence as to their physical significance 
the determination of the nuclear parameters. 
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The electric-monopole transition density between the ground state and the 7.68-Mev level of carbon-12 
is examined on the basis of the nuclear shell model. It is found to vanish for all stages of intermediate 
coupling if only the (1p)* configuration is involved. A nonzero value is obtained by including states of the 
(1p)7(2) configuration, brought in by a residual central internucleon interaction. For computational sim- 
plicity, both this and the spin-orbit interaction are first treated as perturbations about the LS limit. Since 
the results show that the residual interaction is probably too large for this to be reliable, an attempt is made 
to diagonalize the Hamiltonian exactly, but the severe restriction on the number of states considered makes 
the result rather unsatisfactory. It is concluded that if all of the possible states of the low-lying configurations 
were to be included in the diagonalization, agreement with experiment might result, but that in this case 
some semicollective model might better be applied to the problem. 





I. INTRODUCTION 


ECAUSE of their symmetrical structure, the nuclei 
carbon 12 and oxygen 16 have been examined in 
terms of a number of nuclear models, which usually 
regard them as very similar systems. This similarity is 
exemplified by the fact that they both have low-lying 
excited states of spin-parity 0+. In O'* this 0+ state 
is the first excited state, and from its decay by pair- 
emission Devons ef al.! have deduced for the matrix 
element of the monopole operator >> p rp’ between the 
ground state and the excited state a value of 3.8 10~-** 
cm’. In C”, where the 0+ level is the second excited 
state, the corresponding matrix element has been 
measured in a different manner: the transition to this 
state from the ground state is induced by the (inelastic) 
scattering of high-energy electrons. From the results of 
this experiment by Fregeau and Hofstadter,” Schiff* has 
estimated that the C” matrix element has about the 
same value as that in O'*, although because of the 
extrapolation of the experimental results required, its 
value is not known very accurately. 

An examination of this electric monopole transition 
in C” has been made by Schiff® from two extreme points 
of view, using the collective fluid model and the alpha- 
particle model on the one hand, and a simple 7j-coupling 
shell model on the other. For the former case he finds 
a matrix element too large by about a factor three, and 
for the shell model a result too small by a considerable 
factor. The shell-model calculation was performed for 
the jj limit, and if excitation to only the 1, 1d,, or 
2s; shells is assumed, then a 0+ excited state of C” 
must involve the excitation of two nucleons from the 
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filled 1p; shell. Since, in the first Born approximation, 
the interaction between the electron and the nucleus is 
a strictly single-nucleon interaction, Schiff found it 
necessary in his shell-model calculation to invoke a 
residual internucleon force in order to obtain a nonzero 
matrix element. Roughly speaking the mechanism, as 
he envisaged it, is that the electron excites one nucleon 
to one of the higher orbits and it, through the inter- 
nucleon force, pulls up another nucleon to form a 
two-nucleon excitation. His calculation of the process 
treated the residual interaction as a perturbation on the 
jj \imit, although the use of the Green’s function for a 
bound nucleon means that, to first order, all possible 
admixed states are included. In view of the success of 
the more orthodox intermediate-coupling shell-model 
calculations of Lane‘ and Lane and Radicati® in 
explaining electric-dipole and -quadrupole transitions 
in the 1p-shell nuclei, it seemed desirable to apply the 
same techniques to the C” electric monopole transition. 

In this paper intermediate-coupling calculations are 
performed in an LS representation. For such calcula- 
tions the nucleons outside a closed shell are usually 
assumed to be in the lowest configuration which can 
explain the nuclear states involved. Then, neglecting 
the interaction part of the total nuclear Hamiltonian, 
there will be a number of possible LS states within this 
one configuration. For instance, for the (1)* configur- 
ation in C”, the LS states with total spin and total 
isotopic spin both zero are “S[.44], ¥P[431], "S[422], 
16D[ 422], and “P[332]. The nomenclature is as 
follows: the numeral superscripts refer to the isotopic 
spin and ordinary spin multiplicity, respectively; the 
letter symbol is the usual designation for orbital 
angular momentum; and the bracketed numbers de- 
scribe the symmetry character of the LS states. These 
states, being in the same configuration, are all de- 
generate. 

If, now, some residual interaction between particles 
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is included (LS limit), these degenerate LS states are 
split into separate levels. If, instead of a particle 
interaction, a spin-orbit interaction (jj limit) is in- 
cluded, one obtains separate levels which are linear 
combinations of the original LS states. The procedure 
in intermediate coupling is to diagonalize the interaction 
Hamiltonian at some point between the two limits. As 
long as only one configuration is considered and a 
central interaction is used, the interactions within 
closed shells and between shells can be neglected since 
these contributions are common to all LS states and 
diagonal in them.® It turns out, however, that the 
electric-monopole matrix element is only nonzero be- 
cause of the presence of higher configurations, so that 
it has been necessary to include some of them in our 
calculation. 

In calculating matrix elements of the interaction 
Hamiltonian, the coefficients of fractional parentage 
introduced by Racah’ are used to reduce an anti- 
symmetric state of particles in a given configuration 
to an antisymmetric state of (n—m) particles vector- 
coupled to an antisymmetric state of m particles. For 
matrix elements of a single-particle operator, the 
coefficients of fractional parentage for reduction by one 
particle are required. These coefficients for m particles 
in a p shell have been tabulated by Jahn and van 
Wieringen® in an LS representation and by Edmonds 
and Flowers® in a j7 representation. For matrix ele- 
ments of a two-particle operator, the coefficients of 
fractional parentage for reduction by two particles are 
required, and these have been tabulated by Elliott, 
Hope, and Jahn” in an LS representation of particles 
in a p shell.” 

For the numerical values of the single-particle matrix 
elements needed in our calculation, and for the type of 
coupling that prevails in C”, we refer to a theoretical 
analysis of the experimental electron-induced transition 
to the first excited level (2+) in that nucleus.” Briefly, 
the results of that investigation are that the common 
well is, to a good approximation, parabolic with a length 
parameter approximately 1.64 10-" cm, and that the 
coupling is probably close to the LS limit. Since the 
following investigation has not led to any precise 
estimate of those parts of the wave functions required 
for the monopole transition probability, we have made 
no attempt to fit the detailed shape of the inelastic 
electron-scattering cross section, but have tried to 
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obtain agreement only with }>pr,’, which involves 
just the cross section near the forward direction. 


II. CALCULATION INVOLVING ONLY THE 
(1p)* CONFIGURATION 


It is desired to calculate the matrix element of the 
monopole transition operator 2 between the ground and 
first excited 0+ state of the C” nucleus, using for the 
moment only the (1p)* configuration. Q is given by 


Q=LV pr?’ =D i($—m,)r?, 


where m; is the z component of isotopic spin of the ith 
nucleon (+4 for a neutron and —} for a proton). The 
initial and final states of the nucleus are orthogonal 
and are made up of linear combinations of the five LS 
states listed in Sec. I. Thus, matrix elements of the 
type (Ws|Q| ps’) will occur, in which 


V(yTSL,MrJM) =P magC’S4y(yTSL,MrM sM1), 


where C¥S/ is a vector-coupling coefficient and y 
represents any other quantum number necessary to 
describe the LS state. 

Using Eq. (23) of Racah,’ with obvious modifications 
to include isotopic spin, there results 


Ws|2\yr')=n DW) WW)T CeSICHs's’ 
KCTPIT CTP T’CSpeSCSpe'S'CLPILC Lp’ L’ 
X(tolmym_mi| (3—m,)r* | 'o'l'memamy). (1) 


In this expression, (py) is the coefficient of fractional 
parentage for reduction of the LS state y by one particle 
to obtain the parent state Y; the bare summation 
sign and the absence of magnetic numbers on the 
vector-coupling-coefficients mean summation over all 
magnetic numbers except M and Mr; the subscript 
P refers to the parent state. In this particular 
calculation J=M=T=Mr=T’=M,7=0,/=/'=1, and 
o=o'=t=t'=}. The final matrix element in (1) is a 
single-particle matrix element and may be evaluated as 


((}—m,)r*) =5505:5(mi, a 3)?*)19, lp) 


where 6 is the Kronecker delta symbol for the appro- 
priate magnetic quantum numbers and (f*)1),1, is the 
mean square radius of the 1p orbit /(*[R(r) Prdr, 
where R(r) is the radial wave function for the 1 shell. 
Then taking 7=7’=0 and using the properties of the 
vector-coupling coefficients,"* Eq. (1) becomes 


Ws|2lyr’)=3n OVW) VW)orrdssXr*)ipip. (2) 


But the coefficients of fractional parentage obey an 
orthonormality relationship given by Eq. (13) of 
Racah,’ so that finally 


(hs |Q| Par’) = nd yr") 1p, 1p, 


13 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
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where 6yy vanishes unless the initial and final LS states 
y and y’ are absolutely identical. 

Now the initial and final states of the nucleus, being 
linear combinations of LS states, may be expressed as 


Wer= DLs 4,1s9¥(yLST,MrJM) 
Vex - Lys byrs¥(yLST,MrJM) 


where >> a,1sb,rs=0, since the two states are orthog- 
onal. Therefore, the final result for the monopole 
transition matrix element in the (1)* configuration of 
rn 


Ws|Q| Ys’) =3n X18 dyrsbyrs(?)1p,1p=0. (3) 


Thus the conclusion is reached that if no mixing of 
configurations is considered, the monopole transition 
matrix element in C vanishes for all stages of inter- 
mediate coupling; Lane has generalized this result 
and concludes that, where only one configuration is 
considered, the monopole transition matrix element 
vanishes, in all stages of intermediate coupling, between 
any two states of which one has isotopic spin equal to 
zero. To explain the monopole transition in C”, then, 
one must consider configuration mixing. This will be 
discussed in the next section. 


and 


III. CALCULATION INCLUDING THE 
(1p)7(2p) CONFIGURATION 


A. Discussion 


In addition to the (1p)* configuration, the next 
lowest configurations in which 0+ states of the C” 
nucleus can be obtained are the (1p)7(1/) and (1p)7(2p) 
configurations. In this section, the residual internucleon 
interaction will be used as a perturbation to admix 
states of these other configurations. The angular part 
of a (1p)"(1f) wave function is orthogonal to the 
angular part of a (1p)® wave function. Therefore, to 
first order in the perturbation, admixtures of only the 
(1p)7(2p) configuration need be considered in calcu- 
lating the monopole transition matrix element. To 
this approximation, excitation of the core, described by 
the configuration (1s)*(2s)(1p)8, for example, does not 
contribute. (See the discussion at the end of Sec. ITIC.) 

A proper perturbation treatment for admixing the 
(1p)7(2p) configuration with the (1p)* configuration in 
intermediate coupling should proceed as follows. At 
some stage of intermediate coupling the interaction 
Hamiltonian is diagonalized to obtain the ground and 
first excited states of the nucleus as linear combinations 
of (1p)* LS states. A similar diagonalization is carried 
out to obtain nuclear states made up of linear combi- 
nations of (1p)7(2p) LS states. These latter nuclear 
states are then admixed with the ground and first 
excited states by means of perturbation theory. How- 
ever, in the (1p)7(2) configuration there are nineteen 
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possible LS states, which means that a 19 by 19 matrix 
must be diagonalized. This becomes prohibitively 
involved; and so, for simplicity, this calculation will 
first be performed in the LS limit with the spin-orbit 
interaction treated as an additional perturbation. 


B. The LS Limit 


Following Lane,‘ the residual internucleon interaction 
used is that given by Rosenfeld’s prescription": 


Vii= —0.13 Vwt+0.93 V w+0.46V2—0.26V x, (4) 


where W, M, B,.and H indicate Wigner, Majorana, 
Bartlett, and Heisenberg interactions, respectively. The 
interaction }>V;; is diagonal in the five LS states of 
the (1p)* configuration and the diagonal elements may 
be computed from the results of Racah.'* They are 
(listed in the same order as the five states given in 
Sec. I) 9.56L2+12.92K, 6.76L+14.02K, 3.98L+-20.06K, 
6.74L+10.78K, and 3.042+19.38K, where L and K 
are, respectively, the direct and exchange Slater inte- 
grals.’” L will be negative for the type of force we shall 
use (see Sec. IIIB) and the ratio K/L has a maximum 
value of 3 (achieved when the force has zero range).'® 
It is easy to show that in the LS limit, the ground 
state is "S[44] and the first excited state is "P[431] 
for all possible values of K/L. 

There is only one of the (1p)7(2p) states which can 
be linked to "\S[44] by the residual internucleon inter- 
action. This is the state “S{*P[43],2p}, where the 
notation means that a (1p)’ state, *P[43], is vector- 
coupled to a (2p) nucleon to give a “S state. However, 
there are ten (1p)’(2p) states which can be linked to 
'8P[ 431]. To further simplify the calculation, only 
one of these states will be included. The state 
18 P{”P[43],2p} is chosen as being the lowest lying of 
the ten states, since it has the greatest symmetry and 
its seven (1p) particles are in a state of least orbital 
angular momentum. 

The first-order perturbed wave function for the 
ground state is 


WV er;0= "S44 ]+Cer "S{*P[43 ],2p}, (5) 
where the perturbation coefficient C,, is given by 
Cgr= (AE)“K"S{”P[43 ],2p} | F<; Vij|"S[44]). (6) 


The subscript zero on W indicates that as yet there is 
no spin-orbit coupling. The matrix element occurring 
in (6) will be calculated in some detail to show the 
procedure. 

The general formula, Eq. (11) of Elliott,® for the 
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matrix element of a two-particle operator may be 
modified, for instance, by means of Eq. (33b) of 
Racah,’ to apply to the matrix element in (6). There 
results 


W (PAD |X Vis\y i") =nt(n—1)UOS'LI ; SL’) 
Xx VoW) o'W) U(TiT! ; T’T:) 
U(SoSo’ ; 8’S2)U (LILI ; LL») 
X@' (y2'T2'S2’Ls’)|| V(1,2)|]6(y2T 2SeL2)). (7) 


In this expression, (Y¢}y) is the coefficient of fractional 
parentage for reduction of the state y(/") by two 
particles to form the parent state Y(J"-*) vector-coupled 
to an antisymmetric state of two (J) particles 
$(y2T2S2L2). Similarly, (Y¢'}y’) is the coefficient of 
fractional parentage for reduction of the state y/ (/"—) 
by one particle to form the parent state (/"-*) vector- 
coupled to an antisymmetric state of an (/) particle 
and an (I’) particle $(y2'T2'S2'L2’). The summation is 
over ¥, ¢, and ¢’. The y2 and 2’ are inserted to account 
for the fact that with inequivalent particles one may 
have both symmetric and antisymmetric orbital wave 
functions with the same LZ». The function U (abcd; ef) 
is defined as 


[(2e+1)(2f+1) }W (abcd; ef), 


where W(abcd;ef) is the Racah function,” whose 
properties are listed and numerical values tabulated by 
Simon, Vander Sluis, and Biedenharn.” The last term 
in (7) is the reduced matrix element as defined by 
Elliott®: for any tensor operator P,™, 


(jl) |] 7)=(im| P| j'm!)/ Cooma 


To evaluate the reduced matrix element in (7), the 
usual assumption is made that all the terms in (4) have 
the same radial dependence, which we take to be of 
Gaussian form. Then 


V (1,2) = — Vo exp(—1is?/r0?) X 3[0.01+0.010;-02 
+0.41t,- t.+0.930;-o2 ti: ts]. 


The spin and isotopic spin parts of the reduced matrix 
element can be evaluated easily by making use of the 
properties of Pauli spin operators. Then, applying (7) 
to (6), and consulting tables of coefficients of fractional 
parentage,’~* we find that 


Cer= (AE){ —3.02(S|| V(r) || S)—3.42(P|| V(r) || P) 
—7.16{D||V(r)||D)}, (8) 
where only the orbital parts of the reduced two-particle 


matrix elements, remain to be evaluated. The radial 
and angular parts of these may be separated by using 


1” G. Racah, Phys. Rev. 62, 438 (1942). 
* Simon, Vander Sluis, and Biedenharn, Office of Naval Re- 
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the expansion 


V (r12) = rE V e(r1,72) Pe(cosw), 


k=0 


where w is the angle between r, and ro. The angular 
integrals may now be performed by the method of 
Racah,” with the result that 


(11 || V (r12)||11Z) = (49/2) (1111 ; Lk)C us) 
~ XVRL() (1201, (9) 
where F*((1p)?; (1p) (2p) ] is the radial integral 
(Rip(1)Rip(2) | Vi(ri,72) | Rip(1)Rep(2)), 


and the factor v2 arises from proper symmetrization of 
the radial wave functions. As is physically plausible, 
Cia: is nonzero only for k=0 or k=2, so that there are 
only two terms in the summation in (9). Numerical 
values of Cy: have been tabulated by Shortley and 
Fried.”! 

The choice of the Gaussian form for the radial 
dependence of V;; and the use of harmonic-oscillator 
wave functions for Ri, and R2,, which is suggested by 
the analysis of the electron-induced transition to the 
lowest excited level,” enable us to evaluate the radial 
integrals F* by the method of Talmi.” Talmi’s method 
involves transforming from the coordinates rm, r2, and 
w to the coordinates r, R, and a, where r=r.—m, 
R=(r,+r.)/2, and a is the angle between r and R. 
The radial wave functions to be used, then, are 


Rip(r) = (8/m4a*)'r exp(—r°/2a°), 
Rop(r) = (20/3x4a*) [1 — (272/50?) ] exp(—1?/20*). 


Talmi’s result is that 


+1 pe px 
Fk=3(2k+1) f f f V(r)o.(R,r,0) R°dRrdrd(cosa), 
-1 0 0 


where $(R,r,a) is a function formed by expressing the 
product of the radial wave functions with P;,(cosw) in 
terms of R, r, and a. Inserting V(r) = Vo exp(—?r°/r0*) 
and performing the integrations results in 
F°=[(10)#/48 ][7o—1:+5/2.—7]s], (10) 


and 


F*=[5(10)#/48][3/o—131:4+1712—712]; 


where 


(11) 


It is now necessary to decide on a value for ro. In 
view of the great uncertainty in our knowledge of V;;, 


Im=VoLdA?2/(1—d*) "4, NV =r2/20?. 


%1G, H. Shortley and B. Fried, Phys. Rev. 54, 739 (1938), 
Table III. 
2 Tgal Talmi, Helv. Phys. Acta 25, 185 (1952). 
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we have contented ourselves with choosing \*=}. This 
value then leads to the ratio L/K=} for the Slater 
integrals, the same as has been assumed, for want of a 
better value, by other authors.‘!* For later use we 
note that with \7=}, K=0.0214V». Combining (10) 
and (11) in (9), with \*=4, we obtain 


(P\|V (7) ||P)=+0.0476V., 
(S\|V (7) ||S)=+0.0635 Vo, 
(D\\V (r)||D) = +0.0540V ». 


The energy denominator AE in (8) is taken to be the 
difference in energy of a (1p) particle and a (2) 
particle. This neglects the interaction between shells, 
which is expected to have a small effect. In a harmonic 
well AE is given by AE=— (#?/2M)(4/a’), and with 
a=1.64X10-" cm,” this is — 30.7 Mev. The first-order 
perturbed wave function for the ground state, Eq. (5), 
then becomes 


Vero= "S44 ]+2.41 X 10-°Vo "S{”P[43],2p}, 


(12) 


(13) 


where Vo is measured in Mev. By a similar calculation 
the first-order perturbed wave function for the first 
excited state is found to be 


Vex;0= "@P[431 ]+8.02X104Vy 8P{*P[43],2p}. (14) 

At this stage we note that in the LS limit, if only a 
scalar interaction V;; is used, then, because of the factor 
U(OS’LJ,SL’') in (7), the ground state must consist 
entirely of "\S states and the first excited state entirely 
of *P states. Then, since the operator 2 links only 
states of the same L and same S [see Eq. (2) ], the 
monopole transition matrix element vanishes in the LS 
limit to all orders of the perturbation V;;. 

The Coulomb interaction may also be used to admix 
other configurations. Although it is expected to have 
much less effect than the residual central interaction, 
it can admix states having isotopic spin T=0, 1, or 2.% 
This, however, does not change the sense of the previous 
paragraph. 


C. Perturbation by the Spin-Orbit Interaction 


The approximate calculation of the previous section 
will have no meaning except near the LS limit, since in 
intermediate coupling all five of the states of the (1p)* 
configuration should be included. Therefore, the spin- 
orbit term in the Hamiltonian will also be treated as a 
perturbation. The perturbation is used to mix a small 
amount of the ground state, Eq. (13), with the excited 
state, Eq. (14), and vice versa. 

The spin-orbit is given by a >) o;-1;, and it is seen 
that states of different configurations are not linked by 
this term. To first order in both perturbations, then, 
the sole contribution to the mixing comes from the 


*% Wm. M. MacDonald, University of California Radiation 
Laboratory Report UCRL-2746, 1954 (unpublished). 
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matrix element 
(4844 ]|a > o;-1,|%P[431}) = — (8/3)ta. 


The energy denominator for this perturbation is 
taken to be the difference between the residual inter- 
action energies of a "S[44] state and a "P[431] state 
with L=6K, i., AE=+15.70K. Finally the wave 
functions for the ground and first excited nuclear states, 
including both perturbations to first order, are 


VY, a= WVer:0—0.104(a/K)WVex-o, 


(15) 
Wex; a= WVex;0+0.104(a/K)WV gr: 0- 


As in Sec. II, the contribution to the monopole 
transition matrix element arising entirely from (1p)* 
states vanishes. There is left (to first order in both 
perturbations) : 


Wer| 2| Pex) =5.02X10-*V o(a/K) 

x (HS[44] || "5¢*P[43],2p)) 

—1.67X10-V o(a/K) 

X(4P[431]| 2) ¥P{2Pl43],2p}). (16) 

The matrix elements appearing in (16) may be evalu- 
ated by using Eq. (27) of Racah® with a calculation 
similar to that in Sec. II. Using a2=1.64X10-" cm,” 
the quantity (r")1p,2p is 4.5 10-** cm?. The final result 
is that 


(17) 


This result needs some discussion with regard to the 
validity of the perturbation treatment. The parameter 
(a/K) can be made as small as one wishes, so that the 
spin-orbit perturbation can certainly be made valid. 
However, there is some question as to what value 
should be chosen for Vo. If one were to assume that V;; 
is the interaction obtained from the triplet neutron- 
proton system,*~’ then with the Gaussian form we 
have used for the radial dependence and with ro>= 1.64 
X10-* cm (which follows from taking \?=4) the value 
of Vo would be about —60 Mev. With this value the 
numerical coefficient in Eq. (13) would be greater than 
unity, and the perturbation treatment of V;; would be 
invalid. In fact, however, Vo must obviously be con- 
siderably smaller than this, since most of the inter- 
nucleon interaction presumably goes into the potential 
well in which all the particles move. Since, however, 
the value of Vo is in doubt, a more exact treatment is 
attempted in the next section. 

It should be pointed out here that core excitation 
has been neglected. Such effects can easily be included 
in the calculation if interaction between shells is 


(er|®| Yex)= —0.032V o(a/K)X 10-8 cm?. 


% A.M. Lane (private communication). 
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neglected. With the perturbation approximation used 
in this section, however, the contribution to the final 
matrix element (16) from such states vanishes in the 
same way as that from states in the (1)* configuration. 


IV. DIAGONALIZATION OF THE INTERACTION 


Since there is some question as to what value of Vo 
should be used, it seems worthwhile to carry out a 
semiexact treatment by diagonalizing the interaction 
for a limited number of possible states. In this way 
one would hope to find some values of the parameters 
Vo» and (a/K) for which agreement with experiment 
could be obtained. The experimental facts to be matched 
are the energy separation of the ground and excited 
states (7.65 Mev)** and the monopole transition matrix 
element (3.8X 10-** cm’).* 

This diagonalization has been carried out for a group 
of three states. The state “P{*P[43],2p} was neglected 
since the perturbation treatment showed its effect to 
be very small. The states used then are “S[44], 
8 P[431), and "S{”P[43],2p}. It should be emphasized 
that this treatment is far from exact since so many 
states have been neglected. In addition to other possible 
states in the (1p)* and (1p)7(2) configuration there 
are many possible states in the (1p)"(1/) configuration. 
States in this last configuration are not linked to states 
in the (1p)* configuration by the monopole operator Q, 
but can contribute to the final matrix element and 
should be included in an exact treatment, as should, 
also, states arising from core excitation. 

The results of the diagonalization treatment are 
unsatisfactory. It appears that the experimental energy 
separation can be obtained for a wide range of values of 
Vo and (a/K) but that a large enough monopole 
transition matrix element cannot be obtained for any 
combination of these parameters. Lane* and Lane and 
Radicati* have obtained reasonable agreement with 
experiment in other light elements with a value of 
(a/K) equal to 5. With this value the correct energy 
separation can be obtained by taking Vo~ —13 Mev; 
but with this combination of the parameters the 
monopole transition matrix element is only about 
one-third of the experimental value. However, no great 
significance should be attached to these figures because 
so many states have been ignored. 


V. CONCLUSION 


It has been shown that in order to obtain a nonzero 
value for the electric monopole transition matrix ele- 
ment in C” it is necessary to include, in the description 
of the states involved, higher configurations of the 
type (1s)*(1p)"(2p), besides the lowest configuration 
(1s)*(1p)*. Thus the electric monopole transition is a 
sensitive detector of small admixtures of higher con- 


28 F, Ajzenburg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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figurations. The treatment of Sec. III, in which both 
the residual internucleon force and the spin-orbit inter- 
action are treated as perturbations about the LS limit, 
yields for this matrix element the value 0.032Vo(a/K) 
X 10-* cm?, compared with the observed value of about 
4X 10-** cm*. It is seen that with reasonable values for 
Vo and (a/K) there is still a considerable discrepancy 
between this theory and experiment. It is possible that 
if the exact diagonalization procedure of Sec. IV could 
be extended to include more states this discrepancy 
could be removed. In that case, however, a model 
embodying some collective motion of the nucleons 
would probably be more convenient. Our calculations 
thus confirm Schiff’s conclusion,’ that an explanation 
of this transition requires a model less collective than 
the elastic-fluid or alpha-particle models, but more 
collective than the shell model. 

Since this work was completed we have learned of 
similar suggestions by other authors. Redmond” has 
proposed that in both C” and O"* the 0+ excited state 
is composed mainly of the configuration (1s)5(2s) (1p). 
Elliott® has suggested that in O"* this state is a mixture 
of a number of configurations involving excitation from 
either the (1s) or (1p) closed shells. The simple argu- 
ment advanced by these authors is that radial mairix 
elements involving excitation to higher configurations 
are sufficiently larger than experiment (by roughly a 
factor of two) that only about fifty percent of these 
configurations would be required to yield agreement 
with experiment. Unfortunately the numerical values 
for the matrix elements used by these authors are 
reduced by about a factor two if the well size deter- 
mined from the elastic electron-scattering is used.” 
Insertion of the latter, more correct values lessens 
considerably the force of their arguments. As regards 
the actual configurations suggested, we have found 
that in C” configurations involving excitation of 
nucleons from the unfilled shell play a much stronger 
role than those involving excitation from the closed 
sheil. Insofar as our calculation, which assumes only 
small admixtures of the higher configurations, is com- 
parable with theirs, it indicates firstly that Redmond’s 
choice of higher configuration in C™ may not be the 
best one, and secondly that the mechanism will yield 
much smaller values for the monopole matrix element 
in O"* than those it gives for C”, because both shells 
in O' are closed. We feel that the true explanation 
must involve some collective motion of the nucleons 
involved. We have received a paper by Ferrell and 
Vischer* in which excitations of the kind considered 
here are combined to make an 0+ excited state in O* 
with collective properties. It appears likely from their 
work that such a state can be made to have the correct 


*” P. J. Redmond, Phys. Rev. 101, 751 (1956). 
*” J. P. Elliott, Phys. Rev. 101, 1212 (1956). 
31 R. A. Ferrell and W. M. Vischer, Phys. Rev. 102, 450 (1956) 
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energy and perhaps the correct monopole matrix ele- 
ment with the ground state. It would be interesting to 
see the same method applied in detail to C”. 
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Probable Absence of K Capture in the Decay of Lead-205+ 


R. H. Herser,* T. T. Sucmara,f C. D. Corvett, anp W. E. BENNETT,§ Department of Chemistry and 
Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 


AND 


J. R. Huizenca, Argonne National Laboratory, Lemont, Illinois 
(Received May 11, 1956) 


A number of experiments designed to detect the K-capture decay of Pb®® are discussed. No K x-ray 
activity which could be ascribed to Pb*®® was observed in deuteron-bombarded natural lead or neutron- 
irradiated 25.7% Pb™. From these results, the L-capture half-life of Pb®*, and its absence in natural lead, 
it is concluded that Pb®® does not decay by K capture with a half-life in the range 2 seconds <t,< 10" years. 


N view of the recent determination! of the L-capture 
half-life of Pb*®, it seemed appropriate to present 
evidence for the lack of K capture. These data extend 
the K-capture half-life limits given in previous com- 
munications.” * 

The abundance of Pb”® occurring naturally has been 
reported to be less than 0.001%‘ of natural lead. The 
age of the solid shell of the earth has been estimated to 
be 4.5X 10° years. The abundance of Pb is reported 
to be 1.45+0.007%.° If it is assumed that the pri- 
morbial abundances of Pb* and Pb*® were equal, one 
calculates from the present upper limit of 1 part Pb®® 
per 1450 parts of Pb™ that the half-life of Pb®® is 
<5X 108 years. 

A K-capture half-life in the region 5 days to 10" 
years was excluded on the basis of two experiments. 
In the first of these, 0.400 g of lead, enriched to 25.7% 
in Pb™,” was exposed to an integrated flux of 3X10” 
thermal neutrons/cm? in the Materials Testing Reactor 
(MTR). If the thermal-neutron capture cross section 
of Pb™ is taken to be 0.9 barns,’ one calculates that 


ft Supported in part by the U. S. Atomic Energy Commission. 
* Now at University of Illinois, Urbana, Illinois. 
t Now at Clark University, Worcester, Massachusetts. 
§ Now at University of Iowa, Iowa City, Iowa. 
1 J. R. Huizenga and J. Wing, Phys. Rev. 102, 926 (1956). 
we Herber, Bennett, and Coryell, Phys. Rev. 95, 298 
(1954). 
3 J. R. Huizenga and C. M. Stevens, Phys. Rev. 96, 548 (1954). 
4 White, Collins, and Rourke, Phys. Rev. 101, 1786 (1956). 
a Brown, Tilton, and Inghram, Science 121, 69 
( ; 
6 Farquhar, Palmer, and Aitken, Nature 172, 860 (1953). 
7 Obtained from the Stable Isotopes Division, U. S. Atomic 
Energy Commission. 
8H. Pomerance, Phys. Rev. 88, 412 (1952). 


8.0X 10! atoms of Pb”® were present at the end of the 
irradiation if no decay occurred during the irradiation. 
After suitable radiochemical purification, the sample in 
the form of PbSO, was counted on a Nal scintillation 
spectrometer. The energy scale was calibrated with the 
74.7-kev Pb x-ray of 6.4-day Bi**. No activity (<1 
count/min) was detected in this energy region (the T] K 
x-ray energy is 72.7 kev). Taking 10 disintegrations/min 
as the upper limit of the Pb”® activity, one calculates 
the K-capture half-life to be longer than 10” years. 
Since the irradiated sample was counted approximately 
one month after the irradiation, a K-capture half-life 
of the order of 5 days would have been detectable. 

The second experiment involved the radiochemical 
separation of bismuth isotopes from a 0.005-in. lead 
foil bombarded with 1500 microampere-hours of 21-Mev 
deuterons. Using the same procedure for milking lead 
from the separated bismuth sample as was used in the 
L-capture experiment,! we found less than 0.2 count/ 
min of activity due to Pb” in the Tl K x-ray region, 
corresponding to a K-capture half-life longer than 
5X 108 years. 

K-capture half-lives in the region of a few seconds to 
several days were investigated in two separate experi- 
ments. In the first of these, two samples of lead, one of 
natural abundance and the other enriched to 25.7% in 
Pb™, were irradiated in the thermal flux region of the 
Brookhaven reactor. The two samples were counted 
within 4 minutes after the end of the irradiation in a 
single-channel pulse analyzer—Nal(Tl) arrangement 
which had been preset to detect Tl x-rays. No activity 
was observed that satisfied the 1.45 to 25.7 abundance 
of Pb in the two samples. 
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In the second experiment, the bismuth activities 
resulting from the Pb(d,«n)Bi reactions produced by 
15-Mev deuterons in the MIT cyclotron were adsorbed 
on Dowex-1 anion resin and the lead was quickly 
eluted to look for a very short half-life. The eluate 
flowed rapidly into the well of a Nal scintillation 
counter. An increase in counting rate was observed, 
but the activity had a relatively long half-life (¢ 
~several hours) and could be attributed to the equi- 
librium concentration of Bi activities in the eluate. A 
half-life as short as 2 seconds could have been detected. 
No Pb activity, the initial concentration of which fell 
with the 14-day half-life of the Bi” parent, could be 
observed in washings of the Dowex-1 column which 
would have removed any Pb decay daughters.“ 


® E. C. Campbell and F. Nelson, Phys. Rev. 91, 499 (1953). 
 F. Nelson and K. A. Kraus, J. Am. Chem. Soc. 76, 5916 
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1 Note added in proof——From the negative results of this 
experiment, nothing can be concluded regarding the existence of 
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These data indicate that Pb**® does not decay by 
K capture with a half-life in the range of 2 sec to 10° 
years. A partial K-capture half-life of less than 2 sec 
can be ruled out on the basis of the observed! L-capture 
half-life of 5X10’ years. Hence it is concluded that if 
Pb**® decays by K capture at all the half-life for this 
decay mode must be greater than 10" years. 

It is a pleasure to acknowledge the helpful chemical 
advice of Professor J. W. Irvine, Jr., and the assistance 
of the MIT and Argonne cyclotron crews. 


a short-lived Pb isomer, except that Bi®* electron capture does 
not heavily populate the i;3/2 level in Pb®*®. In the analogous Bi”? 
decay, 87% ot the e.c. (electron capture) transitions go to the 
iiz/e state of the 0.8 sec Pb®™. The half-life of this hore to tise 
transition is 9.2 years (8 y/0.87) and the competing hg/2 to fre 
transition in B®? has an energy of only 50+-40 kev. In the decay 
of Bi, this latter transition probably has considerably more 
energy, and may be the transition most influencing the half-life. 
The fiz to i13/2 decay may be roughly estimated by the ratio 
14d to 9 years or 0.004, and this low rate of population of the ii3/2 
level of Pb®*" may well be the reason that we do not observe 
this isomer. 
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Nucleon-Hole Interaction in jj Coupling* 


SupHIR P. PANDYA 
Physics Department, University of Rochester, Rochester, New York 


(Received May 9, 1956) 


A theorem connecting the energy levels in jj coupling of a nucleon-nucleon and nucleon-hole system 


is derived, and applied in particular to Cl** and K®. 


HE interaction of a nucleon with a hole in a 

closed shell has been considered by Racah and 
others' by an application of tensor algebraic methods. 
An alternate approach, independent of the nature of 
the two-nucleon interaction, is possible for the 7/- 
coupling case. It is based on the property that the 
coefficients of fractional parentage (c.f.p.) connecting 
the states of one- and two-hole systems have a particul- 
arly simple analytical form.* This approach yields a 
theorem which gives the energy levels of a nucleon- 
hole system directly in terms of the energy levels of 
the corresponding nucleon-nucleon system. 

Consider a proton (or a neutron) hole in shell j, 
and a neutron (or a proton) in shell j’ coupled to a 
resultant spin J. The 27 protons are antisymmetrized 
with respect to each other, but not with respect to the 
neutron. (Note, however, that if, as we assume, all 
the lower-lying proton and neutron subshells are 
filled, this state does have a specified isotopic spin.) 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1G. Racah, Phys. Rev. 62, 438 (1942); Marty, Nataf, and 
Prentki, J. phys. radium 15, 134 (1954). 

*G. Racah, Phys. Rev. 63, 367 (1943), Eq. (19); C. Schwartz 
and A. de-Shalit, Phys. Rev. 94, 1257 (1954). 


The interaction Hamiltonian for the system, }0i<;H;;, 
may then be written as a sum of two parts: (i) The 
interactions among the identical nucleons giving the 
energy of the hole, E[ j-'], independent of J, and (ii) 
the neutron-proton interactions. To evaluate the 
second part, c.f.p. are used to write the state of the 
hole <j-| in terms of 27—1 antisymmetrized protons 
coupled to a single proton; then the neutron and the 
proton are recoupled by means of a Racah coefficient. 
Now, using the explicit analytical form for the c.f.p., 
the sum over the parent states of the hole can easily be 
carried out, leaving only a sum over the states Jo, of 
a proton in shell j coupled to a neutron in shell j’. 
Finally, we obtain for the relative energies E,[ jj’ ] 
of the neutron-proton hole configuration,’ 


ELj77]=— XL QSot Iw i777 GII)EIL IF), (1) 
Jo 
and the reciprocal relation, 


Eiji’ J=- ps (2JotI)W G7 7G SIDED I 7’). (1’) 


3 For detailed derivation of (1) and (1’) see S. P. Pandya, 
U. S. Atomic Energy Commission Report NYO-7590 (unpub- 
lished), Appendix. 
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We note, then, that by substituting on the right side 
of (1) explicit expressions for the matrix elements of a 
two-nucleon interaction Hamiltonian, the matrix 
elements for the nucleon-hole system may be directly 
obtained. 

As an application of (1), we shall consider the energy 
levels of Cl** and K*.‘ It is known’ that in the neighbor- 
hood of the f72 shell, 77 coupling is a good approxima- 
tion for low-lying nuclear states. Such states for Cl** 
and K® may then be described in terms of the configura- 
tions (d3/2) (fr2) and (d3/2)~ (fr2), and are expected to 
have spin values 2,3,4,5. The level scheme for K® is 
fairly well known. The ground state has spin 4, and 
excited states are observed at 0.032, 0.8, and 0.89 Mev.*® 
The results of the K*(n,y)K® experiment’ suggest 
strongly that the spins of the 0.032- and 0.8-Mev 
states are 2 or 3, whereas the spin of the 0.89-Mev state 
should be >3. It seems reasonable then, to assume 
this latter spin value to be 5. The two alternate level 
schemes possible for K*, and the corresponding level 
schemes for Cl** derived by using (1’) are given in 
Table I. The experimental results*:* show that the 
ground state has spin 2, and indicate a J=5 state at 
0.672 Mev. The results, with suggested spin assign- 
ments, are shown in the last column of Table I. It is 
clear that the scheme II is in excellent agreement with 
the experimental results. Thus 77 coupling seems to be a 
good approximation for these nuclei,? and enables us 
to assign tentative spin values for the various levels 
in Cl** and K*."° 

It is possible to apply the above analysis to other 
pairs of odd-odd nuclei, which can be described as 


4 Since this work was completed, there has appeared an explicit 
calculation by S. Goldstein and I. Talmi [Phys. Rev. 102, 589 
(1956) ] for the particular case of K® and Cl**, However, they do 
not use the theorem derived above, but make use of the actual 
numerical values of the c.f.p. 

5C. Levinson and K. W. Ford, Phys. Rev. 100, 13 (1955); 
B. J. Raz and J. B. French (to be published). 

® See the review article by P. M. Endt and J. C. Kluyver, 
Revs. Modern Phys. 26, 95 (1954). 

7G. A. Bartholomew and B. B. Kinsey, Can. J. Phys. 31, 927 
(1953). 

8 Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955). 

® This result differs from that of G. E. Tauber and T. Y. Wu 
[Phys. Rev. 94, 1307 (1954) ] for K®. However, their analysis 
indicates the J = 5 level to be below the J =2 level and is apparently 
inconsistent with the K®(n,7)K® experiment. We believe that the 
reason for the magnetic moment anomaly is not necessarily 
found in intermediate coupling, particularly near the LS limit. 

10 The level scheme II coincides with that suggested by Endt 
and Kluyver® on the basis of relative cross sections at 90° of the 
K®(d,p)K® experiment. Their argument would be satisfactory in 
this case if the cross sections were available at peak values. 
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TABLE I. Energy levels of Cl** as predicted by Eq. (1’) from 
two alternate level schemes for K®. The last column lists the 
experimental levels of Cl** against suggested spin values. 








Energy levels of K* Energy levels of Cl'* 
ev) (Mev) 


I II II 


Experiment 
(Mev) 





0.032. 08 0 0 
0.8 0.032 
0 


0 
0.89 


0.748 
1.324 
0.696 


0.762 
1.312 


0.89 0.672 








nucleon-nucleon and nucleon-hole systems, provided 
the validity of 77 coupling is reasonably assured, and 
enough knowledge of the energy levels is experimentally 
available. In actual practice not many such cases are 
now known. It is of some interest, however, to consider 
Cl* and Cl** nuclei in the light of this theorem, even 
though at present there is little evidence of the validity 
of the jj coupling description for them. In Cl*, the 
ground state and the 0.142-Mev state are known to 
have spin values 0+ and 3+ respectively.® Ajzenberg 
et al." have reported further levels at 1.1, 1.9, 2.7, 3.7 
Mey, etc. In view of the occurence of a 2+ state at 
about 2-Mev excitation in S* and A**, the 1.9-Mev 
state may be assigned spin 2+. A knowledge of the 
location of the remaining 1+- state of the (ds2) (d3y2) 
configuration would be useful for further analysis of 
nuclei in the dy shell. Assigning the 1+ value to 
various remaining states in Cl*, and evaluating the 
level scheme of Cl** by means of (1), we find that for the 
1+ state at 1.1 Mev, we obtain in Cl**, 2+ as the 
ground state and excited states 3+ at 0.66 Mev, 1+ 
at 1.62 Mev, and 0+ at 3 Mev. Levels are in fact 
known near these energies,** but the correlation is 
doubtful because there are other low-lying levels. 
If the 1+ state is assumed to be at 2.7 Mev or higher, 
the 3+ level in Cl** is obtained too close to the ground 
state and eventually as the ground state itself, in 
contradiction with experiment. This then suggests the 
identification of 1.1-Mev state in Cl* as 1+, unless 
there remains an as yet undiscovered level in Cl* 
below 2.5 Mev, or it turns out that jj coupling is an 
unsatisfactory approximation for this case. 
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Application of Adiabatic Functions to N'‘+N" Reactions* 
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Nucleon tunneling in reactions of the type N“(N“,N")N and N“(N¥,C!)0"* is calculated by using 
adiabatic wave functions constructed by the well-depth eigenfunction method. The procedure is applicable 
only if resonance effects in the transfer do not enter; in this case the results are shown to be equivalent with 
those obtained in the more detailed considerations of the energy matrix method. 





I. INTRODUCTION 


ONSIDERABLE interest has recently been at- 
tached to nuclear reactions between two nuclei 
such as N*, in which a nucleon is transferred from one 
nucleus to the other. In particular, the role of simple 
tunnelling of the nucleon in N™*(N*,N)N and 
N*(N",C*)O"* has been analyzed in some detail.! A 
special circumstance enters in the case of these re- 
actions; namely, the binding energies of the last 
neutron in N“ and N’® are approximately equal, as 
are those of the last proton in N“ and O'. The differ- 
ence is about 0.3 Mev in each case. On the other hand, 
if such a resonance condition does not exist, it may be 
convenient to treat the tunneling process in terms of 
adiabatic functions, employing the well-depth eigen- 
function method.’ It is the purpose of this note to 
show that such a treatment of the N'*+N"* reactions 
leads to the same approximate result as the energy 
matrix method of BE if the bombarding energy is so 
low that the change in energy of the adiabatic states 
from their values in the isolated nuclei is small com- 
pared to the difference of the energies of the states in 
the two nuclei, i.e., the resonance condition does not 
obtain. 

In the present treatment, the nucleon is considered 
to move in a potential which is the sum of two poten- 
tials, each describing its interaction with one of the 
nuclei. In this respect these considerations are less 
general than those in BE, in which the nucleon be- 
havior was described in terms of conditions at the 
nuclear surface. The reaction is considered in the semi- 
classical approximation, i.e., the two potential wells 
are assumed to move along the hyperbolic orbits of the 
classical problem. The validity of this approximation 
has been discussed in BE and in the references quoted 
therein. 

The calculation proceeds in two steps. First, adiabatic 
wave functions which are solutions of the Schrédinger 
equation for one nucleon in two potential wells are 
obtained, with the fixed separation of the two nuclei 


* This research was supported by the U. S. Atomic Energy 
Commission under Contract AT(30-1)-1807 and by the Office of 
Ordnance Research, U. S. Army. 

1G. Breit and M. E. Ebel, Phys. Rev. 103, 679 (1956). This 
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2G. Breit, Phys. Rev. 102, 549 (1956). This work will hence- 
forth be referred to as B. 


treated as a parameter. As the separation becomes large, 
these wave functions approach functions describing 
conditions in which the nucleon is bound to one or the 
other of the nuclei. The one exception to this is the case 
of exact degeneracy arising when the two potential 
wells are identical. In this latter circumstance the 
asymptotic wave functions would be symmetric and 
antisymmetric combinations of the single-well eigen- 
functions. The following treatment does not consider 
such a case. 

The second step invokes the adiabatic approximation, 
in which the previously constructed functions are used 
as approximate time-dependent wave functions, the 
time entering through the dependence of the wave 
function on the separation of the two nuclei. The varia- 
tion of the adiabatic functions with time is known ex- 
plicitly if the motion of the nuclei is treated classically. 
The probability of a system which is in a state corre- 
sponding to the localization of the nucleon in one well 
at time ‘=—o making a transition to a state corre- 
sponding to the nucleon being in the other well, is then 
calculated by the use of time-dependent perturbation 
theory. The result is found to agree approximately with 
that obtained from the energy matrix treatment of BE, 
within the limit of validity of the present treatment, 
which is just the range of bombarding energies in which 
the perturbation treatment as applied converges 
rapidly. The considerations regarding the effects of 
spin and of the identity of particles are just the same 
as those made in BE for the energy matrix approach. 
The notation used will be substantially that of B and 
BE. The fact that the adiabatic wave function and the 
energy matrix treatments agree regarding the entrance 
of penetrability factors may be regarded as additional 
evidence for conclusions reached by BE. In particular, 
the expected dependence of cross section on energy and 
on angle is very similar in the two approximations and 
the evidence regarding the existence of a process operat- 
ing in addition to ordinary tunneling is thus supported 
by the present considerations. 


II. ADIABATIC WAVE FUNCTIONS 


It is desired to construct wave functions describing a 
single particle of positive separation energy interacting 
with two nuclei. These interactions are represented by 
potential energies (#?/2M)Vi(r) and (h?/2M)V;(r), 
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APPLICATION OF ADIABATIC FUNCTIONS 


M being the nucleon mass; that is, solutions of the 
Schrédinger equation 


[A—«”—Vi(r)—V2(r) (1) =0 (1) 


corresponding to states of energy —7%i*x’/2M are sought. 
For simplicity, nucleon and nuclear spins are ignored, 
the results being easily generalized to include their 
effects. Equation (1) is solved by using the method of 
well-depth eigenfunctions outlined in B. The results of 
B which will be used below may be summarized as 
follows. , 

The potentials V;(r) and V2(r) are assumed not to 
overlap. Then it is useful to consider solutions to the 
related integral equations 


me f K(1,7'32)Vi(0)uaa(r)dr’, 


Yom (T) = han f K (6 5K) Vo(8’)tom(r’) dr’, 


and 


u(n)=r f K (aye se) LVale) + Vale) (eae, (1.2) 


where the kernel satisfies 


(A—)K(r,1’; )=5(r—r’), (1.3) 


and is regular for |r|, |r’| approaching infinity. If the 
eigenvalues A, Ain, Aom were all unity, then solutions to 
Eq. (1.2) would be the desired eigenfunctions, and the 
solutions to Eq. (1.1) would be the ordinary Schrédinger 
eigenfunctions of the single-potential problem. As it is, 
solutions to Eq. (1.2) will be obtained in terms of the 
functions 4, and tm, and the corrections for \¥1 dis- 
cussed in B will be shown to be negligible in the present 
application. The quantities V,(r)u(r) and V2(r)u(r) 
are expanded as 


Vi(r)u(r) = 2 ndinVi(r)tin(r), 
Vo(r)u(r) = > ombomV 2(1) tom (1). 
The coefficients bin, bem, satisfy the coupled equations 
bin/A= (Bin/Ain) — LimV inmBom/A2m; 
Dom/A= (bom/A2m) — D nV 2mndin/An, 


(1.5) 


with the matrix elements 
Vinn® (tin, V 142m), 
(1.6) 
V omn= (tom, V 2ttin) =Ain(Vinm/Aom)*, 


in the usual notation. The normalization of the u’s has 
been taken to be 


(tiny Vim) vem —On» ; (thom, V 2ttoy) = — Imp. (1.7) 


These matrix elements are a measure of the ability of 
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the nucleon to penetrate the barrier between V; and 
V2, and for cases of practical importance will be small 
compared to one. These results from B will now be used 
to obtain the wave function for the particular system 
under consideration. 

Since the barrier penetration is assumed to be small, 
a first-order calculation of the tunneling suffices. In 
this case only the states between which the transfer is 
supposed to take place enter into consideration, and 
the solutions to Eq. (1.2) are found to be 


U4= Na [ttin— A tom |, 
u_= N_[A Uint+tom |, 
with the definition 


A=|Vinm|Xin/(A2m—A1n)- 


(2) 


(2.1) 


The eigenvalue 1/A, associated with u, differs from 
1/A1n by terms of second order in the barrier penetra- 
tion, while 1/A_ differs from 1/2 also by terms of this 
order. Accordingly, if the energy of u, is chosen such 
that A1,=1, and of w_ such that A2,=1, the well-depth 
eigenfunctions u, and u_ differ from energy eigen- 
functions by terms involving the square of Vinm. The 
quantity Aom—Ain may be related to the energy dif- 
ference of the levels of the isolated nuclei using Eq. 
(12) of B. There results 


Nom—Ain= (2M /h?)[ (t61n;t1n) (om sMom)_}*(E:— Es), (2.2) 
and thus 


A= (h?/2M)| Vinm|A1n/ 


{ (E:— E2)[(uinjttin) (tomtom) J}. (2.3) 


With this choice of the energies of the two states, tom 
in wu, and #, in uw are not identical with the energy 
eigenfunctions. For the particular transfer considered 
here, these differences are however small and, since they 
affect only terms which already have small coefficients, 
they may be neglected. The adiabatic functions may be 
rewritten in terms of the single-well energy eigen- 
functions gin, Yom as 


a= Nal ¢in(r) ~<A (R) ¢2m(t) J, 


(2.4) 
¢o= No[ A(R) ¢1n(r)+ gem (rr) }. 


The functions of Eq. (2.4) are normalized such that 


(Ga, ¢0) =0; (Ga;¢a) = (¢», 90) =1. (2.5) 


These relations, together with the similar normalization 
of ¢; and ¢e, imply that NV, and N;, are unity in this 
approximation. The wave functions given in Eq. (2.4) 
are nearly the same as those which would be obtained 
by taking @ as small in Eqs. (6.5) and (6.5’) of BE, the 
difference consisting in the presence of additional cor- 
rections to A resulting from the fact that E+ Eo. 
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Ill. PROBABILITY OF TRANSFER 


The adiabatic wave functions of Eq. (2.4) may now 
be used to obtain the probability of transfer of a nucleon 
from nucleus 1 to nucleus 2. Setting A =0 in Eq. (2.4), 
it is seen that ¢, describes a state which for large 
separation of the nuclei has the nucleon in nucleus 1, 
while gy, corresponds to the nucleon being asymptoti- 
cally in 2. Thus it is sufficient to calculate the transition 
probability from state yg, to ¢p. 

The wave function ¥(¢) for the system is written as 


¥(d)—~a(t) va(r,R) exp( —_ iEgt/h) 
+b()0(1,R) exp(—iEu/h), (3) 


indicating explicitly the dependence of y, and gs upon 
the nuclear separation R, which is in turn a function 
of time. Substitution of this wave function in the time- 
dependent Schrédinger equation leads in the usual way 
to the coupled equations 


da/dt+-b(¢a,d ¢p/dt) exp(iwt) =0, 


(3.1) 
db/dt—a(¢a,dgp/dt) exp(—iwt)=0, 
with 
a= (E.— Ey) /h= (E,\—E2)/h. (3.2) 
The quantity (¢.,d¢,/dt) entering here may be calcu- 
lated from Eq. (2.4), since 


(Ga,d g/dl) = (dR/dt)- (¢a,¥ nvr). (3.3) 


The variation of g, with R will be due to two effects, 
first, the dependence of A upon the barrier penetration, 
and second, the variations of ¢;, and ¢o», themselves. 
These latter variations are small, and will be neglected 
as is done in BE. The consideration of the former gives 


(Ga,V rv) =(¢i—Ag2, VRAGi)=VRA (3.4) 


(Ga,dyr/dl) =dA/dt, (3.5) 
with A given by Eq. (2.3). The initial conditions for a 
and b which apply in the solution of Eq. (3.1) are 

a(—«x)=1; b(—«)=0. (3.6) 
Since it is assumed that A remains small over all the 
orbit, Eq. (3.1) may be solved subject to the assumption 
that |a(¢)|=1. There results 


‘dA 
|b(t)|~ an exp(—iai| 
t’ 


(3.7) 


t | 


f A(t)w exp(—iwt’)dt’ } 


—20 





Finally, the use of Eq. (2.3) for A gives for the proba- 
bility of transfer 


E. EBEL 


|b(+ 20) |?=(h/2M)? 


x f {Arn| Vinm| /L( tintin) (t62m;tom) J} dt . (3.8) 


The exponential factor in the integrand has been 
dropped, since according to the estimates in BE, this 
changes the value of the cross section by at most 2%. 

All that remains in establishing the connection be- 
tween this treatment and that of the energy matrix 
method is to relate the matrix element Vinm to the 
value of 8 occurring if the nucleon-nucleus interaction 
is described by a potential. The quantity entering is 


NinV nmin f thi*(#)V1(0)ttm(1. (4) 


Using the differential equation satisfied by #,,*(r), Eq. 
(4) becomes 


diVanm= f [(A—x*)uin*(r) |uom(r)dr, (4.1) 
Ri 


the integral being extended over the region R; in which 
V,+0. If Green’s theorem is applied to this integral, 
there results 


nN ln J gone ove f [ ttomV n uy 4 ** Uin*V ntlom dS, (4.2) 
8\ 


SINCE M2», satisfies the free-field equation with energy x* 
in the region Rj. 

If the potential V, is spherically symmetric, as will 
be assumed, the surface integral serves to select out of 
all parts of t#2m(r) that part which has the same angular 
dependence as %#;,(r). The quantity which enters in the 
transition probability is homogeneous in the wave 
functions %1n, “2m; normalization factors will therefore 
be dropped. For the case in which a p-nucleon is trans- 
ferred, the wave function ™,(r) and the p part of an 
analysis of #2m in spherical harmonics about nucleus 1 
are given in Eq. (1) and Eq. (1.2) of BE. The effect of 
transfer from various p-sublevels is included by using 
Eq. (24) of BE as the radial part of #om. Substitution 
of these wave functions in Eq. (4.2), and performing the 
indicated differentiations, gives 


Ase V ta [aR,,(a) P 
X[xa/(1+-«a)P(1/R) exp[—«(R—2a)], 


where R,(a) is the radial part of «, evaluated at the 
nuclear radius a. By virtue of the Hermitian property 
of Vinm expressed in Eq. (1.6), the factor occurring in 
Eq. (3.8) becomes 


'ArnV inm| /L (t1nstin) (42m;%2m) | 
= (1/A1A2)*Lxa/(1+-«a) P(1/R) 
Xexp[—«(R—2a) ], 


(4.3) 


(4.4) 





APPLICATION 


where Eq. (27.1) of BE, viz., 
1/d1= | @Rin(a) |?/ (tinyMin), (4.5) 


has been applied. Equation (4.4) is in fact just the 
expression for 6 given in Eq. (24.1) of BE. The same 
result for the transition probability is thus obtained if 
the condition of resonance between the states of the 
two nuclei may be ignored. The results for cross sec- 
tions and angular distributions quoted in the previous 
work may therefore be carried over directly to this 
treatment in the absence of resonance. If Eq. (2) were 
written in terms of a transformation angle 4 tan~!(2A), 
the integral for the transition probability would involve 
JS'}(tan“2A)dt, instead of fAdt. The difference be- 
tween the two results would only be less than 2% at 
10 Mev and less than 30% at 15 Mev. 
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It may be remarked that, by employing exact adia- 
batic functions but omitting the process of linearly 
combining them to improve convergence as done by 
BE, a slightly incorrect answer is obtained. On the 
other hand, if the inexact form listed in Eq. (2) is 
employed and the linear combinations are not taken, the 
energy matrix answer of BE is reproduced, the errors 
of the two approximations being of a compensating 
nature. 
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Nuclear Levels in S**, S**, Cl®*>, and Cl*’+ 
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Barium-chloride targets have been bombarded with protons accelerated by an electrostatic generator to 
an energy of 7.04 Mev. Charged reaction products (alpha particles and elastically and inelastically scattered 
protons) were observed at 90 and 130 degrees to the proton beam with a high-resolution magnetic analyzer. 


The following ground-state Q values have been measured : Cl**(p,a)S*, 0 = 1.863+-0.008 Mev; Cl*7(p,a)S™ 


, 


Q=3.026+0.008 Mev. Levels were observed in S* at 2.237, 3.780, 4.287, 4.465, and 4.698 Mev; in S™ at 
2.127, 3.302, 3.915, 4.073, 4.114, 4.621, 4.685, and 4.876 Mev; in Cl at 1.221, 1.763, 2.645, 2.695, 3.006, 
(3.165), 4.058, 4.113, and 4.174 Mev; in Cl*’ at 0.838, 1.728, (3.087), and (3.105) Mev. 


I. INTRODUCTION 


N a previous paper,' investigations were described of 
the level schemes of the nuclei S*, S*®*, Cl*, and Cl**. 
Barium-chloride targets were bombarded with deu- 
terons, and the alpha particles and protons from the 
(d,a) and (d,p) reactions on chlorine were magnetically 
analyzed. 

The same technique has been applied to the charged 
reaction products from the proton bombardment of 
these targets. This provides the level schemes of the 
nuclei S®, S*, Cl*, and Cl*? through the (p,a) and 
(p,p’) reactions on the chlorine isotopes Cl** and CF’. 

Very little was known of the Cl** and the Cl? level 
schemes; only three levels were known in S*, while 
seven levels? had been found in S®. 

t This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* Now at Massachusetts Institute of Technology, Cambridge, 
Massachusetts. 

1 Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955). 


2P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954), 


Il. EXPERIMENTAL PROCEDURE 


Protons were accelerated to an energy of 7.037 Mev 
with the MIT—ONR electrostatic generator.’ Energies 
of charged reaction products emitted from the target 
at angles of 90 or 130 degrees to the proton beam were 
determined with a broad-range magnetic spectrograph.‘ 
The preparation of BaCl, targets has been described in 
the Cl+d paper.! 

Four different bombardments were performed; one 
on a thick target at 0=130°; one on a thin target at 
6= 130°; and two on a thin target at @=90° with dif- 
ferent spectrograph field settings so as to focus either 
the high-energy (3.8 to 9.0 Mev) or the low-energy 
part (2.5 to 5.8 Mev) of the secondary particles on the 
nuclear emulsion serving for particle detection. 

The assignment of particle groups to the responsible 
isotope was made by observing the energy difference 


’ Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 81, 
1502 (1953). 

4 Buechner, Browne, Enge, Mazari, and Buntschuh, Phys. Rev. 
95, 609(A) (1954); Buechner, Mazari, and Sperduto, Phys. Rev. 
101, 188 (1956). 
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Fic. 1. Alpha-particle groups from the proton bombardment of a 
thin BaCl, target at E,=7.037 Mev and @=90°. 


of particles emitted at @=90° and at 6=130°, which 
depends on the mass of the initial nucleus. For instance, 
the Cl*’(p,p’)Cl** proton groups shift, relative to the 
Cl**(p,p’)Cl® proton groups, by an amount varying 
from 13 kev (at E,,=6.5 Mev) to 9 kev (at E,,=3.0 
Mev). For Cl**(p,a)S® and Cl*’(p,a)S* alpha-particle 
groups, the relative energy shift is twice this amount. 


Ill. RESULTS 


The alpha-particle spectrum obtained from the thin 
BaCl, target at 92=90° is shown in Fig. 1. Regions where 
no points have been plotted have been scanned rapidly. 
No groups were expected in these regions, and none 


TABLE I. Q values from Cl**(p,a)S* and Cl*’(p,a)S* and 
excitation energies in S* and S* (in Mev). 








Q value 
present work 


Cl*(p,0)S* 


Ez 
Group present work Q value Ez» 





(0) 
(1) 
(2) 
(3) 
(4) 
(5) 


(0) 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 


1.863+0.008 
—0.374+0.008 
—1.917+0.008 
—2.424+0.008 
—2.602+0.010 
—2.835+0.010 


0 
2.237 +0.008 
3.780+0.008 
4.287+0.008 
4.465+0.010 
4.698+0.010 


Cl*"(p,0)S* 


3.026+0.008 

0.899+0.008 
—0.276+0.008 
—0.889+0.008 
— 1.047+0.008 
— 1.088+0.008 
— 1.595+0.008 
— 1.659+0.008 
—1.850+0.008 


0 
2.127+0.008 
3.302+0.008 
3.915+0.008 
4.073+0.008 
4.114+0.008 
4.621+0.008 
4.685+0.008 
4.876+0.008 


1.865+0.015 


3.015+0.015 


S*(p,p')S® 
0 


2.25+0.02 
3.81+0.02 
4.32+0.02 
4.50+0.02 
4.74+0.02 


Cl4(g+)S%e 
0 
2.10+0.03 


3.24+0.03 
3.9 








* Almqvist, Clarke, and Paul, Phys. Rev. 100, 1265(A) (1955). 


> Arthur, Allen, 


(1952). 
* See 
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Bender, Hausman, and McDole, Phys, Rev. 88, 1291 


ion 2, and E. Bleuler and H. Morinaga, Phys. Rev. 99, 
19 


were found. Three groups can be assigned to the 
Na*™(p,a)Ne” reaction. Their Q values are as to be 
expected from known masses and from known excita- 
tion energies in Ne”. They are also found from the 
exposure at = 130°, showing the expected energy shift. 
Finally, they are definitely broader than the groups 
from chlorine, indicating that the sodium was present 
as a contaminant in the target backing. 

The other alpha-particle groups have been assigned 
to either the Cl**(p,a)S® or to the Cl*"(p,2)S* reaction. 
In Table I, Q values and corresponding excitation en- 
ergies are given for these reactions. Groups (4) and 
(5) from the Cl**(p,a)S* reaction are not shown in 
Fig. 1, but they have been observed in two other ex- 
posures at lower spectrograph field settings. 

A proton spectrum at 6=130° is shown in Fig. 2. 
Proton groups are found from elastic scattering by Au, 
ma; Ag, Ca, KE, CH, Ce, S*, S*, Ne®, 0%, OF N*, 
C*, and C”. The gold, silver, and copper are present 
in the gold foil which was used to strengthen the Form- 
var backing. The presence of strong sodium and sulfur 
contamination in the target backing gave rise also to 


TABLE II. Excitation energies in Cl®* and Cl*” from 
Cl**(p,p’) Cl and Cl8"(p,p’) CI”. 








C7 (p,p’) Cl" 


Cl5(p,p’) C15 
Ez (in Mev) 


Ez (in Mev) Group 
(1) 
(2) 
(3) 
(4) 


Group 





0.838+0.005 

1.728+0.005 
(3.087+0.008) 
(3.105+0.008) 


1.221+0.005 
1.763+0.005 
2.645+0.005 
2.695+0.005 
3.006+0.005 
(3.165+-0.008) 
4.058+-0.005 
4.1130.005 
4.174+0.005 








groups of inelastically scattered protons in the expected 
positions. No groups were present from inelastic scat- 
tering on barium. Levels are known in Ba"® at 1.44, 
1.90, and 2.88 Mev,® but the corresponding proton 
groups were not observed. 

Conspicuous is the large intensity of all Cl**(p,p’)Cl** 
inelastic groups, which was between 20 and 50% of the 
intensity of the elastic group. The Cl*’(p,p’)Cl*” in- 
elastic groups reach at most 5% of the corresponding 
elastic group. The large intensity of the Cl*5(p,p’)Cl*® 
groups and of the alpha-particle group from the 
Cl**(p,a)S® reaction, leading to level (1) in S*, would 
most naturally be explained by the assumption that 
Cl**+ shows a resonance for the bombarding energy 
used, corresponding to an excitation energy in A*® of 
15.35 Mev. This is above the threshold for breakup 
into A®*® and a neutron, but only by about 0.7 Mev. 

Excitation energies in Cl** and Cl* are collected in 
Table II. Groups (7), (8), and (9) assigned to Cl* 


5 Hollander, Perlman, and Seaborg, Revs. Modern Phys, 25, 
469 (1953). 
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have only been observed in the 6=90° exposure with 
low spectrograph magnetic field. The assignment, how- 
ever, must be regarded as unambiguous, because their 
intensity is as large as that of the other inelastic Cl*® 
groups, and also because they cannot be identified 
with known contaminant inelastic groups. Group (6) 
assigned to Cl*® and groups (3) and (4) assigned to Cl?” 
appear in the 6=90° exposure with low spectrograph 
field and in the @=130° thick-target exposure. They 
certainly result from inelastic scattering on chlorine, 
but the observed energy shift is not accurate enough to 
determine the responsible isotope uniquely; nor is the 
intensity of group (6), which is about 10% of the Cl** 
elastic group, as large as that of the other Cl*® inelastic 
groups. 


IV. DISCUSSION 


The ground-state Q values found for the Cl**(p,a)S* 
and Cl*"(p,a)S* reactions have also been measured 
recently by Almqvist, Clarke, and Paul.* Their data 
have been included in Table I. The Cl**(p,a)S* Q value 
can also be computed from that of the Cl*°(d,a)S* re- 
action! and from the S*—S* mass difference given by 
Li.’ This yields 1.858+0.014 Mev, in very good agree- 
ment with the value of 1.863+-0.008 Mev measured in 
this work, and with the value of 1.865+0.005 Mev 
given by Almqvist et al. 

The known data on the S® level scheme have been 
reviewed by Endt and Kluyver.” The excitation energies 


6 Almqvist, Clarke, and Paul, Phys. Rev. 100, 1265(A) (1955). 
7C. W. Li, Phys. Rev. 88, 1038 (1952). 
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: 8 Arthur, Allen, Bender, Hausman, and McDole, Phys. Rev. 
88, 1291 (1952). 
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have been included in Table I. Their values are in 
general agreement with those found in the present 
work. The excitation energy of the first level in S*, as 
found from the S*(n,n’y)S® reaction, has been given by 
Day® as 2.23+0.02 Mev. In recent work at MIT, an 
excitation energy of 2.233 Mev has been measured in 
inelastic proton scattering studies. 

The three lower levels found in S* have also been 
observed from the Cl*(8+)S* decay (see Table I) and 
from the P*(@-)S* decay.” Levels at (0.7), 2.1, (3.0), 
and (3.6) Mev are found from the P*!(a,p)S* reaction." 
A level at 0.82 Mev has also been reported from the 


*R. B. Day, Jnternational Conference on Peaceful Uses of 
1tomic Energy, Geneva, 1955 (to be published). 

0 E. Bleuler and H. Morinaga, Phys. Rev. 99, 658(A) (1955). 

Pieper, Stanford, and Von Herremann, Phys. Rev. 98, 
1185(A) (1955). 
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S*(d,p)S* reaction.” No alpha-particle group corre- 
sponding to this excitation energy has been observed 
in the present work. although the region of the spectrum 
where such a group could be expected has been counted 
with care. 

Levels in Cl** are reported at (0.7), 1.1, and (1.7) 
Mev from the S®(a,p)Cl*® reaction." The doubtful 
level at 0.7 Mev has not been observed in the present 
work, while the levels at 1.1 and 1.7 Mev agree with 
those of Table II at 1.221 and 1.763 Mev. No accurate 
measurements exist of excitation energies of levels 
in Cl’. 

The level schemes of S*, Cl**, and Cl’ are given in 
Figs. 3, 4, and 5, in which the present results and those 
of others have been incorporated. 


12 P. W. Davison, Phys. Rev. 75, 757 (1949). 
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The new isotope Cm™®, the daughter of Cf, has been separated from a sample of californium. Cm™® 
decays by the emission of a 5.054+0.015 Mev a particle with an alpha half-life of (4.7.0.4) X 105 years. 
The spontaneous fission half-life of Cm** was found to be (4.6-+0.5) X 10® years. Cm™® was also observed in 
the curium daughters isolated from the californium sample; the Cm™* decays by the emission of a 5.373 
+0.010 Mev a particle with a half-life of 6020+-320 years. 





URIUM-248 would be expected to have a half-life 
in the order of 10° to 10° years based on alpha 
systematics.! Although it is known that Cm™® must be 
present in curium produced by the long neutron irradia- 
tion of plutonium in order that Bk™® and the heavier 
actinides can be formed,’ neither alpha groups due to 
Cm** nor a detectable Pu®* daughter can be found 
because of the long half-life and low abundance of Cm*48, 
One way in which Cm™* can be formed in high 
abundance is from the alpha-decay of californium-252. 
Californium produced by neutron irradiation of Pu 
consists of Cf, Cf?5°, Cf, and Cf? but most of the 
alpha activity is due to Cf*® since it has the shortest 
half-life and is found in high abundance; most of the 
remaining alpha activity is due to Cf. Thus the 
curium daughters will consist mainly of Cm™* and Cm** 
with very small amounts of Cm? and Cm™®, 

We have isolated the curium daughters from a sample 
of 2.27 10° disintegrations/minute of californium pre- 
pared from plutonium irradiated in the Materials 
Testing Reactor. The californium was first separated 
from curium and other actinide elements by several 
Dowex 50 lactate ion-exchange column runs.‘ After 
standing for 169 days curium was again separated from 
the californium by several Dowex 50-a-hydroxy- 
isobutyrate ion exchange column runs.§ The curium 
from the second separation showed alpha particles of 
energy 5.05 and 5.37 Mev, as well as those due to Cm™ 
and Cm™* which had not been completely removed in 
the first separation. Additional ion-exchange column 
runs failed to separate the new alpha groups from the 
known curium isotopes, so the 5.05- and 5.37-Mev 
alpha emitters are also curium. The 5.37-Mev particles 


*The Knolls Atomic Power Laboratory is operated for the 
U. S. Atomic Energy Commission by the General Electric Com- 


pany. 
1 Glass, Thompson, and Seaborg, J. Inorg. Nuclear Chem. 1, 
3 (1955). 
2 Thompson, Ghiorso, Harvey, and Choppin, Phys. Rev. 93, 


908 (1954). 

’Magnusson, Studier, Fields, Stevens, Mech, 
Diamond, and Huizenga, Phys. Rev. 96, 1576 (1954). 

4Thompson, Harvey, Choppin, and Seaborg, J. Am. Chem. 
Soc. 76, 6229 (1954). 

5 Cho pin, Harvey, and Thompson, J. Inorg. Nuclear Chem. 2, 
66 (1956). 
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are due to Cm™®; particles of this energy have also been 
found in curium produced by the decay of Pu™*.* The 
5.05-Mev particles are almost certainly due to Cm™®8, 
On the basis of heavy-element systematics, Cm™* and 
Cm*" would be expected to have about this a-particle 
energy. However, the contribution from Cm”? will be 
negligible because of the low disintegration rate of 
Cf**" in our californium and the expected long half-life 
of Cm”, 

At the time of the curium milking, alpha pulse 
analysis of the californium showed 85.2% Cf and 
14.8% Cf alpha particles. After correcting for the 
chemical yield, it was found that the ratio of the Cf? 
disintegration rate to the Cm™* rate was (2.03-+-0.09) 
X10 and the ratio of Cf? rate to the Cm™* rate was 
(1.36+0.10) 10°. Using 2.2+0.2 yr for the half-life 
of Cf? and 9.30.9 yr for that of Cf?®,’ a half-life of 
6620+320 yr was calculated for Cm™* and (4.7+0.4) 
10° yr for Cm**, The alpha half-life of Cm** can be 
compared with values of 4000+600 yr,® and 5000-+500 
yr’ obtained by mass analyzing the plutonium daughters 
from curium of known isotopic composition, and a 
value® of 2300+500 yr obtained by determining the 
amount of curium produced from the decay of Pu™®. 

The alpha energies of Cm™* and Cm™® were deter- 
mined using the AECL gridded ionization chamber and 
30-channel pulse height analyzer.® The curium was 
electroplated onto a polished platinum disk in order to 
obtain a thin uniform plate with a high yield. 
Alpha energies of 5.054+0.015 Mev for Cm™* and 


TABLE I. Summary of the results of this investigation. 








Alpha half-life Fission half-life 


6.620 +320 y 
(4.7 +0.4) X105 yr 


Nuclide Alpha energy 


5.373 40,010 Mev 
5.054+0.015 Mev 





Cm6 


Cm™s (4.6+0.5) X10* yr 








* Browne, Hoffman, Crane, Balagna, Higgins, Barnes, Hoff, 
Smith, Mize, and Bunker, J. Inorg. Nuclear Chem. 1, 254 (1955). 

7 Butler, Eastwood, Collins, Rourke and Schuman (unpub- 
lished data). 

8 Friedman, Harkness, Fields, Studier, and Huizenga, Phys. 
Rev. 95, 1501 (1954). 
( M4 iia Battell, Howell, and Taplin, Rev. Sci. Instr. 22, 551 

1951). 
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5.37340.010 Mev for Cm** were obtained by using 
Po” (5.301 Mev), Po*4 (7.680 Mev), Po*!8 (5.998 Mev), 
Em” (5.486 Mev), Cm™ (6.110 Mev), and Cm™ 
(5.798 Mev) as standards. 

The spontaneous fission half-life of Cm™* was deter- 
mined by fission-counting the curium sample after 
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exhaustive separations from californium. When a cor- 
rection of 3% was applied to allow for the spontaneous 
fission of Cm™* (assuming its half-life to be 3X 10’ yr),” 
a value of (4.60.5) X 10° yr was obtained. The results 
of this investigation are summarized in Table I. 


 W. J. Swiatecki, Phys. Rev. 100, 937 (1955). 
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Pd isotopes of masses 98, 99, and 101 were prepared by a-particle bombardment of ruthenium. The 
radiations of these isotopes and of their Rh daughters were investigated with a scintillation coincidence 
spectrometer. Rh®* decays with a half-life of 8.7+-0.1 minutes by emission of 2.50.2 Mev positrons in 
coincidence with 650+10 kev y rays. Its Pd®* parent was shown by successive daughter extractions to 
decay with a half-life of 17.5+0.5 minutes. Rh” (4.70.1 hours) showed 0.74-Mev positrons (10%) in 
coincidence with 335+10 kev y rays (70%). Other y rays were observed at 615+15 kev (20%), 890+20 
kev (weak line coincident with 335-kev y), 1.26+0.03 Mev, and 1.41+0.04 Mev (weak). Pd® (21.6+0.6 
minutes) was identified by successive Rh daughter extractions. Its maximum positron energy is 2.00.1 
Mev and the following + rays were observed: 140, 275, 420, and 670 kev. The 140-kev + ray is the most 
intense and the 420-kev peak represents two y rays of about the same energy in cascade. Rh" (4.70.2 days) 
decays by electron capture followed by emission of 312+10 kev y rays. Pd! (8.50.3 hours) emits 0.58 
+0.04 Mev positrons (4%) by decay to the ground state of Rh", The y rays observed were at 288 kev 
(15%), 590 kev (15%), 720, 1190, and 1280 kev (last three less intense). The photopeak at 288 kev repre- 
sents two coincident y rays of about the same energy. Tentative spin and parity assignments were made 
for the ground states of the nuclides investigated. Mass assignments were confirmed by a study of the 
relative yields of the various radioactive isotopes as the bombarding a-particle energy and isotopic com- 


position of the Ru target were varied. 


INTRODUCTION 


N order to help identify the mass number of a long- 
lived Tc isotope,! assumed to be Tc®*, its y-ray 
spectrum was compared with that of Rh®*. Since both of 
these nuclides decay to stable Ru®*, some of the y rays 
might be identical from both. When this work was 
begun, a 9-min Rh®** had been reported* but its mass 
assignment also was uncertain and no information was 
given about any y rays. Therefore a study of this 
isotope was undertaken and extended to include other 
Rh and Pd isotopes produced in the same bombard- 
ments. During the course of these measurements, a new 
paper appeared? in which additional data are presented 
on Rh®, Rh®’, Pd®*, and Pd®. Some of these data were 
confirmed and extended in the present investigation. 


EXPERIMENTAL PROCEDURE 


Small samples of RuCl; or of Ru metal powder were 
irradiated with a particles at a series of energies between 


t Research carried out under the auspices of the U. S. Atomic 
Energy Commission. 

* Summer visitor (1955), now at the Department of Chemistry, 
California Institute of Technology, Pasadena, California. 

1S. Katcoff, Phys. Rev. 99, 1618 (1955). 

2 A. H. W. Aten Junior and T. De Vries-Hamerling, Physica 19, 
1200 (1953). 

3A. H. W. Aten Junior and T. De Vries-Hammerling, Physica 
21, 597 (1955). 


17 and 40 Mev. When necessary, the 40-Mev a particles 
from the cyclotron were degraded to the desired energy 
by the proper thickness of Al foil. Irradiation times 
varied between 5 and 30 minutes; the beam current was 
usually 0.5-1.0 wa. 

Shortly after each irradiation the target was dissolved 
in diluted HCl,‘ Pd* carrier was added, and then Pd 
dimethylglyoxime was precipitated. This was dissolved 
in hot HNOs, and then a few successive Fe(OH); and 
AgCl scavenging precipitations were made. The Pd was 
precipitated again as the dimethylglyoxime. When an 
active Pd sample was desired for study this purification 
cycle was repeated. When an active Rh daughter 
activity was wanted, the second Pd precipitate was 
allowed to stand for an appropriate growth time. Then 
it was dissolved, Rh** carrier was added, and the Pd 
was removed by a series of precipitations with cupferron. 
Finally the Rh was precipitated as KsRh(NOz)«. In the 
last few experiments an ion exchange method was used 
for separating the Rh from the Pd parent. This will be 
described below in the section on Pd®. 

Decay of gross @ rays and of gross y rays was followed 
with end window proportional counters and with 
Nal(T]) scintillation detectors, respectively. The B- and 


‘For the Ru metal targets a preliminary fusion in a mixture of 
NaOH and NaO> was necessary. 
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y-Tay spectra were investigated with a single-channel 
pulse-height analyzer and with a coincidence gray- 
wedge scintillation spectrometer. Among the sources 
used for y-ray energy calibration were Te!” (159 kev), 
Eu'® (344 kev), Cs'*7 (662 kev), and Na” (0.511 and 
1.28 Mev). 


8.7-Min Rh*® 


In several runs the positron activity was observed to 
decay through ten half-lives with a half-life of 8.70.1 
minutes; the y-ray activity was observed to decay 
through eight half-lives with the same period (Fig. 1). 
The end point of the positron spectrum was investigated 
with the aid of an anthracene scintillator (1X13 inches) 
connected to the gray-wedge spectrometer. A value of 
2.50.2 Mev was obtained for this end point by com- 
parison with the 1.89-Mev positrons of Ga®*. This value 
is considerably lower than the 3.3--0.4 Mev which was 
obtained by Aten and De Vries-Hamerling’ from ab- 
sorption measurements. 

These authors reported a y ray of 650+ 20 kev and an 
indication of higher energy rays. In the present work, 
only one y ray was found, the one at 650+10 kev. Its 
energy was identical, within the experimental uncer- 
tainty, with the energy of one of the Tc®* y rays.! The 
end point of the positron spectrum observed in coinci- 
dence with this y ray was identical with the 2.5-Mev end 
point of the noncoincident spectrum. Therefore there 
are no @ transitions to the ground state, for the end 
point of positrons to the ground state would be 0.65 Mev 
higher than the end point of positrons to the 650-kev 
excited state. The probable decay schemes of Rh** and 
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Fic. 1. Decay of 8* and y radiation from 8.7-min Rh*. 
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Fic. 2. Probable disintegration schemes of Rh®* and Tc*. 


Tc* are shown in Fig. 2. Experiments which established 
the mass assignment are described below in a separate 
section. 


17.5-Min Pd®* 


The radiations of Pd®* were not investigated. Its half- 
life was measured by successive 8.7-min Rh** daughter 
extractions. The Pd was first separated from the Ru 
target and purified by the method described above. 
After the third precipitation with dimethylglyoxime the 
Pd was put into a few ml of 3N HCl. This was then 
poured in at the top of a Dowex-1 anion exchange 
column 7 mm in diameter and 4 cm long.® It was found 
that Rh* is eluted quantitatively from such a column 
with 4 ml of 6V HC! while 60 ml of 6N HCl moves the 
Pd** down the column only 2-3 cm. Therefore twelve 
successive Rh daughter extracts were “milked” from the 
column at 10-minute intervals by passing through 4.5 ml 
portions of 6V HCl. About 2 minutes was required for 
each portion to pass through the column. Each extract 
was placed in a 25-ml Erlenmeyer flask and the decay of 
its activity was followed with a 2 in.X2 in. NaI(TI) 
crystal and single channel pulse-height analyzer. The 
channel was made wide enough to include both the 511- 
and 650-kev photo lines. Each decay curve showed a 
satisfactory 8.7-minute component and a longer-lived 
tail. A plot of the initial Rh® activities against their 
times of separation from the column shows the decay of 
the Pd®* parent (Fig. 3). The observed half-life, 17.5 
+0.5 minutes, is in good agreement with the most recent 
literature value* of 17+3 minutes. 


5 This procedure was suggested by the review of anion exchange 
studies by K. A. Kraus and F. Nelson, International Conference on 
the Peaceful Uses of Atomic Energy, Paper No. 837, Geneva, 1955. 
Proceedings, Vol. 7, p. 113, United Nations, New York (1956). 
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Fic. 3. Successive Rh® daughter extractions showing decay of 
17.5-min Pd® parent. 


4.7-Hr Rh* 


According to Scoville et al.,° Rh® emits 0.74-Mev 
positrons and no y rays. However Fultz et al.” report a 
y ray of 286 kev. In the present work, the maximum 
positron energy of 0.74 Mev was confirmed by measure- 
ment of the maximum pulse size produced in an 8-mm 
thick anthracene crystal. The y-ray spectrum (Fig. 4) 
showed at least three lines: 3351-10 kev, 615+15 kev, 
and 1260+ 30 kev. The decay of the gross y-ray activity 
in several samples was followed through a factor of 
about 400; a half-life of 4.70.1 hours was obtained. 

In addition to the three most intense y rays, a weak 
line was seen at 1.41+0.04 Mev, and another one 
appeared at 890+ 20 kev in coincidence with the most 
intense y ray, at 335 kev. No other y-y coincidences 
were found in appreciable intensity. The only 6-y and 
7-8 coincidences observed were those between the 0.74- 
Mev positrons and 335-kev y rays. It appears, therefore, 
that the positron emission is to the first excited level of 
Ru® at 335 kev and that the total disintegration energy 
is 2.10 Mev. 

The relative probabilities of some of the modes of 
decay were estimated by measuring the relative numbers 
of positrons, K x-rays, and 335-kev y rays. The positron 
intensity was estimated from the counting rate obtained 
with an end-window proportional counter. Corrections 
were made for geometry, absorption, and the contribu- 
tions of the x-rays and y rays. The K x-ray intensity was 
measured with a 19-mm square of NaI(T1), 2 mm thick, 
attached to a photomultiplier and single-channel ana- 
lyzer. Corrections were made for geometry and for the 


* Scoville, Fultz, and Pool, Phys. Rev. 85, 1046 (1952). 
7 Fultz, Nash, Woodward, and Pool, Phys. Rev. 88, 170 (1952). 


small contribution of the y rays to the counting rate. To 
convert from K x-ray intensity to the total electron 
capture rate, the fluorescence yield (0.80) and the 
K/(K+L) capture ratio (0.90) were taken into account. 
The y-ray intensities were estimated from the photopeak 
intensities produced in a standard 1 in. X13 in. NaI(T]) 
crystal with the source in a known geometry. These 
measurements showed that the abundances per dis- 
integration of Rh® are approximately 0.10 for the 
positrons, 0.90 for orbital electron capture, 0.70 for the 
335-kev y rays, and 0.20 for the 615-kev y rays. 


21.6-Min Pd 


The Pd parent of 4.7-hr Rh® was identified by suc- 
cessive daughter extractions. The method used was the 
same as for 17.5-min Pd®* described above, except that 
the channel of the pulse-height analyzer was set at the 
335-kev photopeak of Rh®. On the resulting Pd® decay 
curve (Fig. 5), the last few points are less reliable than 
the others because of some interference by the 312-kev 
y ray of 4.7-day Rh. However the observed half-life 
value agrees well with that obtained from direct decay 
of the positrons (Fig. 5). The average value based on 
three runs is 21.6+0.6 minutes. While this work was in 
pregress Aten and De Vries-Hamerling reported? this 
isotope with a half-life of 24-7 minutes. 

In order to obtain 21.6-min Pd® free of 17.5-min 
Pd®**, ruthenium was irradiated with a particles whose 
energy (17 Mev) was too low for the (a,2m) reaction 
required to make Pd®*, The maximum positron energy of 
these Pd® samples was determined by comparison with 
the 1.89-Mev positrons of Ga®’. A value of 2.0+0.1 Mev 
was obtained from scintillation spectrometer measure- 
ments and also from aluminum absorption meas- 
urements. A gray-wedge photograph of the y-ray spec- 
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Fic. 4. Gray- 
wedge photograph of 
y-ray spectrum of 
4.7-hr Rh®. 
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trum is shown in Fig. 6 and a summary of all the y-ray 
measurements is presented in Table I. The photopeak 
at 420 kev must be from two different y rays of about 
the same energy since 420-420 coincidences were ob- 
served. The end point of the positron spectrum observed 
in coincidence with the 140-kev or 670-kev y rays was 
the same as that of the noncoincident spectrum. 


4.7-Day Rh!” 


After decay of the shorter lived components in all of 
the Rh and Pd samples, Rh’ was observed to decay by 
electron capture with a half-life of 4.7+0.2 days. No 
positrons were observed and the only y ray found was at 
312+10 kev. The previously reported® y rays at 148 kev 
could not be detected in the present investigation. 
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Fic. 5. Decay of 21.6-min Pd® measured directly and by successive 
daughter extractions. 


8.5-Hr Pd'®! 


There are conflicting data in the literature on this 
isotope. Lindner and Perlman® reported a maximum 
positron energy of 2.3 Mev and no y rays. Eggen and 
Pool’ reported a maximum positron energy of 0.53 Mev. 
In the present work the latter positron energy is con- 
firmed and several y rays are reported (Fig. 7). Our 
value for the maximum {* energy is 0.58+-0.04 Mev and 
it is based on a comparison with the 0.54-Mev positrons 
of Na”. Both gray-wedge scintillation spectrometer and 
aluminum absorption measurements were made. About 
4% of the disintegrations is by positron emission; the 
remainder is by orbital electron capture. 

The energies of the Pd! y rays are 288, 590, 720, 
1190, and 1280 kev, each with a probable error of about 
3%. The first of these was observed strongly in coinci- 
dence with itself; therefore it represents two y transi- 


“ M. Lindner and I. Perlman, Phys. Rev. 73, 1202 (1948). 
91). T. Eggen and M. L. Pool, Phys. Rev. 75, 1464 (1949). 


Pd AND Rh 


Fic. 6. Gray- 
wedge photograph of 
the y-ray spectrum 
of 21.6-min Pd®. The 
low-intensity peak 
near 800 kev is very 
likely from addition 
of the 670- and 140- 
kev y rays and of the 
420+-420 kev + rays. 
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tions in cascade. The 590-kev y ray is probably the 
cross-over transition. From relative intensities of the 
K x-rays, positrons, and the most intense y rays (meas- 
ured in the same way as described above for Rh”), it was 
found that the abundance per disintegration is about 
0.15 for the 288-kev y rays and 0.15 for the 590-kev 
rays. The other y rays are less abundant. Since none of 
the y rays was found to be coincident with positrons, the 
latter must represent transitions to the ground state, 
and the total disintegration energy is 1.60 Mev. 

A half-life of 8.52-0.3 hours for Pd! was determined 
from three decay curves of total y radiation and one 
decay curve of the 288-kev photoline. 


Mass Assignments 


Mass identification of the Pd and Rh isotopes dis- 
cussed above was made by bombardment of natural and 
isotopically enriched Ru samples with alpha particles of 
various energies. Both the 21.6-min Pd and the 8.5-hr 
Pd were produced in good yield from natural Ru bom- 
barded with 17-Mev alphas, below the (a,2m) threshold, 
but 17.5-min Pd was not produced in appreciable yield 
until the alpha energy exceeded 19 Mev. This observa- 
tion indicates that the 21.6-min Pd and 8.5-hr Pd are 


TABLE I. y rays from 21.6-min Pd®. Italics identify the more 
intense lines; parentheses denote weak lines. 








rays observed in coincidence 


Selecting y ray 
(kev) (kev 


140 275, (420), 511, 670 
275 140, 511, (670) 

420 140, 420, 511 

511* 140, 275, 511, 670 
670 140, 275, 511 








* Annihilation radiation. 
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Fic. 7. Gray-wedge 
photograph of the y-ray 
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produced by (a,) reactions on Ru® and Ru® and that 
their masses are 99 and 101; the 17.5-min Pd is produced 
by an (a,2m) reaction, probably from Ru", 

Definite assignment of the 21.6-min Pd to mass 99 
was made when it was found that its yield was enhanced 
by use of a target enriched in Ru® and diminished by 
use of a target depleted in Ru®*, The 8.5-hr Pd was 
assigned to mass 101 by the same kind of observations. 
The isotopic compositions of the various targets are 
shown in Table II. The values for the enriched Ru 
samples were supplied by the Stable Isotopes Research 
and Production Division of Oak Ridge National Labo- 
ratory. In the irradiations of ruthenium with 29-Mev 
alpha particles the ratio of 17.5-min Pd to 21.6-min Pd 
was the same (within 30%) whether the target 
was natural Ru or 13-fold enriched in Ru®*. Therefore it 
seems highly probable that both Pd isotopes were pro- 
duced from the same Ru isotope: 21.6-min Pd® by an 
(a,v) reaction and 17.5-min Pd®* by an (a,2m) reaction 
on Ru, Added confirmation of these assignments comes 
from a comparison, for 29-Mev alphas, of the change in 
the Pd®*/Pd™ activity ratio with the change in the 
Ru*/Ru® abundance ratio when an enriched Ru 
target was substituted for a natural Ru target. For 
29-Mev alpha particles on these targets Pd®* and Pd! 
should be produced mostly by (a,2m) reactions from 
Ru” and Ru®, respectively. Therefore the change in the 
activity ratio should approximately follow the change 
in the abundance ratio. The experiments showed that 
the Pd%*/Pd'™ ratio decreased 370-fold when the 
Ru®/Ru® ratio decreased 200-fold. The discrepancy is 
not significant because of the large uncertainty in the 
abundance of Ru® in the enriched Ru” and because of 
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other experimental errors. In these experiments the Pd 
activities were determined by measurements on their 
Rh daughters. The irradiation times, separation times, 
and growth times were approximately constant from run 
to run but some error was introduced owing to small 
variations in these times. The mass assignments de- 
termined here confirm previous tentative assignments. 


DISCUSSION 


Although the data presented here are insufficient to 
establish decay schemes for most of the nuclides in- 
vestigated, certain tentative spin and parity assign- 
ments can be made. For example, in 8.5-hr Pd the 
580-kev positron emission to the ground state of Rh! 
corresponds to an allowed transition with log(f#) of 5.1. 
The only likely single-particle model assignment for the 
initial state is ds/2 or gzj2 and the only probable assign- 
ment for the final state is p12 or gg/2. A selection is made 
in favor of gz/2 for the Pd’ ground state and go/2 for the 
Rh™ ground state because only this combination would 
lead to an allowed 8* transition. The observed decay of 
Rh™ to a 312-kev level of Ru is also consistent with 


TABLE II. Isotopic constitutions of Ru targets. 








Ru Abundance in atom percent 


isotope Natural Ru *® Enriched Ru% Enriched Ru® 





0.20.05 
0.50.1 
91.2+0.3 
4.3+0.1 
1.6+0.1 
1.3+0.1 
1.0+0.1 


74.1+0.3 
0.6+0.1 
2.7+0.1 
1.6+0.1 
2.4+0.1 

16.5+0.2 
2.i+0.05 


96 5.50 
98 1.91 
99 12.70 
100 12.69 
101 17.01 
102 31.52 
104 18.67 








® L, Friedman and A, P. Irsa, J. Am. Chem. Soc. 75, 5741 (1953). 


these assignments. The energy of this K-capture transi- 
tion is estimated as approximately 0.5 Mev from £- 
decay systematics”; therefore the log( ft) value is about 
4.5 and the transition is allowed. A reasonable assign- 
ment for this 312-kev level is gz). with an M1 y transi- 
tion to the known" d5,2 ground state of Ru™. 

Level assignments of Pd® and Rh” can be made in a 
similar way. The 740-kev positrons, log(ft) 5.0, of 4.7- 
hr Rh® probably represent a transition from a go/2 level 
to a gz/2 level at 335 kev in Ru”. The ground state of 
Ru” is known" to be d5y2. For 21.6-min Pd”, the ob- 
served positrons have a log(ft) value of 4.7 but the 
transition is not to the go/2 ground state of Rh®. There- 
fore the initial state (Pd®) is probably d5/2 rather than 
27/2 because the latter assignment would permit an 
allowed ground-state transition. 

10K. Way and M. Wood, Phys. Rev. 94, 119 (1954). 


J. H. E. Griffiths and J. Owen, Proc. Roy. Soc. (London) A65, 
951 (1952). 
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Transmission measurements have been made for U* with a resolution of 0.05 to 0.07 usec/meter using the 
Materials Testing Reactor fast chopper, and resonances have been studied below 60 ev. Breit-Wigner 
parameters have been obtained for more than 40 resonances. Four new resonances have been found at 12.8, 
28.6, 29.9, and 34.7 ev. The 25.7-ev resonance previously reported has been split into two resonances, 25.6 
and 25.9 ev. The ratio of I’,°/D for resonances below 50 ev was found to be 1.040.2X10-*. The level spacing 
of 1.40-+0.15 ev is one of the smallest so far observed. Data on the distributions of I,’ are presented. 





I. INTRODUCTION 


RANSMISSION measurements of U** have been 
made with the Materials Testing Reactor (MTR) 
fast chopper’? from 10 to 100 ev. The data were taken 
with a resolution of 0.05 to 0.07 usec/meter using a 
flight path of 45 meters and a BF; counter length of 3 in. 
along the neutron beam. These transmission measure- 
ments were analyzed by the area method, and level 
parameters were obtained by assuming the single level 
Breit-Wigner formula holds true for closely spaced 
s-wave levels (an average of 0.7 ev between resonances 
in the case of U™®), 

The low-energy cross section of U** has been sum- 
marized by Sailor.’ In recent papers** measurements 
have been extended, and reasonable agreement was 
found in the total cross section and resonance parame- 
ters. In addition to the very great practical interest of 
the U*® cross section and the resonance parameters, 
considerable theoretical interest exists. The average 
[,°/D is of interest as a check upon current models,” 
and the major objective here was to obtain this quan- 
tity. In addition, the existence of many levels affords a 
possibility that enough I’, values could be measured to 
obtain good statistical information about the distribu- 
tion of I’, in a single isotope." The fission process is 
also of great interest” although the measured I'y widths 
are of limited accuracy. 

+ Work carried out under contract with the U. S. Atomic 
Energy Commission, 

1 Fluharty, Simpson, and Simpson (to be published). 

2R. G. Fluharty, Phys. Rev. 95, 609(A) (1954); Fluharty, 
Simpson, and Simpson, U. S. Atomic Energy Commission Report 
IDO-16164, 1954 (unpublished). 

3V. L. Sailor Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, USA 586, June 28, 1955 
(United Nations, New York, 1956), Vol. 4. 

4 Simpson, Fluharty, Simpson, and Brugger, Phys. Rev. 100, 
1249(A) (1955). 

5 Pilcher, Harvey, and Seth, Phys. Rev. 100, 1248(A) (1955). 

6D. J. Hughes and V. E. Pilcher, Phys. Rev. 100, 1249(A) 
(1955). 

7H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949). 

8 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

9D. J. Hughes and J. A. Harvey, Phys. Rev. 99, 1032 (1955). 

10H. A. Bethe, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, USA 585, June 28, 1955 
(United Nations, New York, 1956), Vol. 4. 

11 R. G. Thomas, Bull. Am. Phys. Soc. Ser. IT, 1, 86 (1956). 

2A, Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, Denmark 911, July 19, 
1955 (United Nations, New York, 1956), Vol. 2. 


Il. EXPERIMENTAL DATA 
A. Transmission Measurements 


The transmission measurements for the different 
sample thicknesses are shown in Fig. 1. The samples 
used for most of the data had a purity of >90% U™®. 
Since the level spacing of the major contaminant, 
U*®, is large, little effect on the data is expected. In the 
region of 22 ev where a U™* resonance is found, a sample 
was run having a purity of 99.8% U**. The data have 
not been corrected for other contaminants or other 
U** resonances. The 37- and 67-ev resonances are due 
ou. 

In the region 9 to 24 ev a new, small resonance is 
observed at 12.8 ev, and it is suspected that a few 
small resonances are still unresolved. For example, in 
the interval from 13 to 15 ev only three resonances are 
quoted, but the data seem to indicate that several 
resonances may be present. The transmission data 
show a strong possibility of resonances being at 10.6, 
13.8, 17.5, and 20.3 ev. In this region, it is possible that 
the levels actually overlap each other, although the 
resolution is not adequate to justify such a conclusion. 
Three new resonances in the interval from 24 to 35 ev 
have been found having energies of 28.6, 29.9, and 34.7 
ev. The 25.7-ev resonance, previously reported, has been 
split into two resonances at 25.6 and 25.9 ev. From 18 
to 100 ev many resonances are definitely unresolved 
because of the closely spaced levels. At approximately 
40 ev the instrument resolution is equal to the average 
level spacing between resonances (0.7 ev). 


B. Data Analysis 


The general procedures used in applying the area 
method for the determination of parameters have been 
discussed previously.” The particular procedure used 
is fast and affords a simple means of assigning errors to 
the parameters. 

A list of the resonance parameters is given in Table I. 
For several resonances it was possible to make “‘thick- 
thin” transmission measurements, and therefore, values 
of I could be determined. The values of I'y quoted 
were obtained by subtracting I’, and Il’, from I’, assum- 
ing that the statistical factor g=} and that ',=30 mv. 


13D. J. Hughes, J. Nuclear Engr. 1, No. 4, 237 (1955). 
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Fic. 1. The neutron transmission of U™* as abserved with a resolution of 
0.05 to 0.07 usec/meter and a flight path of 45 meters. 


Where measurements were limited to thin samples, 
only values of I,°=I',/s/Eo are quoted. For thin 
samples, where I’, « (1/g)ool’ «area, I’, is reasonably 
independent of the value of I’ assumed, but an increase 
in errors is introduced due to the large variation in I’,. 

A major problem in applying the single-level analysis 
was caused by the very close spacing of the levels. For 


a single isolated resonance, the transmission dip is 
superimposed on a constant background transmission. 
A good approximation for this background can be 
obtained by calculating the transmission due to the 
potential scattering and using this as a base line for the 
resonance. When parameters for the resonance have 
been determined, they can be used to calculate the 





NEUTRON RESONANCE PARAMETERS IN 


transmission in the wings, where the true transmission 
is resolved, to see if the original base line is correct. In 
contrast, many U™® levels are found to be on a back- 
ground of transmission effects due to other resonances. 
The situation is complicated by the fact that individual 
resonances are not completely resolved by the spec- 
trometer, and the overlap is increased by the instru- 
ment resolution. Under these circumstances the concept 


TABLE I. Resonance parameters for U** obtained by an area 
analysis method. The following assumptions were made: 'y=30 
mv, '=100 mv, and g=}. (1 mv=10™ ev.) 








(1/n) X10% 


(cm?/atom) T,°(mv) 


0.054+0.015 
0.022+0.005 
0.017+0.005 
0.171+0.015 


0.396+0.025 
0.014++0.005 
0.030+0.005 
0.092+0.010 
0.032+0.005 
0.0540.005 
0.087+0.005 


0.0550.005 


Eo(ev) 


9.25+0.05 148 
9.70+0.05 148 
10.13+0.05 148 0.067+0.025 
11.6 +0.1 148 0.293+0.010 
857 0.0970.005 

12.4 +0.1 148 0.441+0.010 
857 0.1860.010 

12.8 +0.1 148 0.046+0.015 
13.3 +0.1 148 0.104+0.015 
14.1 +0.1 148 0.236+0.020 
14.7 +0.1 148 0.099+0.010 
15.5 +0.1 148 0.153+0.005 
893 0.030+-0.005 

16.2 +0.1 148 0.200+0.010 
893 0.046+0.005 

16.8 +0.2 148 0.145+-0.015 
893 0.030+0.005 

18.2 +0.2 148 0.200+-0.040 
19.5 +0.2 148 0.703+0.020 
893 0.243+-0.025 

21.2 +0.2 893 0.120+0.025 
23.2 +0.3 148 0.209+0.030 
893 0.062+-0.005 

23.7 +0.3 148 0.503+0.045 
893 0.132+0.010 

24.5 +0.3 148 0.238+0.035 
893 0.069-++0.010 

25.6 +0.3 893 0.049+0.010 
25.9 +0.4 893 0.034+0.010 
26.8 +0.4 148 0.248+-0.045 
893 0.082+0.020 

28.0 +0.4 148 0.245-+-0.025 
893 0.054+0.010 

28.6 +0.4 148 0.093+0.030 
893 0.039-+-0.010 

+0.5 148 0.082+0.030 
893 0.025+-0.010 

+0.5 148 0.311+0.045 
893 0.077+0.010 

+0.5 148 0.452+0.045 
893 0.138+-0.035 

+0.5 148 0.379+0.045 
893 0.118+-0.010 

+0.6 148 = =0.501-++0.040 
893 0.150+0.025 

+0.6 148 0.757+0.060 
893 0.166+-0.005 

+0.7 148 0.048+0.010 
+0.7 148 0.434+0.040 
+0.7 0.537+0.070 
+0.8 0.243+0.065 
+0.8 0.369+0.065 
+0.8 0.278+0.045 
+0.9 0.636+0.070 
+0.9 1.640+0.020 
+1.0 0.465+0.065 
0.766+0.080 

0.511+0.045 

0.220+0.090 


Area (ev) r'y(mv) 


0.165+0.040 
0.076+0.020 





0.079+0.003 
0.63 +0.04 


0.28 +0.06 
0.13 +0.02 


105+81 0.31 +0.02 
0.13 +0.02 
0.12 +0.03 
0.076+0.025 
0.16 +0.04 
0.13 +0.02 
0.066+0.020 
0.048+0.020 
0.20 +0.03 
0.41 +0.10 
0.35 +0.07 
48+27 0.46 +0.08 
82433 0.90 +0.15 
0.026+0.007 
0.40 +0.10 


0.35 +0.10 
0.15 +0.05 
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Fic. 2. The sum of the I’,,’s observed up to energy E as a _func- 
tion of E for U5, Curve A shows the preferred value of T,°/D 
which is in good agreement with previously reported values. 
Curve B represents a possible value of [',°/D obtained from the 
positive resonances below 18 ev. 


of a base line (implying a straight line) can be 
misleading. 

An analytical procedure used as a check for low- 
energy area determinations was to estimate the trans- 
mission of the individual level by dividing out the trans- 
mission caused by other levels and potential scattering. 
If the adjacent regions are resolved, reiteration pro- 
cedures were followed until the wings and resonance 
parameters were self-consistent. Based on the checks 
outlined above, it has been found that the empirical 
procedure of drawing a constant-background base line 
and estimating the size of a level is accurate within the 
errors assigned to the results determined by the more 
exact method. The data below 18 ev were checked by 
the more exact procedure outlined above. For the 
resonances above 18 ev, a constant base line was used. 


III. CONCLUSIONS AND DISCUSSION 


The observed average level spacing per spin state 
for resonances up to 18 ev is 1.40+0.15 ev. This average 
includes the low-energy data presented by Sailor,’ 
and is in good agreement with the value obtained at 
the lower energies. The error quoted is the standard 
deviation of the mean level spacing due to variations in 
the individual level spacings (errors in the energy 
measurements are considered negligible in comparison). 
The two spin states have been assumed to have equal 
numbers of levels uniformly distributed, and the level 
spacing of a single spin state is assumed to be twice the 
observed level spacing. Many levels are definitely being 
missed above 18 ev. Since only 28 spacings are involved 
(14 per spin state), the small size of the error implies 
that the spacing distribution is not random. 

Figure 2 is the plot from which the preferred value of 
I’,°/D has been obtained. When, this value is used, the 
average reduced neutron width [,° can be obtained by 
multiplying by the level spacing. This gives f',°=0.14 
+0.03 mv. To obtain values of [,°/D and I,° by this 
method, it is necessary to assume that the sum of the 
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Fic. 3. The experimental integral distribution curve of /T,° 
for resonances from —1.4 to 61 ev. Curve A shows the distribution 
proposed by Porter and Thomas and curve B that by Bethe. The 
constants used for both curves are based upon the experimental 
average I’,° and the number of levels expected for the energy 
interval used. Thus, it is expected that many levels are un- 
accounted for. The curvature at small 4/I’,° favors the Porter- 
Thomas distribution. The absolute magnitude of the experimental 
data at low «/T,” is known to be low. 


Ts for increasing energy as a function of E are 
independent of whether or not the resonances are 
resolved. This assumption should be very good where 
thin-sample measurements are used to determine the 
Ts for the unresolved resonances. A reasonably 
straight line is observed up to 50 ev, and the value of 
.,°/D of (1.0+0.2)X10~ is in agreement with others 
quoted previously.*:*.* This result agrees well with the 
predictions of the continuum theory of nuclear reactions 
for a 42-Mev well depth.’ The “cloudy crystal ball” 
model® must be modified to agree with this value. 
Some ambiguity exists in the selection of values of 
I,°/D and f,°. For example, curve B indicates lower 
averages. This includes only the region where the 
resonances are resolved, and the negative resonance 
must be discounted as a contribution if this line were 
chosen to determine [°,.°/D, i.e., the negative resonance 
contributes a large fraction of }-T,,°. The choice of 
curve B for the energy region below 18 ev can be sup- 
ported by the following arguments. The distribution 
of \/T,.° for the resonances below 18 ev fits the distribu- 
tion proposed by Bethe®”’ with the f° obtained from 
curve B. Since the samples used above 18 ev, where the 
resonances are definitely unresolved, were not always 
thin; the values obtained for I’,, depend strongly upon 


the assumed value of I',, Multiple-resonance groups 
considered as single resonances for thick samples may 
give I’,.’s which are too large. 

The above arguments in support of slope B in Fig. 2 
are considered to be outweighed by the experimental 
results quoted by Hughes ef al.* These authors quote a 
value of I',°/D in agreement with curve A, which has 
been obtained by an independent experimental tech- 
nique. This independent method is an absorption coeffi- 
cient experiment for which it is difficult to conceive 
errors which would give values of [,°/D that are too 
large. Thus, it appears that the summation method of 
obtaining [',°/D is valid over a fairly wide sample 
thickness range. Since curve B covers such a small 
energy region, it is considered to be representative only 
of the region 0 to 18 ev and does not represent I,°/D 
for U**, Figure 3 shows the experimental integral 
distribution curve for resonances from —1.4 to 61 ev. 
Curve A shows the integral distribution predicted by 
Porter and Thomas,’ assuming the 92 levels predicted 
from the proposed level spacing and energy interval, 
and assuming the I’, obtained from the preferred value 
of [,.°/D and D. Likewise, curve B is a calculated curve 
for the distribution proposed by Bethe! assuming the 
same experimental average parameters. Curve A repre- 
sents a Gaussian distribution in \/I’,° and curve B an 
exponential distribution. Either curve is felt to be in 
reasonable agreement with the experimental data con- 
sidering the region of unresolved resonances that is 
involved. An exponential distribution in the variable 
r’,., as proposed by Hughes and Harvey,’ does not fit 
the U™® data as well, particularly if the proposed If,” is 
used to determine the slope. A single exponential of 
this type fails to account for the large and small reso- 
nances. Agreement with the Bethe or Porter-Thomas 
distributions is added argument for the average [’,.°/D 
value chosen. 

The Porter-Thomas distribution is favored here on 
the basis of general curvature considerations. This 
becomes more pronounced, and the fit is better if one or 
two of the large resonances are assumed to be multiple. 
Thomas" has recently given the Hughes-Harvey and 
Porter-Thomas distributions theoretical foundation. 
Thus, the Porter-Thomas distribution implies one chan- 
nel or degree of freedom while the Hughes-Harvey 
distribution implies two degrees of freedom. 

The wide variations in the I'y values imply a limited 
number of exit channels in the fission process. The data 
given in Table I are an extension of the values presented 
by Sailor.* The size distribution in I’y is not presented 
since the accuracies of the determined values are very 
limited. 
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Elastic Scattering of Protons at 31.5, 20, and 14.5 Mev 
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A survey of the differential cross sections for the elastic scattering of protons has been made for protons 
of 31.5, 20, and 14.5 Mev. The angular distribution shows well-developed maxima and minima only for 
nuclei of intermediate atomic weight. For heavy nuclei, the diffraction effect is destroyed by the Coulomb 
scattering. With 31.5-Mev protons, the first minimum disappears for nuclei heavier than Zr; with 20-Mev 
protons, for nuclei heavier than V. In light nuclei, the maxima and minima are progressively obliterated 
as the mass number is reduced and the energy is increased. In the main, the angular distribution changes 
smoothly from one nucleus to another, the cross sections at the maxima increasing as the fourth power of 
the nuclear radius. However, these cross sections are not proportional to the energy, as would be expected 
from elementary diffraction theory. For intermediate nuclei, these cross sections are nearly independent of 
the energy ; for nuclei from O to Mg they rise to a maximum near 20 Mev, and for light nuclei, they fluctuate 


in a less regular manner. 





1, INTRODUCTION 


HE angular distribution of elastically scattered 
protons was first reported by Burkig and Wright.! 
These authors measured the elastic scattering of 
18.6-Mev protons from W, Pd, Ni, and Al. Further 
measurements were made subsequently by Gugelot,? 
using protons of a similar energy. At 22 Mev, the 
angular distribution was studied by Cohen and Neidigh* 
who showed that the positions of the maxima and 
minima of the diffraction pattern varied smoothly with 
atomic weight and were determined approximately by 
the product of the wave number and the nuclear 
radius. For protons of 30.6 Mev, accurate measurements 
have been made by Wright‘ for Be, C, and Al. More 
recently, measurements of the scattering of 31-Mev 
protons from carbon have been made by Hecht,* and 
from Al, Au, and Cu, by Leahy. For protons of 20-Mev, 
extensive measurements have been made by Dayton 
and Schrank,’ and Chow and Wright’ have studied 
N and O. Finally, studies of the scattering of 10-Mev 
protons from C and Mg have been made by Fischer’; 
of 9.5-Mev protons from C and O by Burcham et al.,!° 
and from N, Ne, and A by Freemantle et al." 
The measurements described here were made in 
order to extend the range of existing experimental 
data; to establish the general trends in the angular 


* Now at the Atomic Energy Research Establishment, Harwell, 
Berkshire, England. 

+ U.S. Navy, San Diego, California. 

1 J. W. Burkig and B. T. Wright, Phys. Rev. 82, 451 (1951). 
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3B. L. Cohen and R. V. Neidigh, Phys. Rev. 93, 282 (1954). 
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Report UCRL-2422, 1953 (unpublished). 

5G. Hecht (to be published). 
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8 R. H. Chow and B. T. Wright, Phys. Rev. 99, 640(A) (1955). 
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 Burcham, Gibson, Hossain, and Rotblat, Phys. Rev. 92, 
1266 (1953). 

1 Freemantle, Prowse, and Rotblat, Phys. Rev. 96, 1268 
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distribution as a function of both energy and atomic 
weight ; and to make possible by theoretical analysis the 
determination of the magnitude of the nuclear potential 
and the other parameters of the complex potential 
model of the nucleus. In the present investigation, no 
attempt at precision has been made, for the work was 
intended only as a survey of elastic scattering. While 
the Rutherford scattering is the predominant process for 
high atomic weights and small angles of scattering, it 
will be shown that the characteristic maxima and 
minima of the nuclear scattering are displayed only by 
nuclei of intermediate atomic weight. For light elements, 
especially at the higher energies, these interference 
effects are largely destroyed, presumably, by the 
diffuse edge of the nucleus.” 


2. EXPERIMENTAL 


With slight modifications, the apparatus used in the 
present work was that described by Eisberg and Igo," 
and the general procedure was similar to that described 
by Wright.‘ The arrangement is shown in Fig. 1. 
Measurements were made with the maximum energy 
proton beam from the linear accelerator (31.5 Mev), 
or with a beam of lower energy, viz., 20 or 14.5 Mev, 
produced by retardation in plates of polystyrene. Three 
feet beyond the position of these absorbers, the beam 
was defined by passing it through a }-in. hole in a 
graphite block located at the entrance to a scattering 
chamber. Solid targets in the form of foils were placed 
at the center of the scattering chamber, which was 
evacuated by an auxiliary pumping system. Finally, 
the beam passed out of the scattering chamber through 
a thin window and entered an “‘integrator,” a device in 
which the protons were stopped and the charge col- 
lected. The scattered protons were detected by a 
plastic scintillator and a photomultiplier enclosed in an 
air-tight box which could be rotated about the center 
of the scattering chamber by remote control. The 


~The author is indebted to Dr. W. Heckrotte for this sug- 
gestion, and for many valuable discussions. 
3 R. M. Eisberg and G. Igo, Phys. Rev. 93, 1039 (1954). 
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Fic. 1. General arrangement of apparatus. 


scattered protons passed into the box through a thin 
aluminum window, the exposed area of the scintillator 
being defined by a 3-in. square aperture cut in a }-in. 
aluminum plate. At 9 in. from the axis of the scattering 
chamber, this aperture subtended an angle of 3° at the 
axis. To study gases the scattering chamber was filled 
with the gas to be examined, the proton beam passing 
into it through a thin aluminum window. 

When the sizes of the pulses produced by the scintil- 
lator are examined, the elastically scattered protons 
usually form a well-defined peak at the top end of the 
pulse-height spectrum. The remainder of the spectrum 
is caused by inelastically scattered protons. In the 
present apparatus the width of the peak (for 31.5-Mev 
protons) was about 4% of the height. Although this 
resolution was not always sufficient to separate entirely 
the inelastically scattered from the elastically scattered 


ing OO 














10 
CHANNELS 


Fic. 2. Peak in pulse-height spectrum of 31.5-Mev protons 
scattered elastically from aluminum at 50°. The channels are 
5 volts wide and the peak is at 80 volts. 


protons, the experimental errors which result from this 
incomplete separation are usually small. In the present 
apparatus the pulses from the scintillator were passed 
into a discriminator and then into a ten-channel pulse- 
height analyzer. Under normal working conditions one 
channel would count 75% of the elastically scattered 
protons. However, in practice, the discriminator was 
always adjusted so that the counting rate in the elastic 
peak was nearly equally divided between two adjacent 
channels. Such a procedure is convenient in that it is 
easy to adjust the discriminator quickly to satisfy this 
condition and, once adjusted, it is sufficient to record 
only the counts in the two adjacent channels. 

A typical histogram is shown in Fig. 2. It is that pro- 
duced by 31.5-Mev protons from the thin aluminum 
foil used for comparison purposes. Inspection shows a 
tail on the low-energy side of the elastic peak. This is 
caused by inelastically scattered protons. In some nuclei, 
e.g., in C®, the energy of the first excited state is large 
enough for the proton group producing it to be clearly 
separated from the elastic peak in the pulse-height 
spectrum. But in most cases the energy resolution was 
not sufficient to resolve the elastic peak from that 
corresponding to the first excited state, and it was 
therefore impossible to eliminate the inelastic scattering 
entirely. However, unless the lowest excited states of 
the target nucleus are excited with exceptional fre- 
quency, or unless the elastic scattering itself is low, as 
at diffraction minima, or at high angles of scattering, 
then the contribution of inelastic scattering to the 
counting rate in the two adjacent channels is negligible. 
The total number of counts in the elastic peak is ob- 
tained by dividing the number of counts in the two 
adjacent channels by a factor, 8, which represents the 
fraction of the peak recorded in the two channels. This 
fraction is calculated from the data of the pulse-height 
analysis on the assumption that the elastic peak would 
be symmetrical in shape were it not for the effect of the 
inelastically scattered protons. Thus, the total number 
of counts in the entire peak is calculated by adding to 
the counts recorded in the two adjacent channels, 
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twice the sum of the counts recorded in all higher 
channels (excepting only the last channel which records 
all pulses greater than those in the channels preceding it). 


3. SOLID TARGETS 


Metallic foils were mounted one vertically above 
another on a frame set at 45° to the proton beam. The 
target presented to the beam could be changed by 
raising or lowering the frame by remote control. An 
aluminum foil (12.0 mg cm~*) mounted on the same 
frame served as a standard for comparison purposes. 

Let g be the number of counts recorded in the two 
adjacent channels per unit charge; W, and A, the sur- 
face density and atomic weight of the target material, 
respectively; and let the subscript 0 refer to the 
quantities appropriate to the aluminum standard. Then 
the differential cross sections per unit solid angle are 
related by the equation 


(da/d2)/ (do/d2)o= (9/90) (8o/8)(AW0o/27W), (1) 


where @ is defined in the previous section. This equation 
is valid only if the foils are thin enough to ensure that 
all the proton current is collected by the integrator. In 
the present apparatus, experiments with copper foils 
showed that there was no appreciable loss of proton 
current (for 31.5-Mev protons) provided that the foil 
was thinner than 75 mg cm~. 

The experimental procedure was as follows. First, for 
31.5-Mev protons, the number of counts per unit charge 
from the aluminum standard was measured at a scatter- 
ing angle of 50°. (There is a maximum in the diffraction 
pattern of aluminum at 50° and at this angle, therefore, 
the number of counts was nearly independent of small 
errors in the angular setting of the detector.) Second, the 
proton energy having been adjusted to the appropriate 
value, the number of counts per unit charge was meas- 
ured at different angles to the target to be studied. 
Finally, the proton energy being put back to 31.5 Mev, 
the number of counts from the aluminum standard was 
remeasured at 50°. 

These measurements, together with the weights of the 
foils, and measurements of 8, determine the ratio of the 
differential cross sections. The absolute value was 
obtained when the magnitude of the charge, the angle 
of the target to the proton beam, and the aperture of the 
scintillator are taken into account. For aluminum the 
average of a number of measurements of the cross 
section at 50° and at 31.5 Mev was 50 mb per steradian, 
in agreement with the value (55 mb) determined by 
Leahy* with similar apparatus but different geometry 
and different methods of detection. The accuracy was 
about 10%. 

Apart from the energy difference between the incident 
and scattered proton, which is caused by the recoil of 
the target nucleus, the energy of the scattered proton 
depends on the depth at which it originates in the 
target. The arrangement of the target relative to the 
detector for small angles is shown in Fig. 3(a). In this 
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case the energy difference between the protons scattered 
at opposite surfaces of the target is very small: it is 
equal to the difference in the energies lost by the proton 
beam in traversing thicknesses equal to OA and OB in 
the target. The width of the peak, then, is that caused 
by the characteristics of the scintillator; it is constant 
for protons of a given energy, and, within wide limits, 
it is independent of the thickness and composition of 
the target. For protons of the same energy, the two 
values of 6 in Eq. (1) are equal (at 31 Mev, B~0.75). 
For decreasing energies, 8 increases at first, and then 
falls. 

For large angles, the protons must be detected at the 
near side of the target [Fig. 3(b)]. In this case the 
protons scattered from the surface of the target facing 
the beam lose no energy other than that due to recoil, 
while those scattered at the far surface lose, in addition, 
an amount which (for a target at 45° to the beam) is 
never less than 2.4 times the energy loss in transmission 
at normal incidence. Therefore, unless very thin targets 
are used, the width of the peak is increased above the 
natural width due to the scintillator, and its position is 
displaced towards lower energies. Thus, the comparison 
of cross sections now always involves two measurements 
of 6. At high angles, the counting rates are very low, 
and it is very difficult to avoid this additional source 
of error. 

For materials obtainable only in powdered form, e.g., 




















Fic. 3. Protons scattered in forward direction (a) have very 
nearly the same energy; those scattered in backward direction 
(b) differ by at least 2.4 times the retardation in normal trans- 
mission through the target. 





KINSEY AND T. STONE 





























S\ 


Fic. 4. Arrangement for studies of scattering in gases. 


B, P, and Si, self-supporting foils, usually about 20 mg 
cm~*, were made by sedimentation in water mixed with 
a little glue to give adhesion. The material, which was 
deposited on a glass plate, was dried, coated with 
plastic spray to give further adhesion, and then stripped 
off, cut, and weighed.“ Generally, the measurements 
made with such foils were less accurate than those 
obtained with metallic foils, and the additional error 
was about 5%. 

Another source of error derived from counting rate 
losses: it was found that, if the average counting rate 
in the elastic peak is increased, the superposition of 
small background pulses on those produced by elas- 
tically scattered protons, broadened the peak, and 
shifted its centroid in the direction of higher energies. 
Thus, g, the counting rate in the adjacent channels, and 
8 were reduced. All measurements, therefore, were made 
with a counting rate per channel of less than 500 per 
minute; for this rate the loss was empirically determined 
as 10%. 


4 The authors are much indebted to Mr. Herbert Robinson and 
Mrs. Potter for instruction and advice in the preparation of these 
foils. The weight of material deposited with the spray (usually 
about 0.5 mg cm™*) was estimated from that deposited simul- 
taneously on an adjacent metal foil. Several foils were made from 
each element and the number of protons per unit charge scattered 
at the first maximum of the diffraction pattern were compared. 
The consistency of these measurements left much to be desired; 
for example, the counting rates when divided by the thickness of 
the foil, would vary from one foil to another by about 10%. The 
angular distributions, therefore, were measured with one foil, 
the carbon contribution subtracted from it, and the results 
normalized using the average yield per unit thickness at the dif- 
fraction maximum. Attempts to prepare self-supporting foils of 
S in this way were a failure; only one successful foil was made on 
aluminum backing. The S results quoted below are a mean of the 
results obtained with this one foil and that found from carbon 
disulfide vapor. Foils of heavier elements (e.g., As), whether 
backed or self-supporting, were useless because of the large con- 
tribution of scattering by the unwanted light element at low 
scattering angles. 


4. GASEOUS TARGETS 


Some elements are not easily available as solids, and 
when present in compounds are combined with un- 
wanted elements. Of these, N, O, and A, are best studied 
as pure gases, and chlorine, as the vapor of carbon 
tetrachloride. 

For these measurements the scattering chamber was 
filled with the gas to be investigated, the proton beam 
entering the scattering chamber through a thin alumi- 
num window and a graphite collimator. To limit the 
volume of the gas from which protons were scattered to 
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Fic. 5. Angles (@) of first and second maxima. The wave number, 
k, is calculated for the center-of-mass system, R=1.354!X10~ 
cm. The straight lines represent the equations: 2k(R+-A) =5.2 
csc(0/2) and 2k(R+4) =8.4 csc(@/2). Open circles, 31.5 Mev; full 
circles 20 Mev; squares 14.5 Mev. 
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the scintillator, an aluminum mask was fitted to the 
scintillator. With this arrangement (Fig. 4) the follow- 
ing procedure was adopted. 

(a) First, the scattering chamber was filled to atmos- 
pheric pressure with the gas to be examined, and the 
elastically scattered protons were counted at different 
angles. These measurements, corrected by multiplying 
each count by the sine of the scattering angle, determine 
only the relative angular distribution, since multiple 
scattering of the proton beam within the chamber 
reduced the proton current collected at the integrator 
by an indeterminate amount. 

(b) Second, at a much lower pressure,'* the scattering 
at a maximum in the diffraction pattern found in (a) 
was measured and compared, after evacuation of the 
chamber, with that obtained from the standard alumi- 
num sample. For this comparison, it was essential that 
all parts of the aluminum standard which were exposed 
to the beam should have an unimpeded view of the 
scintillator. In the present apparatus, this condition 
was obtained when the area of the beam was reduced to 
a ribbon, $X# in., with its longer axis perpendicular to 
the rotation of the scintillator. 

The absolute value of the differential cross section at 
various angles was found by combining the two sets of 
measurements. Let g be the number of counts recorded 
per unit charge at a diffraction maximum; y, the effec- 
tive thickness of the gas exposed to the view of the 
scintillator; p, the density ; m, the number of atoms per 
molecule; M, the molecular weight; and let the sub- 
script, 0, as before, refer to the aluminum standard. 
Then the measurement (b) gives 


q/qo=[ (do /d2)Bnpy/M }/ 
[ (do/d) oBoW o csc45°/27]. (2) 


Provided that the scattering angle is not too small, 
the effective length, y, may be obtained by calculation." 
To check the validity of such a calculation, y was also 
determined experimentally by measuring the ratio (R) 
of the counting rate produced by acetylene (density pq) 
to the counting rate from a polystyrene foil (surface den- 
sity W) set at 45° to the beam. Then y= RW csc45°/pa. 
The calculated and experimental values of y were in 
good agreement, except at high angles where the very 
low counting rates caused by acetylene were difficult to 
measure, and at low angles, below 30°, where y is no 
longer strictly proportional to cscé. 

For the calibration of gaseous targets against the 
aluminum standard [measurement (b) above], the 
counting rates were very low and consequently the 


16 The counting rates were compared for that maximum gas 
pressure for which experiment showed that there was no appreci- 
able loss of beam current at the integrator. 

16 For a rectangular aperture before the scintillator, and for a 
defining slit (width B), with its vertical edges parallel to that of 
the aperture, the effective length is y= BD/d. csc, where D and d 
are the distances from the aperture to the axis of rotation (as- 
suming that the beam passes symmetrically through it) and from 
the aperture to the slit (Fig. 4), respectively. 
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Fic. 6. Differential cross sections, in units of k#R’, 
plotted against x, for 31.5-Mev protons. 


maximum beam current was used. The background of 
small pulses was high and therefore the elastic peak, 
superposed on this background, was wider than usual. 
The errors in absolute measurements with gaseous 
targets were probably about 15%. 


5. RESULTS 


In agreement with the findings of Cohen and Neidigh,* 
the present investigation shows that the maxima and 
minima occur approximately at the angles predicted by 
the elementary theory of diffraction. According to this, 
the differential cross section is given by'’'8 


do/dQ=kR"( J; (x)/x }, (3) 
where x= 2kR’ sin(0/2); R’ is the sum of the nuclear 


radius and the wavelength, R’= R+4; and k is the wave 
number, calculated for the center-of-mass system. 


17G. Placzek and H. Bethe, Phys. Rev. 57, 1075(A) (1940). 
18A. Akhieser and I. Pomeranchuk, J. Phys. (U.S.S.R.) 9, 
471 (1945). 





B. KINSEY AND T. 




















Li’ 
0s—_a4 


Fic. 7. Differential cross sections, in units of k*R’s, 
plotted against x, for 20-Mev protons. 


Minima occur when J;(x)=0, i.e., when x=3.8, 7.0, 
etc., and maxima for x=5.2, 8.4, etc. In Fig. 5, the 
cosecants of the experimentally determined half-angles 
for the first and second maxima are plotted against 
2kR, with R=1.35A!X10-" cm. The straight lines 
represent the predicted positions of the maxima. It will 
be seen that there is good agreement. This is quite 
remarkable in view of the crudity of the model. 

There is, however, only fair agreement between the 
cross sections predicted by (3) and those obtained 
experimentally. For the second maximum, where this 
is developed (from A to Ag for 31-Mev protons) the 
agreement is good (to 10%). But for the first maximum, 
for protons of this energy, the experimental cross 
sections are too large by a factor of 2. Furthermore, the 
expression (3) predicts that the cross sections should 
fall to zero at the minima. Experimentally, making 
allowances for finite resolution, the cross sections at the 
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first minimum never fall much below one tenth of that 
at the first maximum. 

The general trends of the cross sections are shown in 
Figs. 6, 7, and 8. Here, the differential cross sections, 
in units of #R, are plotted against the parameter x. 
For 31.5-Mev protons, the contrast between the cross 
sections at minimum and at maximum is greatest at V". 
For lower proton energies, the diffraction effects are less 
obvious: the first minimum, which is at its greatest 
depth in V®, for 31.5-Mev protons, has all but disap- 
peared at 20 Mev. The contrast is reduced as the mass 
number is reduced. For 31.5-Mev protons, diffraction 
effects have disappeared altogether in Li’. For the 
lightest nuclei, however, they reappear as the proton 
energy is reduced. 

It is clear that for the higher energy protons, for given 
values of x, the cross sections are proportional to R’ 
and vary rather smoothly from one element to another. 
This smooth variation is shown in Fig. 9 where the 
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Fic. 8. Differential cross sections, in units of k*R", 
plotted against x, for 14.5-Mev protons. 
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Fic. 9. Differential 
cross section at the first 
maximum, in units of 
k*R", plotted against 
atomic weight, Open 
circles: 31.5 Mev; full 
circles, 20 Mev; squares, 
14.5 Mev. 
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cross sections for the first maximum, in units of k?R’, 
are plotted against the atomic weight. For decreasing 
mass numbers, the cross sections, measured in these 
units, decrease as the diffraction phenomenon disap- 
pears. For lower energy protons, the variation in cross 
sections is less smooth, and for some light nuclei, the 
cross sections are quite erratic. 

According to (3), the cross sections at the maxima 
should fall linearly with the proton energy. This does 
not occur. For A~50, the cross section at the first 
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. 10. Differential cross sections for carbon in mb per ster- 
a (a) 31.5 Mev; (b) 20 Mev; (c) 14.5 Mev; (d) 9.5 Mev 
according to Burcham, Gibson, Hossain, and Rotblat.” 


maximum appears to be nearly independent of proton 
energy. For lighter nuclei (A~20), the cross section 
reaches a maximum near 20 Mev. This effect is quite 
marked for F and Mg, but has disappeared at Al. For 
decreasing mass numbers the energy at which this cross 
section is a maximum decreases. The effect is shown 
clearly in Figs. 10 to 13. 


6. CONCLUSIONS 


The smooth variation of the differential cross section 
in intermediate nuclei can be ascribed to regular changes 
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Fic. 11. Differential cross sections for oxygen, in mb per ster- 
adian. (a) 30.4 Mev; (b) 24.3 Mev; (c) 18.5 Mev; (d) 9.5 Mev 
according to Burcham, Gibson, Hossain, and Rotblat.! 
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Fic. 12. Differential cross sections for magnesium in mb per 
steradian (a) 31.5 Mev; (b) 25.4 Mev; (c) 20 Mev; (d) 14.5 Mev; 
(e) 10.0 Mev according to Fischer.® 


in nuclear properties and to the fact that a relatively 
large number of proton waves of different angular 
momenta must contribute to the elastic scattering. The 
smaller number of partial waves for light nuclei, and the 
relatively greater importance of any one of them, is no 
doubt responsible for the less regular behavior in light 
nuclei. In broad outline the results described here have 
been satisfactorily accounted for by Saxon and his 
associates,!® who have determined the parameters of 
the complex potential model which give a best fit to the 
experimental results. The most important of these is 
the depth of the potential well for 31.5-Mev protons, 


® TD), Saxon (to be published). 
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Fic. 13. Differential cross sections for aluminum in mb per ster- 
adian. (a) 31.5 Mev; (b) 25.4 Mev; (c) 20 Mev; (d) 14.5 Mev. 


which is less deep than that which obtains for low- 
energy neutrons, and the taper of the well, which seems 
to account satisfactorily for the obliteration of the 
diffraction effects at high energies in light nuclei. 
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The gamma radiation emitted by a gaseous source of Co®Cl, has been used to excite the 1.33-Mev level 
in Ni®. The angular distribution of the resonance radiation characterizes the spin of the 1.33-Mev excited 


state as 2 and the spin of the Ni® ground state as 0. 


A resonance fluorescence self-absorption experiment has been performed and from it a mean life of 
(1.10.2) X 10~" second has been calculated for the 1.33-Mev excited state of Ni®. 





INTRODUCTION 


XPERIMENTS! with the delayed coincidence 
method indicated that the mean life of the 
1.33-Mev excited state of Ni® is shorter than 10~" 
second. In view of this short upper limit for the lifetime, 
it appeared feasible to observe nuclear resonance 
fluorescence in Ni® by using Co™ as the source of the 
exciting radiation. The combined momenta from the 
beta decay of Co® and from the 1.17-Mev gamma 
ray leading to the 1.33-Mev level in Ni® are sufficient 
to compensate for the recoil energy losses in the 
emission and absorption of the 1.33-Mev radiation.’ 
In solid or liquid Co™ sources, however, collisions with 
the surrounding atoms will slow down the recoiling 
excited Ni® nuclei before they emit the 1.33-Mev 
radiation. The 1.33-Mev gamma rays from such 
sources will consequently be off resonance and the 
resonance fluorescence effects will be too small to be 
observed above the background counting rate. In a 
gaseous source of approximately atmospheric pressure, 
on the other hand, the collision times are long compared 
with the nuclear lifetimes and the recoils due to the 
radiations preceding the 1.33-Mev level will be fully 
effective and will, at least for some of the 1.33-Mev 
gamma rays, restore the resonance condition. 
Experiments with a gaseous source of Co®Cl. were 
successful and permitted the determination of the 
angular distribution of the resonance radiation. How- 
ever, as far as the measurement of the lifetime was 
concerned, the use of a molecular vapor introduced 
considerable difficulties. In contrast to the angular 
distribution, the evaluation of the lifetime depends on 
the detailed knowledge of the shape of the emission 
line, i.e., it depends on that fraction of the emitted 
gamma rays which fall into the energy region of the 
absorption line. In the case of Co™, the dependence on 
the line shape is especially great because the absorption 
line is located in the very steep tail of the emission line. 
The resonance fluorescence effect which one observes 
with a source of gaseous CoC], will, therefore, be very 
sensitive to the details of the complicated recoil 


t Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1 Bay, Henry, and McLernon, Phys. Rev. 97, 561 (1955). 

?For a discussion of these problems, see, for example, E. 
Pollard and D. E. Alburger, Phys. Rev. 74, 926 (1948). 


phenomena. Under these circumstances the determina- 
tion of the lifetime to within one order of magnitude 
appeared to be the best one could hope for. Fortunately, 
however, the resonance fluorescence effect turned out 
to be so large, i.e., the lifetime proved to be so short, 
that another approach became feasible: a self-absorp- 
tion experiment. As long as the exciting line shows a 
smooth behavior in the region of the absorption line, 
the evaluation of the self-absorption experiment does 
not demand a detailed knowledge of the line shape. 
The resonance fluoresence absorption experiment will 
be useful in all those cases in which the lifetime is 
short (<10-" sec) and in which the use of a molecular 
vapor renders the evaluation of a resonance scattering 
experiment difficult. 


PREPARATION OF THE SOURCES 


High-specific-activity Co® (~20 mC/mg) was 
obtained from Oak Ridge National Laboratory in the 
form of CoCls in HCI solution. A solution containing 
approximately 7 millicuries was dried in an all-quartz 
vacuum system, the dry CoC}, distilled into a quartz 
ampoule of ~0.6 ml volume and the ampoule sealed 
off. The sealed ampoule usually contained about 5 
millicuries of Co corresponding to 0.9 mg/ml of CoCl.. 
This amount of CoCl: was expected* to be totally 
volatilized at 1010°C, the pressure being 550 mm Hg. 
Later tests showed good agreement with this expected 
behavior. The quartz ampoules were used in vacuum 
tight steel containers. For the self-absorption experi- 
ments, cold-rolled steel containers were used because 
they do not contain nickel. For the angular distribution 
experiments, stainless steel containers were preferred 
because the quartz ampoules seemed to last longer 
when heated in stainless steel than when heated in 
cold-rolled steel. 


ANGULAR DISTRIBUTION OF THE 
RESONANCE RADIATION 


The experimental arrangement used for the measure- 
ment of the angular distribution is shown in Fig. 1 
for an average scattering angle of 90°. The nickel ring 
scatterer was one-half of an inch thick, four inches high, 


3 Handbook of Chemistry and Physics (1955-56) (Chemical 
Rubber Publishing Company, Cleveland, Ohio, 1955), p. 2156. 
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Fic. 1. Experimental arrangement. The relative position of 
source, scatterer, and detector depicted is the one corresponding 
to a mean scattering angle of 90°. 


and measured one foot in diameter. The copper scatterer 
used for comparison purposes had the same dimensions. 

Because of the high gamma-ray energy and the low 
atomic number of the scatterers, the contribution of 
elastic scattering to the counting rates was small, 
amounting to less than ten percent of the background 
counting rate. The total background for a 5-mC 
source was itself only about one-fifth of the resonance 
fluorescence effect when the full width at half-maximum 
of the 1.33-Mev peak was accepted in the channel of 
the single-channel pulse-height analyzer. 

A typical pulse-height distribution of the scattered 
radiation for the geometry of Fig. 1 is compared in Fig. 
2 with the pulse-height distribution of the incident 
radiation from Co. In the scattered radiation only the 
1.33-Mev transition to the Ni® ground state is present ; 
the 1.17-Mev transition is not noticeable because 
elastic scattering is negligible compared with resonance 
scattering. This experiment clearly confirms the 
established order of emission of the two gamma rays 
in Ni®, and points out another possible application of 
resonance fluorescence in the study of disintegration 
schemes of radioactive nuclei. 

By moving source, ring scatterer, and detector 
relative to each other along the axis of symmetry, 
scattering angles ranging from 90° to 150° were 
realized. The differential cross sections, measured for 
five representative angles, are compared in Fig. 3 with 
the distribution expected for a spin sequence 0-2-0 
when the actual angular resolution is taken into 
account. In order to insure that 0-2-0 is the only spin 
sequence fitting the experimental data, a study of 
the angular distribution for all possible spin sequences 
Jo-J-Jo, including mixtures of dipole and quadrupole 
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radiation,‘ has been carried through. It was found that 
the coefficient A,/Ao in the angular distribution 
1+(A2/Ao)Ps+(As/Ao)P, reaches its largest value for 
Jo=0, J=2. Actually the value A,/Ao=1.143 for the 
0-2-0 sequence exceeds by more than a factor of two 
the largest value (0.51) for any other spin sequence. 
Experimentally one finds a ratio A4/Ao=1.10+0.1, i.e., 
clearly >0.51. This means that J)>=0; J=2 are the only 
spin values agreeing with the experimental results. 

The angular distribution experiment thus determines 
the spin of the ground state of Ni® as zero and the spin 
of the 1.33-Mev excited state of Ni® as two. 


DETERMINATION OF THE LIFETIME OF THE 
1.33-Mev STATE 


A. From the Number of Resonance 
Scattered Quanta 


The lifetime 7, and the cross section ow, averaged 
over the incident line, are related by the expression® 


N (Exes) 


ge (2.53 
ore ’ (1) 


ye ‘+I (Erves)’ow N 





T 





INCIDENT RADIATION 








ae 
































SCATTERED RADIATION 


SOURCE AT 


; 1050°G 


——> COUNTING RATE (ARBITRARY UNITS) 


20 25 30 35 40 
——» PULSE HEIGHT IN VOLTS 


Fic. 2. Resonance fluorescence in Ni®. The pulse-height distribu- 
tion of the incident radiation (top) clearly shows two peaks 
corresponding to the 1.17-Mev and the 1.33-Mev gamma on 
emitted in the decay of Co®. The scattered radiation with the 
gaseous source consists mainly of 1.33-Mev resonance radiation, 
indicating that this gamma ray is the one leading to the ground 
state of Ni®. 


‘In view of the short lifetime of the level, higher multipoles 
were excluded. 
5 See, e.g., F. R. Metzger, Phys. Rev. 10], 286 (1956) 
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Fic. 3. Angular distribution of the resonance radiation from the 
1.33-Mev level in Ni®. The solid line represents the theoretical 
angular distribution for an excited state with spin 2 and a ground 
state with spin 0, corrected for the finite angular resolution. The 
differential cross section is given in arbitrary units. 


where 1, is the mean life in seconds, ge and g; are the 
statistical weights of the excited state and the ground 
state, respectively, Eyes is the resonance energy in ev, 
ow the average cross section in barns, and N(Ere)/N 
is the fraction of the gamma rays of the 1.33-Mev 
line falling into a one-ev interval at the resonance 
energy. 

Once the angular distribution of the resonance 
radiation is known, the determination of the average 
cross section is straightforward: ow is obtained from a 
comparison, at a given angle, of the number of resonance 
scattered quanta with the total number of incident 
1.33-Mev gamma rays. 

The evaluation of N(E;..)/N, on the other hand, 
presents considerable difficulties if the source is not 
in the form of monatomic vapor. In the case of CoCls, 
all one can do is give an upper limit for N(Eyes)/N 
and thus an upper limit for r,. One arrives at this 
upper limit by observing that N(E;.5)/N assumes its 
largest value when the radioactive Co™ nuclei are not 
bound to other atoms which might share the recoil 
momentum and thus narrow the emission line. From 
the line shape for free Co™ nuclei, reproduced in 
Fig. 4, an upper limit of 0.0051 is obtained for the 
fraction of the incident line falling into a one-ev 
interval at Eres. If this value is combined with the 
experimental value for the average cross section, 
ow= (1.60.1) X 10-6 cm’, the upper limit for the mean 
life r, is calculated as 2.3X 10" sec. 

A lower limit cannot be set, because for suitably 
chosen properties of the CoCl, molecule, about which 
little is known, N(E;..)/N could be very small indeed 
and thus any lifetime shorter than the upper limit 
could be explained. 
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The result of the measurement of ow is, therefore, 
that r,<2.3X10-" second. 


B. From a Resonance Self-Absorption 
Experiment 


If the radiation emitted by a gaseous CoCl, source 
passes through a nickel absorber before it strikes the 
nickel scatterer, the line shape of the 1.33-Mev line 
will be modified because, in addition to the “normal” 
absorption by Compton effect, photoeffect and pair 
creation, selective absorption in the region of the 
1.33-Mev absorption line has taken place. Because of 
its restriction to a small portion of the incident line, 
(see Fig. 4), the effect of the selective absorption on 
the intensity of the transmitted beam will, in general, 
be very small compared with the effect of the “normal’’ 
absorption. If, however, a detector is used which is 
only sensitive to the narrow region of the absorption 
line—and resonance scattering represents such a 
detector—then the selective absorption becomes meas- 
urable. However, even if one uses self-indication, the 
“normal” absorption is still considerably larger than 
the selective absorption and it is advantageous to use 
a comparison method which eliminates the “normal” 
absorption. The procedure finally adopted was the 
following : Two absorbers of similar shape, one made of 
nickel and one of nickel-free steel, are compared, as 
far as their normal absorption is concerned, using the 
direct 1.33-Mev gamma ray beam from a cold CoCl, 
source. By changing the thickness of one of the 
absorbers, the attenuation of the beam by the two 
absorbers is made to agree to within better than 1 
percent. Then, with a gaseous CoCl, source and a 
nickel scatterer, the resonance fluorescence effect is 
measured while the nickel absorber and the steel 
absorber are alternately inserted between source and 
scatterer. The ratio of the two readings, corrected for 
the initial mismatch, gives then directly the selective 
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Fic. 4, Line shape of the 1.33-Mev radiation emitted by a 
gaseous source of Co atoms, neglecting the angular correlation 
of the Ni® gamma rays. The absorption line for a nickel absorber 
at room temperature is indicated by the dashed curve. 





986 FRANZ R. 


TABLE I. Results of the self-absorption experiment. The 
counting rates with the nickel absorber are quoted relative to 
those with the steel absorber (= 100). 








Direct beam Resonance effect 





Steel absorber 


100 
Nickel absorber 95.8+0.7 


100 
100.9+90.1 








attenuation of the resonance radiation by the nickel 
absorber. 

The results of the actual measurements are summar- 
ized in Table I. One notices that the nickel absorber 
which, on the basis of the direct beam experiment, is 
actually slightly too thin, is more effective than the 
steel absorber in reducing the resonance effect. From 
the data summarized in Table I, it is concluded that 
the nickel absorber attenuates the resonance fluores- 
cence effect by a factor 0.949+0.007. The evaluation 
of this attenuation in terms of the mean life 7, is 
straightforward if one can assume the absorbers and 
the scatterer to be thin. In the present experiment, this 
assumption was justified because scatterer and absorber 
were of approximately the same thickness and from 
the value of the attenuation in the absorber this 
thickness is seen to give rise to only 5% absorption. 

The weakness of the resonance absorption also 
indicates that the natural width I must be rather small, 
ie., <1 ev. This means that the natural width is small 
compared to the Doppler width A=(E/c)(2kT/M)! 
caused by the thermal agitation of the absorbing nuclei. 
The effective absorption cross section® has, therefore, 
the pure “Doppler form” 


(2) 


Jr T 
op(E) met 3 We _ [(E- E,)/AF}, 


where oo= (g2/g1)(A"/2m) is the individual cross section 
at exact resonance. 

The resonance effect from the scatterer is proportional 
to 


R= fa (E)op(E)dE, 


if N(E)dE is the number of gamma rays in the energy 
interval dE. An absorber of thickness d, with n Ni®- 
nuclei per cm*, will reduce the incident beam by a 
factor [1—nop’(E)d] and will thus give rise to an 
attenuation of the resonance effect 


A= f [1—nop'(E)d JN (E)op(E)dE / 


x f N(E)op(E)dE. (3) 


6 That is, the resonance cross section ¢=0/{1+[(E—E,)/4r ?} 
averaged over all the absorbing nuclei, which are assumed to 
exhibit a Maxwellian velocity distribution. 
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A different effective cross section op’ was introduced 
for the absorber because scatterer and absorber might 
be at different temperatures (different Doppler widths 
A, and A,). 

If we assume that, compared with the rapidly 
varying gp, N(E) is a slowly varying function of the 
energy, V(£,) can be taken out of the integral. Using 
the expression (2) for the cross section, the integrals 
in (3) can then be evaluated and one obtains for the 
attenuation, after expressing a» in terms of \ 


(g2/g,)T 
A=1-—nd— —_——. (4) 
4[a(A.?+A,’) }} 

If absorber and scatterer were in the gaseous phase, 
the actual temperatures would be used to calculate the 
Doppler widths. If, however, solid absorbers and 
scatterers are employed, the crystalline binding, 
characterized by the Debye temperature, has to be 
taken into account. This was done by Lamb’ for the 
case of neutron absorption, and his results can be 
directly applied to the absorption of gamma rays. For 
weak binding, Lamb showed that the actual tempera- 
ture has to be replaced by an effective temperature 
which is somewhat larger than the actual temperature 
and which depends on the ratio of actual temperature 
and Debye temperature. 

In the present absorption experiment, the tempera- 
ture of the absorber was 340°K, the temperature of 
the nickel scatterer 300°K. Taking for the characteristic 
(Debye) temperature of nickel the value 375°K, one 
reads off Lamb’s graph the effective temperatures 
392° and 350°K, respectively. The Doppler widths 
corresponding to these temperatures are A,=1.46 ev 
and A,=1.38 ev. After taking into account the finite 
angular spread of the beam striking the scatterer, 
the effective thickness of the nickel absorber was 
calculated to be d=1.18 cm. For an excited state with 
spin 2 and a ground state with spin 0, go/gi=5. Finally 
=8.63X10- cm’, and n=2.39X10"/cm*. If all 
these values, together with the experimental attenuation 
A=0.949, are inserted into (4), a natural width 
l=5.97X10- ev=9.56X 10~'* erg is obtained for the 
1.33-Mev level of Ni®. This width corresponds to a 
mean life r,=%/T=1.1X10-" second.® In view of the 
statistical uncertainty in A and the correction for the 
binding of the absorbing nuclei, the standard deviation 
in our value of 7, is estimated to be 0.2 10-" second. 
Thus the final result of the self-absorption experiment 
is 7y= (1.140.2) XK 10-" second. 

Upon inspecting Fig. 4, one might have some 


7™W. E. Lamb, Phys. Rev. 55, 190 (1939). 

8 The difference between this value and the one (7.5X10™) 
quoted at the 1956 New York Meeting of The American Physical 
Society [Franz R. Metzger, Bull. Am. Phys. Soc. Ser. II, 1, 40 
(1956) ] is the result of an arithmetical mistake. 





NUCLEAR RESONANCE FLUORESCENCE 


misgivings as to the validity of the assumption that 
N(E) is constant in the region of the absorption line. 
It should be pointed out that, in view of the symmetry 
of gp with respect to E,, N(E£) does not need to be 
constant over the region of the absorption line as long 
as it is linear, i.e., as long as the higher derivatives of 
N(£) with respect to E are small. Some estimate of the 
magnitude of the higher derivatives of N(E) may be 
obtained by a study of the change in the resonance 
fluorescence effect upon heating of the nickel scatterer. 
This temperature effect depends on the higher deriva- 
tives in closely the same way as the self-absorption 
experiment. A small temperature dependence of the 
resonance effect implies a small correction to the simple 
expression (4) used for the analysis of the self-absorption. 

In a separate experiment the scatterer was heated 
from room temperature to 300°C and the change in 
the resonance fluorescence effect was found to be 
smaller than 5 percent. This indicates that the error 
introduced in the self-absorption experiment by 
assuming V(£) to be constant over the region of the 
absorption line is small indeed. 
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CONCLUSIONS 


The resonance fluorescence self-absorption method 
allows the determination of lifetimes even if the line 
shape of the exciting radiation is not known because of 
the complexity of the recoil phenomena. 

The mean life of (1.1+0.2)10-" second measured 
for the 1.33-Mev excited state of Ni® is approximately 
five times shorter than the single-particle estimate.’ 
Compared with other electric quadrupole transitions 
in the weak coupling region of the periodic table,!*® 
this transition is slowed down by a factor of from two 
to five. This slowing down is not unexpected in view 
of the magic number of protons in Ni®. 
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Decay Constants of K*’ as Determined by the Radiogenic Argon Content 
of Potassium Minerals 
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It is shown that the potassium-argon age of young minerals depends almost linearly on the decay constant 
for electron capture in K” and is very insensitive to the decay constant for beta emission. This fact permits 
calculation of \, by comparing the concordant uranium-lead age of cogenetic uraninite with A®/K® ratios 
found in young samples of mica. It is found that A,= (0.557+0.026) X10-” yr“. Similar comparisons with 
older mica samples indicate that satisfactory agreement with the uraninite ages are obtained by use of this 
value of d, together with \g= (0.472+0.05) X10 * yr“. It is concluded that there is no conflict between the 
decay constants inferred by this geological method and those found by direct counting experiments. 


I. INTRODUCTION 


NUMBER of papers have appeared in which the 

branching ratio of K* has been determined by 
measurement of the radiogenic argon content of po- 
tassium minerals. Aldrich and Nier! showed, by semi- 
quantitative measurements of the ratio of radiogenic 
A” to K in minerals of approximately known geological 
age, that the branching ratio was of the order of 0.1. 


*Now at the Division of Geological Sciences, California 
Institute of Technology, Pasadena, California. 

t Now at the Department of Physics, University of Montana, 
Missoula, Montana. 

1L. T. Aldrich and Alfred O. Nier, Phys. Rev. 74, 876 (1948).. 


Earlier counting experiments? had indicated that the 
branching ratio was of the order of 1. Inghram, Brown, 
Patterson, and Hess’ determined the branching ratio to 
be 0.126 by measuring the ratio of radiogenic argon to 
radiogenic calcium in sylvite (KCl). Subsequently 
Mousuf‘ and Russell, Shillibeer, Farquhar, and Mousuf*® 
published a branching ratio of 0.06 determined by com- 
paring A®/K* ratios from feldspars with various age 


* E. Bleuler and M. Gabriel, Helv. Phys. Acta 20, 67 (1947). 
’Inghram, Brown, Patterson, and Hess, Phys. Rev. 80, 916 
(1950). 
*A. K. Mousuf, Phys. Rev. 88, 150 (1952). 
(98 Shillibeer, Farquhar, and Mousuf, Phys. Rev. 91, 1223 





988 


Ag at 
t i 


th, 


2000 
L my 


Fic. 1. Graph showing the relative sensitivity of the measured 
age ¢ (in millions of years) to changes in the decay constants i, 
and Ag. 


determinations on minerals believed to be cogenetic. 
Wasserburg and Hayden® then showed that these 
workers failed to extract all of the argon from the min- 
erals and that when the uncertainties in the comparison 
ages are considered, the geological measurements were 
consistent with a branching ratio as high as 0.13. 

Later, Wasserburg and Hayden’ showed by a number 
of argon determinations on feldspars compared with the 
concordant Pb-U ages of cogenetic uraninites (ty23s 
=ty23s) that a branching ratio of 0.085 fitted their data 
well over a large span of geological time. In this work 
Wasserburg and Hayden assumed the §-disintegration 
constant Ag= 5.07 X 10-" yr“, and their branching ratio 
then corresponds to a value of \,=A,=0.43X 10-” yr“ 
corresponding to a specific gamma activity of 2.5 
gamma rays per second per gram of potassium. While 
this is a very low value for the specific activity, it is 
difficult to exclude it in view of the uncertainties in the 
counting experiments. It was then found by Wetherill, 
Aldrich, and Davis* that mica samples characteristically 
had higher A®/K™* ratios than feldspar samples obtained 
from the same rock. This observation has subsequently 
been confirmed in other laboratories.’"” For every pair 
of cogenetic micas and feldspars investigated, it was 
found that the micas gave the greater A“/K*® ratio. 
The authors believe that this effect is the result of a loss 
of radiogenic A® from potassium feldspars in comparison 
to micas. 

The alternative hypothesis that micas have prefer- 
entially “adsorbed” A*® during their formation would 
seem to be excluded by the regularity of the results 
obtained from various mica samples of different ages. 

When these measurements were reported, there was 
an insufficient number of comparisons between con- 


*G. J. Wasserburg and R. J. Hayden, Phys. Rev. 93, 645 
(1954). 

7G. J. Wasserburg and R. J. Hayden, Geochim. et Cosmochim. 
Acta 7, 51 (1955). 

8 Wetherill, Aldrich, and Davis, Geochim. et Cosmochim. Acta 
8, 171 (1955). : d 

9G. J. Wasserburg and R. J. Hayden, Geochim. et Cosmochim. 
Acta (to be published). . 

0 J. Reynolds, paper presented at Pennsylvania State College 
Conference on Nuclear physics (unpublished). 
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cordant uranium-lead ages and mica A”/K® determi- 
nations to permit a re-evaluation of the question of the 
decay constants. A number of these comparisons has 
now been made independently by the Chicago and 
Carnegie Institution workers, and their data are com- 
bined in this report." 


II. CALCULATION OF THE DECAY CONSTANTS 
FROM GEOLOGIC DATA 


The sensitivity of the calculated age 


1 A” Dr+AXg 
ionitatied >) 
ree K®\ ,, 


to changes in the decay constants \, and Ag may be seen 
from the graphs of (\,/t)(d¢/AA.) and (Ag/t)(dt/AAg) as 
functions of ¢ (Fig. 1). It may be shown that 


he Ot Ag Ot 
[+7 —]--1. 

t OA. t Org 
While the curves are drawn for a particular value of \, 
and gs," the qualitative effects are the same for any 
reasonable value of these decay constants. It is seen 
that for young minerals (\,/t)(d¢/dA.)~ —1, indicating 
that an increase in, will cause a proportionate decrease 
in ¢, For older minerals the dependence of ¢ on X, 
decreases, while the dependence of ¢ on \g increases. At 
t= 3500 million years, a 10% change in either , or Ag 
will cause a 5% change in ¢. It may also be seen that for 
young minerals, ¢ is relatively independent of Ag. For 
this reason it is most desirable to use the geological data 
to compute A, instead of \./Ag, as earlier workers have 
done. Thus, comparison of the A*®/K* ratio of a young 
mica with a concordant uranium-lead age will permit 
the calculation of \, with very little regard to \g. This 
has been done for samples 1-4 in Table I, and gives an 
average A,= (0.557+0.026) x 10-" yr— corresponding 
to a specific gamma activity of 3.24+0.15 gamma rays 
per second per gram of natural potassium, This may be 
compared with recent values of the specific activity 
shown in Table IT. 

There is no corresponding direct way of determining 
Xs from radiogenic argon measurements on available 
mineral samples. In Table I, we list argon ages calcu- 
lated by using \,=0.557X10- yr as determined 
from the young minerals, and \g=0.472K10-* yr 
which is the average calculated by Endt and Kluyver 
in a review of previous studies of these decay con- 


4 Argon analyses were made using mass spectrometric isotope 
dilution technique, while potassium, uranium, and lead analyses 
were made either using isotope dilution or by gravimetric chemical 
analysis. Lead isotope abundances were determined with a mass 
spectrometer. More complete discussion of the experimental 
methods and the geological significance of the results will be 
published in the geological literature. 

2 Using \.=0.549X 10°" yr“ and \g=0.474X 10 yr“. 
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stants. Although sample No. 9 shows evidence for loss 
of argon, the general agreement of the argon ages with 
concordant uranium-lead ages is seen to be good over a 
great range of time. However, as can be seen from 
Fig. 1, this agreement is not very sensitive to the choice 
of Ag. The agreement would still be acceptable if Ag 
were changed by 10%. Taking into consideration the 
uncertainty in both Ag and X,, the geological evidence 
gives a branching ratio of 0.117+0.015, the principal 
source of uncertainty being the uncertain value of Xz. 

One of the most serious problems to be faced in the 
determination of mineral ages by the argon method is 
the question of whether or not the radiogenic argon has 
been quantitatively retained over the great expanse of 
geologic time. Any loss of argon will result in the 
calculation of a value of \, which is too low. In the 
earlier work on feldspars,’ it was not possible to dis- 
tinguish between the two possibilities, that argon has 
been lost from the mineral or alternatively that the 
true value of \, was actually near the lower limit set by 
counting experiments. The situation has now improved 
insofar as the value of \, required by the radiogenic 
argon content of the micas is near the average of the 
values determined by counting experiments. 


III. CONCLUSIONS 


The value of the specific electron capture rate of 
potassium as determined from potassium-argon meas- 
urements of mica from young dated pegmatites is 
3.24+0.15 electron captures per gram per second, 
assuming that radiogenic argon has been quantitatively 
retained by these samples. 


TABLE I. Comparison of K-A and U-Pb ages (using \,=0.557 
X10- yr and Ag=0.472 X10 yr). 








K-A age 
(106 yr) 


265+8 
259+8 
349415 
382+11 
970+30 
1000+50 
960+50 
1600+80 
1430+70 
1850+80 
2550+150 
4370+60° 


U-Pb age 
(108 yr) 


26745 
25545 
375+10 
36747 
994+.20 
1020+20 
1030+30 
1600+30 
1600+30 
1890+40 
2650+ 100* 
4500+ 100° 


Sample 


. Portland, Conn. 

. Glastonbury, Conn. 
Spruce Pine, N. C. 

. Branchville, Conn. 

. Parry Sound, Ontario 
. Cardiff Twp., Ontario 
. Wilberforce, Ontario 
. Keystone, S. Dakota 
. Keystone, S. Dakota 
. Viking Lake, Sask. 0.175 
. Bikita, S. Rhodesia 0.300 
. Forest City Stone Meteorite 0.996 


A®/Ke 


0.0158 
0.0156 
0.0213 
0.0236 
0.0705 
0.0729 
0.0695 
0.140 

0.119 
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* A, Holmes, Nature 173, 612 (1954). 
> G. J. Wasserburg and R. J. Hayden, Phys. Rev. 97, 86 (1955). 
. C, Patterson, Geochim. et Cosmochim. Acta 7, 151 (1955). 


13P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 
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TABLE II. Determinations of the specific gamma and beta activity 
of natural potassium. 








Investigator B/g sec 


Gleditsch and Graf* 


7/8 sec 


3.6 +0.8 





Graf» 26.8+1.2 
3.42+0.07" 
2.6 


Ahrens and Evans® 

Hess and Roll 

Stout® 

Sawyer and Wiedenbeck‘ 
Spiers® 

Faust» 

Grafi 

Houtermans, Haxel, and Heintze! 
Smaller, May, and Freedman* 
Sawyer and Wiedenbeck' 
Good™ 

Delaney" 

Burch° 

Suttle and Libby? 

McNair, Glover, and Wilson? 
This paper 


30.6+2.0 


30.5 
31.2+3.0 


27.141.5 
22.5+0.7 
28.341.0 
27.1+0.6 
32.043 


29.6+0.7 


3.37+0.09 
2.96+0.3 

3.3340.15* 
3.24+0.15 








* E. Gleditsch and T. Graf, Phys. Rev. 72, 640 (1947). 

> T. Graf, Phys. Rev. 74, 831 (1948). 

¢L. H. Ahrens and R. D. Evans, Phys. Rev. 74, 279 (1948). 

4¥V. F. Hess and J. D. Roll, Phys. Rev. 73, 916 (1948). 

eR. W. Stout, Phys. Rev. 75, 1107 (1949). 

G. A. Sawyer and M. L. Wiedenbeck, Phys. Rev. 76, 1535 (1950). 

«F. W. Spiers, Nature 165, 356 (1950). 

»W. R. Faust, Phys. Rev. 78, 624 (1950). 

iT. Graf, Rev. Sci. Instr. 21, 285 (1950). 

i Houtermans, Haxel, and Heintze, Z. Physik 128, 657 (1950). 

k Smaller, May, and Freedman, Phys. Rev. 79, 940 (1950). 

1G. A. Sawyer and M. L. Wiedenbeck, Phys. Rev. 79, 490 (1950). 

m M. L. Good, Phys. Rev. 83, 1054 (1951). 

»C. F. G. Delaney, Phys. Rev. 82, 158 (1951). 

oP. R. A. Burch, Nature 172, 361 (1953). 

P A. Suttle and W. F. Libby, Analyt. Chem. 27, 921 (1955). 

4 McNair, Glover, and Wilson, Phil. Mag. 1, 199 (1956). 

 Recalculated using Ey =1.46 Mev. 

* Recalculated using A y/Ag =0.20 for K*?, 

t Recalculated using their \-/Ag =0.121 and their specific beta activity of 
27.5/g sec. 


Using data obtained from older pegmatites, a specific 
beta activity of 27.643.0 8 particles per gram per 
second is seen to be consistent with the data. Thus 
geological measurements give a branching ratio of 
0.117+0.015. The agreement of these values with the 
results of counting experiments indicates that the 
potassium-argon ages of micas are close to being abso- 
lute ages and that leakage of argon has not been very 
serious. 
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Anisotropic Photofission* 
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The angular distribution of photofission fragments with respect to the direction of a high-energy x-ray 
beam has been found to be anisotropic. The distribution seems to be of the same form, a+ sin%, in a large 
variety of situations. The ratio of b to a depends on the energy of the photons producing the fission, on the 
particular fissionable target being irradiated, and on the particular fission fragments being observed. The 
photofission excitation curve is compared with the (7,m) excitation curve in the energy region near the 
fission threshold where the fission anisotropy seems to be largest. Recent attempts to develop a theory of 


anisotropic fission are briefly discussed. 





I. INTRODUCTION 


T was found several years ago that when high-energy 

x-rays cause nuclei to fission, the fission fragments 
are not emitted isotropically. More fragments are 
emitted at 90° to the x-ray beam than either forward or 
backward. This anisotropy was an unexpected result 
and a variety of aspects of the phenomenon have been 
studied in an effort to understand it. The size of the 
anisotropy has been examined as a function of photon 
energy for a number of fissionable nuclides. The 
dependence of the anisotropy on the mass ratio of the 
fission fragment pair has been studied, and some 
features of the relation between photoneutron emission 
and anisotropic photofission have been investigated. 
These experiments were all performed on the 16-Mev 
linear electron accelerator at M.I.T. and some of the 
results have already been reported briefly.'~* This paper 
contains an account of all of the experimental results 
obtained so far. It should be mentioned that fission 
produced by neutrons,‘ protons,’ and a@ particles® has 
also been found to be anisotropic. It is therefore 
reasonable to infer that the particular method of 
exciting a nucleus to fission is of somewhat secondary 
importance as regards anisotropic fission and that the 
essential features very probably have to do with the 
nature of the fission process itself. 

Although there have recently been some develop- 
ments in the theory of fission in which attempts are 
made to account for the anisotropy of fission,’:* the 


* This research was supported in part by the joint program of 
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experiments to be described were performed before 
any such theoretical guidance was available. It is for 
this reason that the most connected account of them is 
probably a chronological one. The experiments on 
anisotropic photofission are described in the following 
sections in the order in which they were done. 


II. ANGULAR DISTRIBUTION OF PHOTOFISSION 
FRAGMENTS FROM THORIUM 


The study of the angular distribution of photofission 
fragments was motivated in part by the explanation 
given by Goldhaber and Teller® of the giant resonance 
for photon absorption by nuclei. They suggested that 
the neutrons in a nucleus can oscillate more or less 
as a unit against the protons. Reasonable estimates of 
the natural frequency of this dipole oscillation agree 
fairly well with the observed frequency of the photons 
absorbed in the giant resonance. This explanation was 
reminiscent of another situation in which a simple 
hydrodynamical model of the nucleus had been found 
to be useful, namely in fission. To be sure, the liquid 
drop model of fission deals with a nuclear fluid in 
which there is no separation of charge.’° This makes it 
very different from the Goldhaber-Teller model and 
yet it is possible to imagine a connection. The dipole 
oscillation excited in a nucleus by a high-frequency 
electromagnetic wave could perhaps persist in its 
original direction even after the neutrons and protons 
have once again been homogenized. This direction is 
along the electric vector of the incoming wave; that is, 
perpendicular to the x-ray beam. If the oscillation 
happens to lead to fission, the fragments would tend to 
come off at right angles to the beam. 

The first attempt to observe the angular distribution 
of fission fragments was made with thorium because it 
was readily available. The x-ray beam was produced in 
a thick lead target by an electron beam whose spectrum 
was centered at 13 Mev and was about 5 Mev wide. 
The x-rays were passed through a thin cylindrical shell 
of thorium surrounded by a concentric plastic cylinder 
[see Fig. 1(a)]. The fission fragments emitted from 
the thorium were caught in the plastic and their 


® M. Goldhaber and E. Teller, Phys. Rev. 74, 1046 (1948). 
10 N. Bohr and J. A. Wheeler, Phys. Rev. 55, 426 (1939). 


990 





ANISTROPIC PHOTOFISSION 


angular distribution was determined from a measure- 
ment of the distribution of 8 activity in the plastic. 
For this purpose a Geiger counter and slotted shield 
were used [Fig. 1(b) ]. It was established that neither 
fast neutron fission nor the photon activation of the 
plastic contributed observably to the measured activi- 
ties. Small corrections for the variation of x-ray flux 
over the target and for the angular resolution of the 
exposure and counting setups had to be made. The 
corrected data, based on a number of runs, is shown in 
Fig. 2. 

The observed angular distribution is seen to be 
peaked at 90° to the beam and, within the errors of the 
data, it is symmetrical about this angle. The form of the 
distribution is compatible with a+ sin*@. If one fits 
the data of Fig. 2 with a curve of this form, it is found 
that 6/a=0.41+0.05. 

It should be emphasized that the actual measure- 
ment was one of the distribution of fragment activities 
rather than of the fragments themselves. If different 
species of fragments have different angular distributions, 
the observed activity distribution might be expected 
to depend on the length of the exposure and on the 
time that elapses between exposure and counting. It 
was found, however, that 6/a showed no observable 
dependence on the exposure duration (which varied 
from 6 min to 3 hours) nor on the time of counting 
(up to several days after exposure). Evidence discussed 
in Sec. VII indicates that the fragment assortments are 
nevertheless somewhat different at different angles. 
These differences are apparently not great enough to be 
observable in the decay curves observed at the different 
angles. 


Ill. ENERGY DEPENDENCE OF ANISOTROPIC 
PHOTOFISSION IN THORIUM 


Angular distributions of reaction products following 
an electric dipole absorption would have to be of the 
form a+b sin*é. The observed distribution was therefore 
consistent with the original supposition that it was 
connected with the electric dipole absorption in the 
giant resonance. 

To check this possible connection somewhat further, 
rough measurements were made of the anisotropy as a 
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Fic. 1. The arrangements for exposing and counting the 
cylindrical fragment catcher. After exposure, the catcher is 
slipped over the cylinder at the right and oriented to permit the 
counter inside to “see” the activity caught at any desired angle 
to the x-ray beam. 
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Fic. 2. The angular distribution, N(@), of fission fragments 
from Th*? caught at the angle @ to the x-ray beam. The distri- 
bution was obtained with the equipment of Fig. 1 and with an 
x-ray spectrum where the maximum energy was 16 Mev. 


function of photon energy.” The giant resonance in 
thorium is centered at about 14 Mev" and the linear 
accelerator was able to accelerate electrons to about 
this energy. From observations of 6/a as a function of 
electron energy, together with knowledge of the 
excitation curve for photofission and the shape of the 
X-ray spectrum, one can in principle extract b/a as a 
function of photon energy. There are fairly large 
uncertainties in the various components of the calcu- 
lation, but fortunately the dependence of b/a on 
electron energy turned out to be so extreme that the 
qualitative dependence of b/a on photon energy was 
clear. The photons in the giant resonance region were 
found to produce essentially isotropic fission. Indeed, 
the observations were consistent with the assumption 
that the anisotropic fission is due solely to photons with- 
in about 3 Mev of the fission threshold. (See Table I.) 
More precise data confirming this general conclusion are 
discussed toward the end of the next section. 


IV. ANISOTROPIC PHOTOFISSION IN 
DIFFERENT TARGETS 


The fact that the photons responsible for anisotropic 
fission are not the giant resonance photons makes it 
very doubtful that there is any connection after all 
between fission and the Goldhaber-Teller oscillation. 

Yet the form of the observed distribution is suggestive 
of electric dipole absorption. Such an absorption would 
give rise to excited states in thorium in which the 
angular momentum of the nucleus, J, is equal to 1 
with m= +1 (since J=0 in the thorium ground state). 
The observed angular distribution consists of an 
isotropic part plus a part where the orbital angular 
momentum, L, between fragments is likely 1 and 
m,= +1. A large anisotropy could be expected if there 


4 R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 
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is, for some reason, a tendency for the thorium nucleus 
to break up with its angular momentum going into the 
orbital motion of the fragments rather than into their 
internal spins. 

One might reasonably wonder whether there is any 
need to assume special restrictions on the distribution 
of nuclear angular momentum in fission in order to 
account for the observed anisotropy. After all, the 
excited nuclei have J=1 and are lined up with their 
spins along the beam axis. Therefore since L+J'=J 
(where J’ is the vector sum of the spin angular momenta 
of the two fission fragments) both L and J’ will on the 
average also be lined up along the beam when no special 
assumptions are made about the apportionment of 
angular momentum during fission. 

One can show, however, that the amount of lining up 
that could be expected on purely statistical grounds is 
very small indeed. For example the L=1 breakups 
would be strictly isotropic if the probability of a 
breakup is proportional to 2/’+1. If one assumes 
instead that this probability is independent of J’, the 
L=1 breakups lead to the distribution 1+ 3%; sin’#. If 
to this distribution is added the isotropic one arising 
from L=0 emissions, it is seen that there would be 
hardly any anisotropy at all. It is clear, on the other 
hand, that if one were to make the extreme assumption 
that J’ is always zero, there would be plenty of 
anisotropy. That is, if at the critical time in the fission 
process when final angular momenta are being deter- 
mined, there is some reason to favor the assignment 
of zero spin or very low spin to each of the fragments, 
then one might expect anisotropy on a statistical model. 
However, it is hard to see under what circumstances it 
would be reasonable to expect the required suppression 
of internal spins of the fragments. Such a suppression 
could perhaps be connected to the energetics of the 
fission process. One might suppose that those nuclei 
are most likely to fission, which, in the course of their 
oscillations, approach the saddle point distortion” with 
their nucleons in the lowest possible energy states. 
The lowest energy configurations might involve an 
extreme pairing of nucleon spins. Such a view of the 
nature of anisotropic photofission would not be in- 
consistent with the observed rapid disappearance of 
the anisotropy as the excitation energy is raised beyond 
a few Mev above the threshold. Although this “explana- 
tion’’ of anisotropic fission is essentially statistical in its 
viewpoint and deals only with energies and spins, it 
requires an important additional assumption about the 
behavior of a fissioning nucleus; for example, that spins 
of nucleons show a very strong tendency to pair. The 
basis for such an assumption would have to be sought 
in terms of special restrictions on the dynamical 
properties of nuclei, that is, in terms of some particular 
“nuclear model.” The idea of nuclear spin pairing at 
the saddle point has recently been developed by Bohr 
in terms of the collective model,® and is discussed in 
Sec. VIII. 
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These considerations about the possible connection 
between the anisotropy and nuclear spins made it seem 
very desirable to look at fragment angular distributions 
from some nuclide having nonzero spin in its ground 
state. It was decided to examine U™* where the ground 
state spin is 5/2 or 7/2." An electric dipole absorption 
would lead to states with assorted high values of J 
and the “directional content” of the excited state 
would be less than that of the corresponding thorium 
state. The fission fragment distribution would be 
expected to be much less anisotropic even near the 
threshold. 

By the time that we were able to obtain some U™®, we 
had managed to increase the intensity of the electron 
beam of the linear accelerator several-fold. The addi- 
tional intensity permitted the use of a magnetically 
analyzed beam (~3% line width). In addition it was 
possible, by a method to be described, to use thin-target 
x-radiation in the fission experiments with the result 
that the shape of the x-ray spectrum was much better 
known than it had been in the thick-target experiments. 
These improvements in technique permitted the 
conversion of observed dependences on electron energy 
to dependences on photon energy with much more 
reliability than had been possible before. 

The ratio of the activity at 90° to the beam to the 
activity at 0° or 180° was measured for U™*, U8, and 
again for Th** by the apparatus illustrated in Fig. 3. 
The targets were all in foil form," somewhat oxidized 
and thick to fission fragments (about 100 mg/cm’). 
Target foils were placed at the center of the evacuated 
scattering chamber and oriented at 45° to the analyzed 
electron beam. The forward-directed high-energy x-rays 
produced by the electrons passing through the foil 
interacted with the fissionable nuclei in the foil much 
more effectively than the electrons themselves. The 
thickness of each of the fission foils used was such that 
approximately the same number of fissions were being 
produced by x-rays and electrons at the back side of the 
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Fic. 3. Apparatus for measuring the anisotropy in photo- 
fission due to thin-target x-ray spectra. 


42G. L. Stukenbrocker and J. R. McNally, Atomic Energy 
Commission Report AECD 2797 (unpublished). 

%3The isotopic purity of the U* was about 90%. We are 
indebted to the U. S. Atomic Energy Commission for the loan of 
this foil. 
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foil. Since the range of fission fragments is much 
smaller than such a thickness, the number of fission 
fragments leaving the back side was about twice as large 
as the number of fragments emitted from the “‘entrance”’ 
side. Aside from small corrections due to electron energy 
loss in the fission foil, the 90°/0° activity ratio for 
fissions due only to the x-rays made in the fission foil is 


(Av—Aa)/(Aa—A,). 


The A’s are the activities measured in the four catcher 
foils of Fig. 3, and it is assumed that the activity at 
180° is identical to that at 0° (see Fig. 2). 

A typical run lasted for one hour with an analyzed 
electron beam of 0.2 wa. After exposure, the catcher 
foils were rolled into cylinders and counted on thin- 
walled Geiger tubes. Tests were made which showed 
that the neutron-induced fission in U*® was negligible 
and that the multiple scattering of the fission fragments 
in the target did not significantly smear out the angular 
distribution. It was possible to estimate roughly the 
latter effect from the literature on the stopping and 
scattering of fission fragments,'*“'® but in addition a 
rough experiment was performed where fission frag- 
ments were scattered in thin gold foils. 

Assuming that the angular distributions are all of the 
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Fic. 4. The anisotropies in the photofission of three targets 
observed with the apparatus of Fig. 3. The angular distributions 
were all assumed to be of the form a+6 sin’#. 


4 Béggild, Brostrém, and Lauritsen, a Danske Videnskab. 
Selskab, Mat. -fys. Medd. 18, No. 4 (1940 
IN, Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, jie 8 (1948). 
N. O. a Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd 25, No. 11 (1949). 


PAPER FRAGMENT 


Fic. 5. The experimental setup used in the determination of the 


fission yield curve in U* for thin-target bremsstrahlung. 


form a+bsin*#, the observed distributions were 
corrected for the finite angular resolution. The de- 
pendence of 6/a on electron energy is shown for the 
three targets in Fig. 4. It is seen that the anisotropies 
in Th and U*™* decrease rapidly with increasing 
electron energy. The most striking result is the absence 
(within experimental errors) of any anisotropy at all 
in U*®, 

It should perhaps be mentioned here that, with the 
help of measured photofission excitation curves (Sec. V), 
it was possible to plot the anisotropy as a function of 
photon energy for both Th? and U**. The qualitative 
thick target results of Sec. III were confirmed. The 
anisotropy drops to a small value at photon energies 
one or two Mev above the fission threshold. In the 
region of the giant resonance, the anisotropy is very 
small if not zero. 


V. CROSS SECTION FOR PHOTOFISSION AS A 
FUNCTION OF ENERGY 


It has been mentioned that in order to be able to 
re-express the data of Fig. 4 in terms of photon energy 
rather than electron energy, it was necessary to obtain 
the shapes of the photofission excitation curves. 
Although some studies of the dependence of photo- 
fission yield on energy had been made,'*—* not enough 
information was available about the shapes of excitation 
curves at those photon energies that were proving to be 
significant in these experiments. 

It was therefore decided to measure the fission yields 
for thin-target bremsstrahlung from threshold on up as 
far as we could conveniently go (about 12 Mev). Only 
U*8 was examined directly. The yields of U** and Th” 
were obtained relative to the U™* yield. Such relative 
measurements are likely to be somewhat more sensitive 
to slight differences in yield curves than a comparison 
of independently measured curves. 

The arrangement used in obtaining the yield curve 
for U** is shown in Fig. 5. The magnetically analyzed 
electron beam was allowed to pass through a sandwich 
consisting of three foils in the sequence, catcher: 
uranium : catcher, and then into a large carbon Faraday 
cup. The difference-activity in the catcher foils per 

17 J. McElhinney and W. E. Ogle, Phys. Rev. 81, 342 (1951). 

18 Huizenga, Gindler, and Duffield, Phys. Rev. 95, 1009 (1954). 


1% R. B, Duffield and J. R. Huizenga, Phys. Rev. 89, 1042 
(1953). 
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Fic. 6. The photo- 
fission yield in U** as 
a function of electron 
energy. The data were 
obtained with the ar- 
rangement of Fig. 5. 
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unit of collected charge was obtained as a function of 
electron energy. Aside from some small corrections for 
electron loss in the uranium, the difference activity is a 
measure of the activity induced by thin-target brems- 
strahlung. The data are plotted in Fig. 6. The ordinate, 
which is proportional to the measured fission activity, 
has been labeled “‘fission yield.” This is justifiable 
because the activity per emitted fission fragment is 
quite independent of photon energy in the energy 
region investigated. More specifically, the assortment 
of fragments (the mass-yield curve) changes slowly with 
energy up to 12 Mev.” 

Fission yields in U** and Th* were obtained relative 
to the U™* yield as a function of energy by bombarding 
a set of three sandwiches simultaneously. For example, 
to compare the yield in U™* with that in Th* the beam 
was allowed to pass through the sequence of sandwiches, 
thorium: uranium: thorium. The average difference- 
activity in the thorium sandwiches was compared to the 
difference activity in the uranium. The yields of U™* 
and U** have been plotted in terms of the yield in 
Th*? in Fig. 7. The relative yields are not nearly as 
energy-independent as they were found to be in the 
giant resonance (12-22 Mev) region.'’'* This implies 
that when the fission cross-section curves for the three 
targets investigated are plotted as a function of photon 
energy, they must have different shapes at the lower 
energies. In order to obtain the excitation curves from 
the yield curves, the standard photon difference method 
was used with a Bethe-Heitler bremsstrahlung spec- 
trum.” The most interesting feature of the excitation 


” R. A. Schmitt and N. Sugarman, Phys. Rev. 89, 1155 (1953); 
H. G. Richter and C. D. Coryell, Phys. Rev. 95, 1550 (1954). 

*t Katz, Kavanagh, Cameron, Bailey, and Spinks, Phys. Rev. 
99, 98 (1955). 

* See, for example, L. Katz and A, G, W. Cameron, Can J. 
Phys. 29, 518 (1951). 
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curves (Fig. 8) is the bump near the threshold that is 
apparently present in Th? and to a lesser extent in 
U** but not in U**. There is always some uncertainty 
in obtaining excitation curves (cross section vs photon 
energy) from yield curves (yield vs electron energy). 
The procedure is essentially a differentiation and 
requires rather precise integral (yield) data in order to 
be meaningful. As an exercise, a number of different 
shapes of cross-section curves (i.e., curves where the 
abscissa is photon energy) were assumed and expected 
yield curves were computed. Only cross sections 
showing a rather extreme bump gave rise to yield 
curves that looked reasonably like that experimentally 
observed for Th*?. Another more precise fission excita- 
tion curve for Th* was obtained later by another 
technique (see Sec. V1). It is essentially the same as that 
in Fig. 8. No attempt was made to measure any of the 
cross sections absolutely, but normalizing at the high- 
energy end of the present data to the data of Duffield 
and Huizenga” and to that of Katz ef al.,”" the cross 
section at the bump in U™* is roughly 12 mb. This is 
consistent with the measurement by Hartley with 
monochromatic y rays of 6.1 Mev. Using the photons 
emitted in the F'*(p,ay) reaction, he finds a fission cross 
section for Th*? of 642 mb. 

The presence of a bump in the cross section of those 
targets that show an anisotropy and the absence of a 
bump for the target whose fragments are isotropic 
suggest a possible connection between the bump and 
anisotropic fission. This apparent connection is made to 
seem very reasonable by the observation (Sec. III) 
that anisotropic fission predominates at those photon 
energies which correspond to the location of the bumps. 
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Fic. 7. The fission yields of U* and U™* relative to the yield in 
Th, The data of Huizenga ef al. are from reference 18 and those 
of McElhinney and Ogle from reference 17. 


#3 W. J. Hartley, Ph.D. thesis, University of Pennsylvania, 1955 
(unpublished). 
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Indeed, the data in the measurements described are 
altogether consistent with the assumption that 
anisotropic fission is confined to the region of the bump. 

Two views of the meaning of the bump suggest 
themselves. In the first, it is assumed that there is a 
special mechanism for photon absorption that exhibits 
a resonance at about 6 Mev in some nuclides but not 
in others. One would further suppose that the state 
(or states) excited in the resonance have special 
properties which are responsible for the observed 
fission anisotropy. 

In the other view, there is no particular connection 
between the bump and the anisotropy. The shapes of 
low-energy photofission excitation curves are held to 
depend on the nature of the competition between fission 
and neutron emission. This in turn depends on the 
relative locations of the thresholds for fission and 
neutron emission. Thus in U™® (see Table I), the 
neutron threshold is sufficiently close to the fission 
threshold to suppress fission for the first few Mev 
above threshold. In U8 and Th*?, on the other hand, 
fission gets off to a good start and is then reduced 
somewhat at the neutron threshold, with both cross 
sections rising again as the giant resonance is ap- 
proached. According to this picture, the explanation 
for the dependence of the anisotropy on the fissioning 
nuclide is unrelated to the excitation curve dependence, 
and is to be sought separately. 

It was felt that the detailed examination of photo- 
neutron and fission excitation curves for at least one 
nuclide might prove useful. Such measurements would 
show whether the “competition” explanation of the 
excitation curves still seemed reasonable when better 
data were available. Accordingly a study was under- 
taken of neutron emission and fission in thorium at low 
energies. These measurements and their results are 
described in the following section. 





Fic. 8. The excitation curves 
for photofission obtained by 
the photon-difference method 
from the curves of Figs. 6 and 7. 
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TABLE I. Photofission and photoneutron thresholds. 








Thresholds 


in Mev (yf) (ym) 





6.35+0.10° 
$.18+0.17> 
5.97+0.10 


Th? 
235 
U8 


5.40+0.22* 
5.31+0.25* 
5.08+0.15* 








* Koch, McElhinney, and Gasteiger, Phys. Rev. 77, 329 (1950). 
> J. R. Huizenga, Physica 21, 410 (1955). 


VI. PHOTONEUTRON AND PHOTOFISSION CROSS 
SECTIONS IN THORIUM NEAR 
THE THRESHOLD 


It was decided to compare fission and neutron 
emission in thorium, because, of the three targets 
studied, thorium had the most pronounced bump in the 
earlier measurements of fission excitation curves. It 
proved difficult to identify the (y,) activity in thorium 
radiochemically and it was therefore decided to count 
the neutrons emitted from the irradiated target. 

The experimental arrangement is illustrated in Fig. 9. 
The analyzed electron beam was buried in a block of 
graphite inside an aluminum cup. The current collected 
by this target cup was measured and integrated. The 
x-rays produced were allowed to irradiate a thorium 
target. The spectrum of these x-rays is of course a 
thick-target spectrum. In order to obtain a thin-target 
spectrum, half the runs were made with a heavy metal 
foil a few mils thick in front of the graphite. The differ- 
ence in observed counting rates with and without the 
heavy foil measures (aside from a few small corrections) 
the rate due to thin-target bremsstrahlung in the heavy 
metal foil. 

The fission yields and neutron yields from thorium 
were measured simultaneously. The thorium target 
consisted of a few grams/cm* of thorium oxide in a thin 
but wide aluminum container onto the front and back 
of which were fastened a pair of thorium foils with their 
fragment-catcher foils. The thorium foils were as wide 
as the container of oxide and the activity on the 
associated catchers was taken as a measure of the 
fission yield for the flux of x-rays that passed through 
the container. The neutron yield was measured by the 
activity induced in a pair of rhodium foils placed at 
such a distance in the paraffin surrounding the whole 
setup that their neutron counting efficiency was 
expected to be reasonably independent of neutron 
energy. In order to check this aspect of the neutron 
detection, runs were made with a tantalum target at 
several energies from about an Mev above the photo- 
neutron threshold (7.6 Mev) to about 14 Mev. The 
(y,m) yield was measured both by rhodium detectors 
and by a measurement of the well-known activity of 
Ta'®. The relative yields obtained were identical 
within their fairly small errors. 

The observed" fission and neutron yields from thin 
target x-rays on thorium are shown in Fig. 10. The 
neutron yield generally includes both photoneutrons 
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Fic. 9. The arrangement of apparatus for the comparison of 
the photofission cross section with the (y,m) cross section in 
thorium. 


and photofission neutrons, but in the energy region 
between the fission threshold (5.4 Mev) and the (y,n) 
threshold (6.35 Mev) there should be only fission 
neutrons. As expected, the neutrons and fission yield 
curves are alike in this energy region. Above 6.35 Mev 
the neutron yield curve pulls away from the fission 
yield curve. In order to estimate the ratio of (y,m) to 
(y,f) yields in this region, it is necessary to know », 
the average number of neutrons emitted per fission. 
This number seems to be fairly independent of the type 
of projectile causing fission and of its energy, as long as 
this energy is not more than about 20 Mev.**-** Assum- 
ing that v has the reasonable value of 2.5 throughout 
the energy region being examined,” one can obtain 
from the fission curve, the number of neutrons that 
must be subtracted from the neutron production curve 
in order to obtain the (y,m) yield curve. Indeed, if the 
curve labeled “fission” in Fig. 10 is subtracted from 
the curve labeled “neutron production” and the 
difference curve is multiplied by 2.5, this new curve 
shows the number of (y,m) events on the same scale as 
the fission curve. 

It is possible to analyze the fission yield and the 
(y,n) yield curves by the photon difference method to 
obtain relative cross sections as a function of photon 
energy. This has been done and the excitation curves 
are shown in Fig. 11. Although the scale for the ordinate 
is arbitrary, the relative cross sections for the (y,n) 
reaction and for fission are presumably given correctly 
in the figure. 

The very rapid rise of the photoneutron curve is 
probably quite real, although the details in the shapes 
of the curves in Fig. 11 are perhaps not to be trusted. 
The rapid rise is consistent with the idea that the drop 


* E. Segré, Phys. Rev. 86, 21 (1952). 

% Barclay, Galbraith, and Whitehouse, Proc. Phys. Soc. 
ayy 65, 73 (1952). 

*D. M. Hiller and D. S. Martin, Jr., Phys. Rev. 90, 581 
(1953 


). 
27 “AEC declassified data,” Nucleonics 10, No. 5, 64 (1952). 
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in the fission curve is due to successful competition 
from neutron emission. 

If the observed cross-section shapes are to be ex- 
plained in terms of competition, it is to be expected that 
the sum of all reaction cross sections would give a 
reasonably smooth curve as a function of energy. The 
sum of the (y,) and (y,f) curves is not smooth, but 
presumably the (y,7’) curve drops enough at the 
neutron threshold so that the sum for all three cross 
sections does vary slowly with energy. Available 
evidence about sizes and shapes of (y,7’) curves” is 
consistent with this assumption. 

If one accepts the interpretation of the photofission 
excitation curve of the present discussion, he is admit- 
ting that low-energy photofission is “slow” rather than 
“direct”. Thus photofission in the energy region of 
anisotropic fission would have to be slow enough so 
that neutron emission, which is usually assumed to be 
fairly slow, can successfully compete with it. 


VI. DEPENDENCE OF THE ANISOTROPY ON 
THE FRAGMENT MASS RATIO 


In this section, an aspect of anisotropic fission 
somewhat unrelated to the results of the preceding 
sections will be described. The anisotropy has been 
found to be strongly dependent on the mass ratio of the 
fragments. A preliminary account of this result has 
already been published.* 

This experiment was originally undertaken in part 
because the counting of the total assortment of fission 
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Fic. 10. Fission yields and neutron yields in Th** obtained 
with the apparatus of Fig. 9. The curves have been normalized 
so that they fall on each other below 6.3 Mev (see text). 


*8 Burkhardt, Winhold, and Dupree, Phys. Rev. 100, 199 
(1955). 
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activities seemed to be unnecessarily crude. It also 
occurred to us that one might perhaps expect a connec- 
tion between anisotropy and mass asymmetry of 
fission along the following lines. If the lighter fragments 
tend to come off with a different average value of 
Z/A from the heavier fragments, an asymmetric 
fragment pair would possess an electric dipole moment. 
Overlooking the expected fluctuations in the values of 
Z/A for the fragments in a given mass pair, the sym- 
metric mass pair would have no dipole moment. If the 
observation of a moment between just-separated frag- 
ments is taken to indicate the existence of a corre- 
sponding moment within the target nucleus before 
fission (due, say, to a fluctuation in the charge distri- 
bution), then situations leading to asymmetric fission 
are more “ready” to absorb photons in dipole transi- 
tions. The angular distributions of the fragments due to 
these transitions would be of the observed form, namely 
a+b sin*@. Thus anisotropic fission is viewed here as 
being due to some fast or “‘direct”’ interaction, and one 
would think that it might be stronger for asymmetric 
fission than for symmetric fission. Actually, an exami- 
nation of the best evidence” for the distributions of 
Z/A for final fission fragments shows too little difference 
between the various fragments to sustain the present 
argument. Moreover, we have seen that anisotropic 
fission is very likely a slow rather than a fast process. 

Nevertheless, the experiment was performed and the 
correlation in question was found to exist. 

The measurement was carried out with thorium and 
consisted of a comparison of the 90° yield to the average 
of the 180° and 0° yields for a number of specific 
fragments. The exposure arrangement involved a 
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Fic. 11. Excitation curves for photofission and the (y,) 
reaction in thorium obtained from the yield curves of Fig. 10 
(see text). 


2%. E. Glendenin, Technical Report No. 35, Laboratory of 
Nuclear Science and Engineering, Massachusetts Institute of 
Technology, 1949 (unpublished). 
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Fic. 12. The anisotropies in the distributions of various frag- 
ments in the photofission of thorium with thick-target x-rays of 
maximum energy 16 Mev. These data were obtained with foil 
stacks of the type shown in reference 3. 


stack of target foils separated from their catcher foils 
by collimator disks. (An exploded view of a foil stack 
is shown in reference 3.) After exposure of the stack, 
the catchers were processed radiochemically. It was 
possible to obtain information on seven specific fission 
fragments. In each run, barium and several other 
elements were separated radiochemically from two 
stacks, one of which had been exposed lined up with 
the beam and one perpendicular to it. The data of Fig. 
12 represent the results of many runs on each element. 
It has been assumed that all of the angular distri- 
butions are of the form a+0 sin’@. The ordinates in Fig. 
12 are the values of b/a normalized to that for 85 min 
Ba". The b/a value for Ba’ was obtained by a careful 
comparison with that for the unseparated activities. 
The ratio between these b/a values was found to be 
1.00+0.01. For reasons of intensity, the measurements 
being described were all performed with thick target 
16-Mev bremsstrahlung. Under these conditions, b/a 
for the unseparated activities had been measured to be 
0.41+0.05 (see Sec. II). 

It is seen that the anisotropy seems to increase 
monotonically, perhaps linearly, with the mass ratio, 
mass-symmetric fission being essentially isotropic. 

It is perhaps instructive to think of the implications 
of Fig. 12 for the shapes of the mass distribution curves 
for isotropic and anisotropic fission. Assuming that the 
total mass distribution curve in thorium resembles that 
in uranium where it has been measured,”' it is possible 
to construct mass distribution curves for the isotropic 
and anisotropic components of the angular distribution 
separately. These curves each have essentially the same 
familiar double-humped shape as their sum. The peaks 
of the anisotropic curves are slightly further apart than 
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those of the isotropic curve owing to the correlation of 
Fig. 12, but the difference is small. It is probably worth 
emphasizing this point, lest one get the impression from 
Fig. 12 that the mass distribution for anisotropic fission 
is very abnormal. Those who view the double-humped 
mass distribution curve as evidence for the slowness 
of the fission process would have to conclude that 
anisotropic fission is no faster than other fission. 

Similar correlations between anisotropy and mass 
ratio have been observed by Cohen and his co-workers” 
with 22-Mev protons. Here again, the more asym- 
metric mass pairs show the larger anisotropy although 
the character of the anisotropy is different. More frag- 
ments come out forward and backward than sideways. 

It is probably unlikely that there is much to be 
gained at this time from a detailed comparison of 
correlation experiments of this type. There are certain 
ambiguities in each experiment that tend to interfere 
with comparisons. For example, the data for photons 
(Fig. 12) is for a 16-Mev thick-target x-ray spectrum. 
Thus the correlation in the figure is some sort of average 
correlation for photons up to 16 Mev. In view of the 
data of Fig. 4, it is reasonable to assume that the 
higher energy photons give rise to isotropic fission so 
that their contribution acts generally to reduce b/a 
throughout the graph. In particular, the silver yield 
is probably due mostly to photons above the energy 
connected with anisotropy. This is because the proba- 
bility for fission into nearly symmetric masses increases 
very rapidly with photon energy.”! If it were possible 
to obtain the correlation between anisotropy and mass 
distribution due only to those photons (6-7 Mev) 
giving rise to anisotropic fission, one would very likely 
find values of 6/a larger than those in Fig. 12 for the 
more asymmetric fragments. One can only guess 
whether the small amount of symmetric fission that 
occurs would show any anisotropy. 

Although the proton fission data, in contrast to the 
photon data, are due to protons of a unique energy, 
there are here too some features that make comparisons 
difficult. It is hard to know what role is played by the 
emission of neutrons before fission in determining both 
the mass distribution and angular distribution of 
fission fragments.” 

Inasmuch as no generally accepted explanations of 
the fission mass distribution or angular distribution 
exist, it is not surprising that a correlation between 
them is difficult to explain. There have been some 
recent suggestions® that fissionable nuclei tend to be 
asymmetric in shape at low excitation energies, but it 
is probably too soon to make any serious attempts to 
account for the correlation described in this section. 


VIII. SUMMARY OF RESULTS 


In the preceding sections a number of experimental 
features of anisotropic photofission have been de- 


*® Cohen, Ferrell-Bryan, Coombe, and Hullings, Phys. Rev. 
98, 685 (1955). 
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scribed. Stated, for simplicity, with rather more 
generality than the observations warrant, it has been 
found that: 

(1) The form of the anisotropic angular distributions 
is a+b sin’#. 

(2) Not all fissionable targets give anisotropic 
distributions. 

(3) Where there is anisotropy, it appears only for 
those photons whose energies are within a couple of 
Mev of threshold. 

(4) The dependence of the fission cross section on 
photon energy is different for targets that do fission 
anisotropically from those that do not. 

(5) There is a correlation between the anisotropy 
and the mass ratio of the observed fission fragments. 

In any attempt to account for these observations, 
one of the more basic questions to answer has to do with 
the speed of anisotropic photofission. One could look 
for explanations in terms of models involving either a 
relatively long-lived compound state or in terms of 
some fast “direct” interaction of the photons with a 
fissionable nucleus. 

It would seem that photofission, including anisotropic 
fission, is a slow process. One of the reasons for this 
conclusion is the evidence (Sec. VI) that photoneutron 
emission competes successfully against photofission. It 
was seen that at the photoneutron thresholds in Th” 
and U**, the fission is depressed. This suggests that 
fission is at least as slow as photoneutron emission. 
Since observations of photoneutron spectra*!” at low 
energies seem to show that photoneutrons are evapor- 
ated from a compound nucleus, it follows that photo- 
fission must also involve the formation of a compound 
nucleus. 

Another indication that anisotropic fission is slow 
is the fact that it occurs quite generally. It has been 
observed with all sorts of projectiles, and most of the 
observations have been made at bombarding energies 
at which the major part of the reaction cross section 
seems to involve the formation of a compound nucleus. 
Any theory of the anisotropy of fission based on some 
fast direct mechanism would have to explain how this 
mechanism operates in the large variety of situations 
in which such fission has been observed. 

Although it would seem from the foregoing that 
anisotropic fission is slow, it was seen (Sec. IV) that 
purely statistical considerations on the breakup of a 
fissioning nucleus do not lead to sufficiently large 
anisotropies. Some special assumptions have to be made 
about the structure of the compound nucleus. 

Considerable information about the structure and 
behavior of heavy nuclei has recently been obtained and 
correlated in terms of the so-called collective or unified 
model of the nucleus. 

The first suggestion that anisotropic fission might 


31 G. A. Price, Phys. Rev. 93, 1279 (1954). 
% W. E. Stephens (private communication). 
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be accounted for on the basis of the collective model 
was made by Hill and Wheeler.’ In their view, a single 
nucleon picks up the excitation energy from the 
bombarding agent and feeds it into nuclear surface 
oscillations. The probability of picking up this energy 
depends on the orientation of the nucleon’s orbit with 
respect to the beam. But the direction of the distortions 
induced in the nuclear surface by a nucleon depend on 
the orientation of the nucleon’s orbit with respect to 
the surface. In this way, it is possible for distortions or 
oscillations to be induced in a nuclear surface in some 
preferred direction to an incoming beam. Such prefer- 
entially oriented oscillations would lead to anisotropic 
fission. 

Since no quantitative predictions were made by Hill 
and Wheeler, it is difficult to compare their ideas with 
the experimental observations. It would seem, however, 
that the mechanism suggested is rather “direct” and 
it is not clear how the competition of neutron evapora- 
tion with fission would be accounted for on the basis of 
this model. It should be mentioned that the Hill- 
Wheeler picture of anisotropic fission implies, in accord 
with observations, that most fragments are emitted 
sideways for photon-induced fission and forward and 
backward for particle-induced fission. This prediction 
is unfortunately not a very critical test of the theory. 
Any theory in which the orbital motion between the 
fission fragments is given a fair share of the angular 
momentum brought in by the bombarding agent, 
would give the same prediction. 

More recently Bohr has developed a view of 
anisotropic fission based on the collective model that 
seems to account, at least qualitatively, for the observa- 
tions listed at the beginning of this section.’ It was 
indicated in Sec. IV that any compound nuclear theory 
of anisotropic fission would have to provide some 
plausible mechanism for concentrating the angular 
momentum absorbed from the beam on the orbital 
motion between the fragments. If the fragments are 
allowed to have appreciable angular momenta them- 
selves, too many possibilities for the distribution of the 
angular momentum become available and the angular 
distributions tend to be isotropic. 

In Bohr’s view, the orbital motion of the fragments 
grows out of a collective rotation of the nucleus. He 
assumes that the rate of the distortion of the nucleus in 
fission is slow enough so that the nucleons tend to find 
themselves in the lowest possible states determined by 
the potential corresponding to the distortion. The 
quasi-equilibrium behavior is assumed to persist 
through the saddle point distortion. The order of the 
levels at the saddle point distortion is assumed to 
resemble the order near the ground state for unexcited 
heavy nuclei. There apparently exists a low-lying 1- 
collective state in such nuclei for which the angular 
momentum vector is perpendicular to the nuclear 
symmetry axis. In photofission it is assumed that 
even-even nuclei like Th? and U** absorb dipole 
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photons and that for energies near threshold they pass 
through the saddle in the 1~ state that corresponds to 
the state just mentioned. Since the rotation of the 
nucleus is perpendicular to the angular momentum in 
this state, the fragments tend to fly apart perpen- 
dicularly to this vector and hence perpendicularly to 
the x-ray beam. The essential idea is that the nucleus 
is “cold” enough at the saddle point so that the nucleon 
spin pairing that takes place for the lowest lying states 
in heavy nuclei also takes place at the saddle point. 

For excitation energies even a few Mev above 
threshold, many other 1~ states become available at 
the saddle point distortion. In these states, the nuclear 
symmetry axis has various orientations with respect to 
the nuclear angular momentum, and the angular 
distribution tends to become isotropic. Anisotropic 
photofission is expected to be observable only within 
a few Mev of threshold. 

In U**, which has a large spin in its ground state, a 
dipole absorption leads to an excited nucleus whose 
angular momentum vector is almost isotropically 
oriented with respect to an x-ray beam. Moreover, 
odd-A nuclei are expected to have a greater concen- 
tration of levels near the saddle point in which the 
spin is carried by single nucleons instead of collective 
oscillations. For both these reasons, one is led to expect 
a rather isotropic distribution of fragments in the 
photofission of U**®. (See Fig. 4.) 

Bohr finds it possible, on the basis of this model, to 
give a qualitative account of some of the observations 
in particle-induced fission as well as in photofission. 
For particles, neither the ground state spin of the target 
nor the excitation energy are expected to be quite so 
important as they are in photofission. This is because 
of the large amount of angular momentum brought in 
by bombarding particles especially at higher energies. 
Indeed, because of this momentum one can expect 
anisotropy in particle-induced fission at energies far 
above the fission threshold. Again it is the tendency for 
nucleon spins to pair that is important in determining 
the fragment angular distribution. The component of 
the nuclear angular momentum along the nuclear 
symmetry axis is due to the momentum associated 
with individual nucleons and tends to remain small. 
The angular momentum brought into the nucleus 
tends to feed into the collective rotational motion and 
since this momentum is oriented perpendicular to the 
beam, the rotations tend to take place in planes con- 
taining the beam. One is led in this way to expect 
particle-induced fission to give rise to fragments 
emitted mostly forward and backward and one is also 
led to expect anisotropies that do not show a particularly 
strong energy dependence. Both these implications are 
in accord with the facts. 

The foregoing paragraphs are only a very brief 
summary of some of Bohr’s observations at the Geneva 
conference. He accounts qualitatively for a number of 
other features of fission. His work leads one to hope 
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that a quantitative development of some of the ideas 
associated with the collective model will considerably 
increase our understanding of the nuclear fission 
process. 
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The methods of scintillation spectroscopy have been applied to the naturally occurring radionuclide La. 
It is shown that La'* emits gamma radiation of energies 1.43+-0.01 and 0.81+0.01 Mev. Coincidence 
studies show that the 1.43-Mev radiation is correlated in time with an observed Ba K x-ray (32+1 kev), 
but not with the 0.81-Mev gamma ray. A decay scheme is proposed in which La“* undergoes electron 
capture to the first excited level of Ba‘ at 1.43+0.01 Mev with a partial half-life of (2.10.1) X10" years 
and an L/K ratio of 1.40.25, and negatron decay to an excited level of Ce!* at 0.81 Mev with a partial 
half-life of (2.40.2) X10" years. Consideration of beta decay systematics suggest that in each case the 
transition energy is low. The total half-life is estimated to be (1.00.1) X10" years. 


INTRODUCTION 


HE natural radioactivity of lanthanum has been 
reported! and confirmed.?~* Nuclear systematics 
indicate that the radioactive nuclide is the rare (isotopic 
abundance 0.089%)* isotope La"’, since this isotope is 
the central member of the naturally occurring isobaric 
triplet Ba"*—La™*—Ce*, and is odd in both N and 
Z. In an earlier investigation,? gamma radiation was 
detected, of energies 1.39+0.03, 0.807+0.015, and 
0.535+0.015 Mev and relative intensities 1:0.65:0.3, 
respectively, with a total specific gamma-ray activity 
of 0.6 gamma quanta per second per gram of lanthanum. 
In addition, the observation of barium K x-radiation 
(32+1 kev) of specific activity 0.4 x-rays per second per 
gram of lanthanum led to the proposal of a decay 
scheme in which La"* undergoes K capture to levels 
in Ba™® at 0.807 Mev and 1.39 Mev. In contrast, Bell 
and Cassidy® have since reported that the gamma-ray 
spectrum of La™* comprises two components of energies 
1.06 Mev and 0.545 Mev. Mulholland and Kohman‘ 
have detected a low-intensity negatron component 
(0.07 disintegration per second per gram of lanthanum) 
with an end-point energy of 1.0+0.2 Mev. Their study 
of the x-ray spectrum yielded a specific activity of 

1 Pringle, Standil, and Roulston, Phys. Rev. 78, 303 (1950). 

? Pringle, Standil, Taylor, and Fryer, Phys. Rev. 84, 1006 
PR. Bell and J. M. Cassidy, Oak Ridge National Laboratory 
Report ORNL-782, 1953 (unpublished). 

4G. J. Mulholland and T. P. Kohman, Phys. Rev. 87, 681 


(1952). 
5 Ingraham, Hayden, and Hess, Phys. Rev. 72, 349, 967 (1947). 


1.0 K x-rays per second per gram. Selig® has studied 
the x-ray spectrum and reports activities of 0.23+0.07 
K x-rays and fewer than 0.013 L x-rays per second per 
gram of lanthanum with an L/K capture ratio of less 
than 0.5. Recent studies’ of the beta and gamma-ray 
spectra of Cs'** have shown that the first excited state 
of Ba™* is at 1.426 Mev but otherwise contradict the 
proposed decay scheme for La!**. We have re-examined 
the gamma-ray spectrum of lanthanum with a high- 
resolution scintillation spectrometer in a massive lead 
and mercury shield and have studied the time corre- 
lation of the observed components. 


SPECTRUM ANALYSIS 


For the analysis of the electromagnetic spectrum 
of La™*®, a well-shielded crystal of NaI(TI) (1} in. in 
diameter and 1} in. high) mounted on a DuMont 
K1186 photomultiplier was used. A detailed description 
of the massive lead and mercury shield has been 
published elsewhere.” After amplification in a high- 
gain, non-overloading amplifier, the pulse-height spec- 
trum was analyzed by means of a Harwell type-1074A 
five-channel descriminator. The resolution of the 
spectrometer for gamma radiation of 0.662 Mev was 


® H. Selig, Doctoral dissertation, Carnegie Inst. Tech. N. Y. O.- 
6626 (1955). 

7 Langer, Duffield, and Stanley, Phys. Rev. 89, 907(A) (1953). 

8S. Thulier, Arktv Fysik 9, 137 (1955). 

® Bunker, Duffield, Mize, and Starner, Phys. Rev. (to be 
published). 

Pringle, Turchinetz, and Funt, Rev. Sci. Instr. 26, 859 
(1955). 
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better than 8%. The source material, 41.50 grams of 
lanthanum oxide powder (35.4 grams lanthanum), 
after treatment in an ion exchange column" to remove 
traces of rare earth metals, was firmly packed into a 
Lucite source holder so that the crystal was surrounded 
by a thickness of 0.77 cm of source. For background 
purposes, a dummy source of 60 grams of highly 
purified" cerous oxalate was used in the same geometry. 
To calibrate the energy scale, the well-known gamma 
rays from the following radionuclides were used: 
Cs"*7(0.032, 0.662 Mev), RaD (0.0465 Mev), Zn™(0.511, 
1.12 Mev), Co™(1.17, 1.33 Mev). 

The results of the pulse-height analysis are shown in 
Figs. 1 and 2. The gamma-ray spectrum (Fig. 1) is 
seen to be composed of two components with energies 
1.43+0.01 and 0.81+0.01 Mev, in agreement with the 
two earlier? gamma rays at 1.39+0.03 and 0.807 
+0.015 Mev. However, a careful study of the spectrum 
in the region of 0.535 Mev yielded no evidence of 
gamma radiation of this energy and it is now evident 
that in the earlier work, with a poorer spectrometer 
and less adequate statistics, the Compton peak for the 
0.807-Mev gamma ray was interpreted as the photoline 
for another gamma ray. The x-ray spectrum (Fig. 2) 
shows a component of energy 32+1 kev. For ease of 
comparison the distribution for the Ba K x-radiation 
following the decay of Cs'*’ is indicated on the same 
figure, as is the location of the Ce K x-ray photoline 
at 34.7 kev. 
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Fic. 1. Gamma-ray spectra from La and Ce (background). 
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Fic. 2. X-ray spectra: A, Ba K x-ray following decay of Cs’, 
B, x-ray following La decay; C, background. 


The specific activity of the 1.43-Mev gamma-ray 
component was calculated from the area under the 
photoline by comparison with the photoline counting 
rate from a known mass of K® in the same geometry, 
and was found to be 0.41+0.03 gamma quanta per 
second per gram of lanthanum, taking the specific 
gamma-ray activity of K® to be 3.4+0.1 gamma quanta 
per second per gram of potassium.” To arrive at an 
estimate for this quantity for the 0.81-Mev radiation 
the 1.465-Mev photoline from K* was normalized to 
the 1.43-Mev photoline from La'* and the level of the 
normalized K*® Compton distribution was taken as 
indicative of the level of the Compton distribution 
from the 1.43-Mev lanthanum gamma ray, after which 
the area under the 0.81-Mev photoline was measured. 
Corrections for the variation of the crystal detection 
efficiency and the photo fraction with gamma-ray 
energy were made using available data." 

The result of the computation is that there are 
emitted 0.36+0.03 gamma ray of energy 0.81 Mev per 
second per gram of lanthanum. 

An estimate of the specific K x-ray activity from the 
data obtained with the aforementioned source 
geometry is difficult to make because of the appreciable 
absorption corrections that must be applied for radia- 
tion of this low energy. To simplify matters in this 
regard, additional counting data were obtained using a 
cylindrical NalI(Tl) crystal (33 in. in diameter and 
2 in. thick) mounted on a DuMont 6364 photomultiplier, 
with 10 grams of lanthanum oxide spread over a 
circular area of 46.53 cm? concentric with the axis of 
symmetry of the NaI(T1) crystal. Under these circum- 
stances, corrections for fractional geometry and 
absorption were easily made. There was also a small 
(~5%) escape peak correction for the barium Kg 


12P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

%3P.R. Bell, Beta and Gamma Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers Inc., New York, 1955), 
pp. 133-164. Maeder, Muller, and Winterstebger, Helv. Phys. 
Acta 27, 1 (1954). 
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radiation, calculated using Williams’* data on the 
relative intensities of the components of the K-series 
x-radiation from barium and Axel’s'® data on the escape- 
peak correction for NaI(TI) as a function of x-ray 
energy. The result of these corrections applied to the 
counting data obtained with a single channel scanning 
the photoline at 32 kev, is that the specific K x-ray 
activity of lanthanum is 0.145+0.01 K x-rays per 
second per gram. By using the expression for fluores- 
cence yield as a function of atomic number given by 
Steffen ef al.'* it was found that the specific K-capture 
activity is 0.17+0.015 disintegrations per second per 
gram. 


COINCIDENCE COUNTING 


For the coincidence counting, the lanthanum oxide 
sample was packed into a disk 34 inches in diameter and 
} inch thick which was sandwiched between two 
NalI(TI1) cylinders (33 in. in diameter and 2 in. thick) 
mounted on DuMont 6364 photomultipliers. A similar 
disk of cerous oxalate was used for the background 
determinations. Pulse-height analysis for one detector 
was accomplished by means of a Dynatron Radio type 
N-101 single-channel analyzer. The output of this unit 
was used to “gate’’ the five-channel analyzer which 
scanned the output of the other detector. The resolving 
time of the coincidence circuit was 60 microseconds. 
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Fic. 3. Coincidence counting histograms: A(1.43—0.81 Mev) 
B(32 kev—0.81 Mev); C(32 kev—1.43 Mev); D(0.511 
Mev—0.511 Mev). (Broken line background.) 
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Because of the very low counting rate and the compara- 
tive simplicity of the gamma-ray spectrum, wide gates 
were used throughout. The accidental coincidence 
counting rate due to the lanthanum activity was 
negligible. 

The following conceivable cascades were investigated : 
32 kev—1.43 Mev, 32 kev—0.81 Mev, 1.43 Mev—0.81 
Mev, by fixing the single channel on the first-mentioned 
feature and scanning the energy region of the second 
feature with the gated five-channel analyzer. In 
addition, evidence for positron emission was sought in 
the form of coincidence counts between annihilation 
quanta. The results of the coincidence experiments are 
shown in Fig. 3. Parts B and C of Fig. 3 show the 
gamma-ray spectrum in coincidence with the 32-kev 
x-ray. It is clear from this figure that it is the 1.43-Mev 
gamma ray which is correlated in time with the 32-kev 
x-ray. The slight surplus coincidence counting rate in 
the region of 0.8 Mev is due to coincidence events 
involving the 32-kev x-ray and the Compton distri- 
bution from the 1.43-Mev radiation. Part A of Fig. 3 
shows that there is no detectable time association 
between the 0.81- and the 1.43-Mev radiation. The 
search for evidence of positron activity, the results of 
which are indicated in part D of Fig. 3, yielded no 
measurable coincidence counting rate over the back- 
ground. 


DISCUSSION 


The experimental results indicate that the 1.43-Mev 
gamma radiation is associated with K capture to the 
first excited level of Ba'* at 1.426 Mev.’ From the 
measured K-capture specific activity (0.17+0.015 dis- 
integration per minute per gram) and the total electron 
capture activity, as indicated by the intensity of the 
1.43-Mev gamma radiation (0.41+0.03 disintegration 
per second per gram), the L/K capture ratio is calcu- 
lated to be 1.4+0.25. The 0.81-Mev radiation must be 
associated with negatron emission to an excited level 
in Ce’, Handley and Olson’? have reported the 
presence of gamma radiation of this energy following 
the positron decay of Pr'**, The observed intensity of 
the 0.81-Mev radiation (0.35+0.03 quanta per second 
per gram) is too high to be associated with the 1.0-Mev 
negatron component (0.07 disintegration per second 
per gram) reported by Mulholland and Kohman.‘ 

The spin of La'** has been recently measured!* and 
is known to be 5, in agreement with the shell model 
which predicts that the neutron-proton configuration 
should be d3/2—gz/2. On this basis, the ground state of 
La™* has even parity. Scharff-Goldhaber’s survey of 
the spins and parities of the first excited states of 
even-even nuclei suggests that the first excited state 
of Ce*(V=80,Z=58) has J=2(+). From these 
considerations it follows that the negatron transition to 

17 T. H. Handley and E. L. Olson, Phys. Rev. 96, 1003 (1954). 


18 P. B. Sogo and C. D. Jeffries, Phys. Rev. 99, 613 (1955). 
19 G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 
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the 0.81-Mev level in Ce'* is second-forbidden unique 
with AJ=3(no). If one takes a range of logff=12.5 
— 13.5 as characteristic of transitions of this type and 
uses the measured half-life for the 0.81-Mev gamma ray 
of (2.4+0.2)X10" years, one gets for the transition 
energy to the 0.81-Mev level in Ce"* a range of values 
of 5-10 kev, which is in fair agreement with the estimate 
of 0.2+0.2 Mev based on Mulholland and Kohman’s 
measurement of the energy of the weak 8 component at 
1.0+0.2 Mev. For a transition energy of 0.2 Mev and 
the present half-life, a value of log f= 18.1 is obtained 
which is more characteristic of third-forbidden transi- 
tions. The spin of the first excited level of Ba™* is 
known’ to be 2 and the parity is probably even since 
this is an even-even nucleus”’”!; thus the selection rules 
appear to be AJ=3(no) for the electron capture 
transition to this level. Using the measured value of 
L/K, 1.4+0.25, and the theoretical results of Brysk 
and Rose™* on the L/K-capture ratio as a function of 
transition energy and atomic number, we find that the 
transition energy is 160+30 kev. This is in fair agree- 
ment with the La’*—Ba'** mass difference of 1.30.4 
Mev estimated from the following closed cycle of 
reactions: La'*(y,n)La®* (Q=—8.8+0.2 Mev)”; 
Ba™8(d,p) Ba’ (Q=3.0+0.3 Mev)*; Ba#—* — Lal8s 
(E3-—=2.27+0.02 Mev).”> In conjunction with the 
measured half-life of (2.1+0.1)X10" years for the 
electron capture activity, this value for the transition 
energy yields*® log fi= 16.9 which appears to be some- 
what large* for a second-forbidden unique transition 


2M. J. Glaubman, Phys. Rev. 90, 1000 (1953). 

217. Talmi, Phys. Rev. 90, 1001 (1953). 

22H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report, ORNL-1830, January, 1955 (unpublished). 

%3 Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951). 

* J. H. Harvey, Phys. Rev. 81, 353 (1951). 

25. R. Shepherd and J. M. Hill, Nature 162, 566 (1948). 

26 J. K. Major and L. C. Biedenharn, Revs. Modern Phys. 
26, 321 (1954). 

* Note added in proof.—Glover and Watt have re-examined the 
8 spectrum of La"* [R. N. Glover and D. E. Watt, Phil. Mag. 
(to be published) ] and, finding a single component with an end 
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Fic. 4. Proposed decay scheme for La!*. The 1.0+0.2 Mev 
negatron component is that of Mulholland and Kohman‘ while the 
5-10 kev component is inferred from the experimental data and 
beta-decay systematics. 


(AJ=3(no). We are thus led to propose the decay 
scheme of Fig. 4 for La'*. The total half-life of La'* 
is calculated to be (1.00.1) X10" years, if one uses the 
value of 1.210" years for the half-life of the negatron 
transition reported by Mulholland and Kohman,' and 
the two partial half-lives mentioned above. 
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point of 205 kev and log fi=19.0, proceeding presumably to the 
0.81-Mev level in Ce!*, suggest that the neutron configuration 
of La}* is /Ay,/2 and that the ground state of La* has J=5 with 
odd parity. This would mean that the La'* activity is third 
forbidden [AJ=3 (yes) ] and that log /f=16.9 for the electron 
capture transition is of the right order of magnitude, even though 
it is calculated using a transition energy of 160 kev derived from 
the experimental L/K ratio of 1.4 and Brysk and Rose’s results 
for second forbidden unique transitions. We are indebted to Mr. 
Glover and Mr. Watt of the Department of Natural Philosophy 
of Glasgow University for permission to quote these results in 
advance of publication. 
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Highly Excited Rotational States of Some Nuclei. Intensity of « Decay 
to Rotational Excited Levels 


L. L. Gotprn, G. I. Novrxova, aNp E. F. Tretyakov 
Academy of Sciences of U.S.S.R., Moscow, U.S.S.R. 
(Received March 26, 1956) 


The a@ spectra of Pu and U** have been investigated. A more precise value (8.5+1.5)X10~‘, for the 
intensity of the Pu a line corresponding to the transition to the 4+ level of the daughter nucleus has been 
obtained. New a lines corresponding to the levels with energies 164 kev (0.07+0.04%) and 237 kev (0.04 
+0.02%) have been found in the a spectrum of U**, Thus, successive transitions to rotational levels starting 
from the ground level (spin 5/2) and up to the level with spin 15/2 have been observed. 

Earlier results on the a decay of Am™ (on the population of the levels between 5/2 and 13/2) are used 
in the discussion. The a-line intensities are compared with available theoretical formulas. 





INTRODUCTION 


T is now well known that the lower levels of heavy 

nuclei far removed from closed nucleonic shells are 

of a rotational nature. For even-even nuclei the excita- 
tion energy of such levels is given by the formula 


Eroer= (h?/29)I(I+1); (1) 
for odd nuclei the excitation energy is given by 
Evoe= (l?/29)(1 (I+1) —Io(Io+1)]. (2) 


In these formulas J is the nuclear spin for the con- 
sidered excited state, J is the nuclear spin for the ground 
state of the given rotational band, and 9 is the effective 
nuclear moment of inertia. 

Rotational levels are very prominent in a disintegra- 
tion. However, for a long time no more than three 
levels belonging to a single rotational band were ob- 
served. In 1955, five rotational levels were found for 
Am”)! 

It seems of interest to determine the possible number 
of levels in a given rotational band. 

Attempts have been made recently to calculate the 
intensity of a decay to rotational levels. A formula for 
the intensity of a lines of odd elements has been pro- 
posed by Bohr, Fréman, and Mottelson’: 


I+Io 


P=P,(Z,E) © C.|\ dT O\TdIIo)\?, 


l=I—Ig 


logiwPo(Z,E) =C(Z)—D(Z)//E, 


(3a) 


(3b) 


where P is the probability of a decay to a given level, 
and J and Jo have the same meaning as in (2); / is the 
angular momentum of the a particle and the (JolJ.0| 
IolIITo) are the Clebsch-Gordan coefficients. Formula 
(3b) accounts for the dependence of the a-decay proba- 
bility on the energy. C and D are parameters which 


! Goldin, Novikova, and Tretyakov, Conference of the Academy 
of Sciences, U.S.S.R. on the Peaceful Applications of Atomic 
Energy, Session of the Division of Physico-Mathematical Sciences, 
“~Y 226 (translated by Consultants Bureau, New York, 1955; 
p. 167). 

*Bohr, Fréman, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 10 (1955). 


depend weakly on Z; they are tabulated in reference 2. 
The coefficients C; determine the probability of the 
emission of a particles with angular momentum /. They 
may be obtained from the a-decay intensities of the 
neighboring even-even nuclei. 

Landau® has shown that for highly prolate nuclei 
which emit practically all a particles from a narrow 
region surrounding the major semiaxis, a simple for- 
mula for the intensity of a decay to rotational levels 
can be deduced. His formula for even-even nuclei has 
the following form: 


P=C(2I+1)e-20+», (4) 


where C and a do not depend on the energy levels. 
According to Landau this formula should also be valid 
for odd nuclei. Here the empirical constants C and a 
can be theoretically related to the dimensions and the 
eccentricity of the nucleus. The Clebsch-Gordan co- 
efficients do not enter the formula. 

Ter-Martirosian‘ has proposed a different formula for 
the a-decay intensity of odd nuclei: 


I+Io 


P=C > 


l=I—Ig 


| (ZolZ | Tol IIo) |? 
X (21+ 1)emart Daal 41), (5) 


In this formula C is a normalization factor, a; and ae 
are empirical constants, and the other quantities have 
the same meaning as above.* 

In contrast to (3), the dependence of the a-decay 
probability on energy is described in (5) by aid of the 
parameter a, and is not assumed to be known before- 
hand. Indeed, there are no reasons to assume that the 
probability of a decay to levels of the rotational band 
depends on the energy in the same fashion as does the 
decay probability to the ground states of various nuclei. 

Formulas (4) and (5) do not pretend to describe 


§L. D. Landau, Report at Sixth Annual Conference on Nuclear 
Spectroscopy in Moscow, January, 1956 (Izvest. Akad. Nauk 
S.S.S.R.; Ser. Fiz., to be published). 

*K. A. Ter-Martirosian (private communication). 

*In more detail these formulas are discussed by Goldin, 
Peker, and Novikova (to be published in Uspekhy Fiz. Nauk 
USSR, July, 1956). 
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Fic. 1. Diagram 
of the a spectrom- 
eter. 1—core; 2, 3— 
covers; 4, 5—poles; 
6—shimming rings; 
7—coil; 8, 9—cylin- 
drical walls of the 
vacuum chamber; 
10—O-ring gaskets; 
11—press rings. 
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accurately the emission of a particles with large angular 
momenta, as they were obtained on the basis of an 
approximate consideration in which only the first terms 
of the expansion in J and / were retained. 

It should be borne in mind that even a semiquantita- 
tive agreement between theory and experiment is of 
interest. It is all the more of interest since the values 
of C and a in (4) or C, aj, and ae in (5) can be theo- 
retically deduced by considering the nuclear shape and 
its dimensions. Thus, the experimental values of these 
parameters may be used to study the geometry of 
nuclei. 

From the foregoing it should be clear that interesting 
data should be obtained by measuring a possibly larger 
number of levels belonging to a given rotational band. 


EXPERIMENTAL 


The fine structure of the a spectra of Am™!, Pu™®, 
and U* was studied. 

The measurements were carried out by means of a 
precision magnetic a spectrometer with a resolution of 
7.5 kev and 2X 10~*/4m transmission. The spectrometer 
has been described in reference 1 and in greater detail 
in a forthcoming paper.® A diagram of the instrument is 
shown in Fig. 1. 

The Am™! @ spectrum was described in an earlier 
publication of ours' and was not remeasured after 
that. The Am*! a-decay scheme is represented in Fig. 2. 

The intensity of the Pu™® a line corresponding to the 
transition to the 4+ level was remeasured. This line 
was first detected by Asaro and Perlman.® These au- 
thors, however, gave only an approximate value of the 


’L. L. Goldin and E. F. Tretyakov, Report at Sixth Annual 
Conference on Nuclear Spectroscopy in Moscow, January, 1956 
(Izvest. Akad. Nauk S.S. SR: Ser. Fiz., to be published ). 

6]. Perlman and F. Asaro, "Annual Reviews of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 157. 


intensity—0.1%. The Pu a spectrum in the 5-Mev 
region is shown in Fig. 3. A group of a particles corre- 
sponding to the transition to the 4+ level is clearly 
discernible. The excitation energy is ~158 kev, the 
intensity (0.085+0.015)%. Because of the low proba- 
bility of transition to the 4+ level, we were compelled 
to work with thick sources (50 ug/cm?, 17% Pu™) ; the 
exposure time was about 100 hours. Alpha decay of 
Pu™ to the first excited level has been described in the 
literature.” The Pu a-decay scheme and the level 
scheme of the daughter nucleus U™* are presented in 
Fig. 4. Attempts to detect the 6+ level have yet not 
been successful. 


ry%—Gia__* 

2y—Mse— 

2 y—_“#e_—_ 
14 — a 


Fic. 2. Alpha-decay scheme of Am™! and the level scheme 
of Np’. (Energy in kev.) 


7 F. Asaro and I. Perlman, Phys. Rev. 88, 4, 828 (1953). 
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The main lines of the U** a spectrum are well known. 
In addition to the strong a lines at 4815.7 kev (83.5%), 
4773.2 kev (14.9%), and 4717.4 kev (1.6%), a weak 
line at 4489 kev (0.03%) was observed.! We have care- 
fully investigated the region between the 4717.4- and 
4489-kev lines. The source used in these experiments 
was obtained by electrolytical deposition of uranium 
on platinum from an alcohol solution of uranyl nitrate. 
As in the experiments with Pu™, we were forced to 
work with a thick source and to widen the entrance 
slit of the instrument considerably (up to 4 mm). 
Several exposures were made, each of which lasted 
almost 2 weeks. 

One of the spectra obtained by us is shown in Fig. 5. 
Alpha lines of 161-kev energy (0.07+0.04%) and 234- 
kev energy (0.04+0.02%) can be seen in the figure. 

Combining the present results with those previously 
obtained,’ we arrive at the decay scheme shown in 
Fig. 6. The spin of the Th”® ground state is 5/2. The 
energy levels are satisfactorily described by formula (2). 
Theoretically, the ratios of the energies of the levels 
are equal to 1: 2.28 :3.86:5.72:7.85. Experimentally the 
ratios 1:2.3:3.8:5.5:7.7 were found. Thus, there can 
be no doubt concerning the rotational nature of these 
levels. Identical parity and monotonically increasing 
spins 5/2, 7/2, 9/2, 11/2, 13/2, and 15/2 should be 
assigned to the excited states. Alpha particles corre- 
sponding to the transitions from the ground state of 
U** (spin 5/2) to the level 15/2 carry off an angular 
momentum /26. Such extended rotational level sys- 
tems have not been described in the literature heretofore. 


DISCUSSION OF THE RESULTS 


It is of interest to compare the a-line intensities for 
even-even nuclei with formula (4). Some of the nuclei 
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Fic. 3. Pu alpha spectrum in the 5-Mev region. 
(The points represent average values of WV.) 
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described in the literature can be used for this purpose, 
but the uncertainty in the experimental intensity values 
do not permit one to do this quite reliably. More precise 
measurements of the Pu a-line intensities now make 
such a comparison possible. Choosing the value of a in 
(4) to be a=0.46, we find that the a-line intensities are 
in the ratios 1:5¢~%*°-46; 9e-%x0-46— 1 :0.32:0.9X 10-3, 
whereas the experiment yields 1:0.32:1X10~*. Con- 
sidering the approximate nature of the theory, the 
agreement with the experiment is rather unexpected. 

It should be borne in mind that even a departure of 
the measured intensities of the 4+ lines by factors of 
2-3 from their theoretical values should not be con- 
sidered as a serious failure of the theory. 

Consider now the alpha disintegration of Am*#! 
(Fig. 2). The wide rotational band begins from the 
59.8-kev level. The successive a-line intensity ratio 
equals to 


1:0.15:1.9X 10-*: 1.8 10-4: 2.5X 10-°. 


Alpha decay to the ground level of the rotational band 
can be satisfactorily described by formula (3b); i.e., ac- 
cording to the Bohr-Fréman-Mottelson terminology,” 
the transitions are favored. The spin and parity of the 
states do not change in such transitions.” As the spin of 
the ground state of the rotational band is equal to 5/2,° 
three groups of a particles always participate in the 
transitions, carrying away three different even angular 
momenta: /=0, 2, or 4 for the first level (59.8 kev), 


l= 2, 4, or 6 for the second and third levels, and /=4, 
6, or 8 for the fourth and fifth levels. We shall now 
compare the experimental data with formulas (3). 

The coefficients C; can be taken from a-decay data 
for even-even nuclei. A value of 0.7 has been proposed 
for C2, and a value 0.01 for C, in the case of Am*' was 
suggested.” The magnitudes of C, and Cs are not known. 


e640 


Fic. 4. Alpha-decay scheme of Pu and the level 
scheme of U**, (Energy in kev.) 


8 F. Asaro and I. Perlman, Phys. Rev. 93, 1423 (1954). 
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Fic. 5. U®* alpha spectrum in the 4.6-Mev region. 
(The points represent average values of V 5 


We may assume them to be zero as the contribution 
from the higher momenta is not large. 

On these assumptions, formula (3) yields the fol- 
lowing intensities for a sequence of a lines: 


1:0.11:1.6X 10-*: 1.5 10-*: 1.3 10-°. 


These are in fair agreement with experiment. Formula 
(5) gives even better agreement with experiment. 
Putting a: =0.050 and a.=0.364, we find for the a-line 
intensities the ratio 


1:0.12:2.1 10-?: 2.1 10-*: 2.9 10. 
Formula (4) yields: 
1:0.15:1.2 10-*: 4.4 10-4:0.9X 10-5. 


In the latter case the agreement with experiment is 
less satisfactory; this shortcoming, however, is com- 
pensated by the simplicity of the formula, which con- 
tains only a single parameter which must be determined 
experimentally. 





P(33.1) 1/5 5 [5 75\]* | 75 5 15 55 
<|(5150/-1--) /\€1-0|-1--\ 
P(0) 222 92 2.2): a. 24 


The experimental value is 0.61. There is thus a con- 
siderable departure from formulas (3) and (5). For- 
mula (4), which does not involve the Clebsch-Gordan 
coefficients, is of course not in contradiction with the 
observed intensity values. Definite conclusions, how- 
ever, can be drawn only if it should be reliably shown 
that the 33-kev level is in fact a rotational satellite of 
the ground level. 

Consider now U**. The intensities of successive a 
lines are given by the ratios 


1:0.18: 1.9 10-*: 8X 10-*: 5X 10-*: 3.5X 10. 
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Fic. 6. Alpha-decay scheme of U* and the level scheme 
of Th?*, (Energy in kev.) 


Summing up, one may assert that the a-line intensi- 
ties of Am*! exhibit regularities which can be described 
by several different formulas. The experiment does not 
permit one to choose between these formulas. Such 
agreement, however, is not always observed. 

Consider the two lower levels of Np*’ (Fig. 2). The 
first excited level at 33.1-kev is usually considered as a 
rotational satellite of the ground state.’ The parity of 
both of these states is opposite to that of the ground 
state of Am™'. Therefore, only a particles with uneven 
momenta participate in the disintegration. Alpha par- 
ticles carrying away an angular momentum /= 1 should 
be predominant in the transitions to the ground state 
as well as in transitions to the 33.1-kev level. Retaining 
only one term corresponding to /=1 in the formulas (3) 
and (5), one gets for the decay probability to these 
levels the relation: 


2 


=0.3. 





The rapid and regular variation of the intensity ob- 
served for the first four lines is then replaced by only 
a slight variation. The intensities of the first lines can 
easily be described by any of the proposed theoretical 
formulas. A comparison of the a-line intensities of U™ 
and Am*! is sufficient to show this. However, not one 
of these formulas is able to describe the “plateau” 
which is characteristic for the last lines. Possibly, the 
departures from the theoretical formulas inevitable for 
high momenta are particularly important in U™®. 


9 Jaffe, Passel, Browne, and Perlman, Phys. Rev. 97, 142 (1955). 
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CONCLUSION 


The experimental data available at present are 
sufficient to permit one to attempt a theoretical treat- 
ment of the intensities of a lines belonging to a single 
rotational band. A problem of equal importance is to 
obtain the theoretical relation between the empirical 
constants in the formulas and the geometrical pa- 
rameters of the nucleus. 

A careful study of the a spectra of Pu, Am™!, and 
U* has made it possible for the first time to carry out 
a comparison of the existing formulas with experiment. 
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Formula (4), proposed by L. D. Landau, satisfac- 
torily describes the intensity of a decay to various 
levels, at least for even-even nuclei. For odd nuclei the 
picture is not clear. 
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Nuclear Saturation and Two-Body Forces: Self-Consistent Solutions 
and the Effects of the Exclusion Principle* 


K. A. BruECKNER AND W. Wapat 
Brookhaven National Laboratory, Upton, New York 


(Received May 3, 1956) 


The equilibrium properties of uniform nuclear matter have 
been studied in previous papers by using a self-consistency method 
to determine two-body reaction matrices and the average effective 
one-particle potential which they generate. In this paper the self- 
consistency method is simply illustrated by using some explicit 
examples. An investigation is also made of the previously neglected 
effects of the exclusion principle on transitions to intermediate 
states. A variational expression is used for the reaction matrix, 
utilizing as a trial function the wave function which is exact if the 
exclusion effect is neglected. Two-body potentials are used which 
simulate the actual forces, i.e., square wells with a repulsive core 
of 0.35 h#/uc, range of 1.15 #/uc, and depth 98.3 Mev, acting on 
s-states only. It is found that for effective mass values of 0.5 M 
and 0.6 M, the reaction matrix is appreciably altered, particularly 


I. INTRODUCTION 


N previous papers an approximation method for 
treating quantum mechanical systems of many 
particles has been developed and applied to the deter- 
mination of the equilibrium properties of nuclear 
matter, such as the binding energy, equilibrium density, 
surface energy, etc.'~* We shall here develop in some 
detail the procedure used to obtain approximate solu- 
tions to a nuclear system of infinite extent by the 
method of self-consistency. In addition, it will be shown, 
by an explicit calculation of the average nuclear binding 
energy using a specific two-body nuclear interaction 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t On leave of absence from the Naval Research Laboratory, 
Washington, D. C. 

1 Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954). 

*K. A. Brueckner, Phys. Rev. 96, 508 (1954). 

*K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 

*K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955). 

*K. A. Brueckner, Phys. Rev. 100, 36 (1955). 


for low values of relative momentum. The requirements of self- 
consistency, however, almost entirely compensate for the change 
in the reaction matrices so that at normal density in the effective 
mass approximation the final result for the average binding energy 
is precisely the same as that obtained when exclusion effects are 
neglected. The reasons for this simple result are discussed. 

Further approximations are discussed which are suitable for 
more exact computations and which allow inclusion of the ex- 
clusion effects, the departures from the effective mass approxima- 
tion, and the effects of “propagation off the energy shell.” Ap- 
proximation methods for a finite nucleus are discussed and a 
simplified Hartree-Fock method using ‘“pseudo-potentials” (in 
the sense of Fermi) is described. 


potential, how an approximation previously made in 
neglecting the effects of the exclusion principle in the 
intermediate states may now be removed. It is found 
that the average properties of the nuclear matter are 
altered only very slightly by the exclusion effects, 
although there exist appreciable alterations in the 
details of the reaction matrix and hence in some details 
of the velocity-dependent potential. 

We also show how the effects of propagation off the 
energy shell in excited states can be included approxi- 
mately in a simplified form of the theory suitable for 
computation. The effects of the finite size of the 
nuclear matter have already been studied in previous 
papers.?* Some comments are made on an alternative 
method for investigating these effects. 


II. FORMULATION OF THE SELF-CONSISTENCY 
PROBLEM 


In earlier work*-* it was shown that an excellent 
approximation to the binding energy of extended 
nuclear matter can be obtained by solving the following 
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equation for the reaction matrix® 





K ij, c1= 055, a FD Vij, mn Kean, (1) 
mn 


Ext+Ei— Em— En 


where the matrix elements are taken with respect to 
the independent-particle eigenstates of a uniform 
medium, i.e., plane waves. The sums over m and are 
over all empty states. The energy E; is not the un- 
perturbed kinetic energy, but includes the interaction 
energy of a particle in the state & with the rest of the 
system, i.e., 

Ex= (k*/2M)+V (h), (2) 
where 


V(k)=>0 (Kui, ri— Kis, sz). 


We assume here that the potential has the same form 
in excited states as well, and neglect the effects of 
propagation off the energy shell discussed in reference 5. 
We shall return to these in Sec. V. 

Equations (1) and (2) form a coupled set; their 
solution is most simply approached using a method of 
interpolation and iteration which has in previous dis- 
cussions®* been called a “self-consistency” method. 
Finally, the energy of the system is 


E=%) k?/2M+4 YU (Kis, s— Kis, 1), (3) 
. Pi 


where the sums are over all filled states. 

In previous studies of the coupled system of equa- 
tions, use was made of the similarity of Eq. (1) for the 
reaction matrix to an equation of scattering theory for 
the reaction matrix. For scattering, the equation for the 
reaction matrix (which we call R to avoid confusion) is 


Rij, c= 055, kr F DL Vij, mn Raw © 


mn €x + €1— Em— En 


where the energies are the kinetic energies alone, i.e., 
€,= k?/2M, and the sum over mn is over all states except 


6 This equation does not give the exact energy shift due to a 
two-body potential v, which is AE= K’;; ;;, where K’ is defined by 
the integral equation [see Reifman, DeWitt, and Newton, Phys. 
Rev. 101, 877 (1956) ] 

, 1—?, , 

K' sj, r= 04;, ut 2 Kimmie AE-ESTE* mn, kl; 
with Py; a projection operator on the state &/. K’ differs from K 
of Eq. (1) by the appearance of AE in the energy denominator; 
although AE (the interaction energy of a single pair) is very 
small compared with the energies Ey, it cannot in general be 
neglected if the excitation energy can take on values of the order 
AE. In the case of a degenerate Fermi gas, however, the exclusion 
principle requires that the excitation energy be of the order of the 
Fermi energy except for states very near the Fermi momentum, 
so that in this case AE can be neglected. Alternatively AE can 
be expanded as a perturbation which can be shown to vanish 
for large A as 1/A for a degenerate Fermi gas of A particles (see 
reference 4). Thus in the many-body fermion problem it is possible 
to discuss the K matrix rather than the more complicated K’ 
matrix if the effects of the exclusion are properly taken into 
account. The authors are indebted to Professor R. G. Newton and 
Professor N. Fukuda for pointing out the difference between the 
K and K’ matrices. 
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the energy conserving state k/. The solution to this 
integral equation is most easily obtained by solving the 
related Schrédinger equation. If we ask for only the 
energy-conserving part of R (which we call 7), then we 
have the familiar result for central forces 


4 _ |k;—k,|“ 
Vigan onus va sal (2/+-1) tané;P;(cos), (5) 


Mi} 2 


where @ is the angle between k;—k,; and k,—k; and 6; 
is the phase shift induced in the /th partial wave by 
the interaction v. 

Equation (1) for K differs from Eq. (4) for R in two 
respects: first, the energy differences are not solely the 
result of changes in kinetic energy and second, transi- 
tions to occupied states are forbidden by the exclusion 
principle. The first effect can be taken approximately 
into account by introducing the effective-mass approxi- 
mation.* We shall discuss this in more detail in the next 
section. The effect of the exclusion principle is more 
difficult to correct for; in Sec. IV we shall develop a 
method for taking it into account. 


III. SOLUTION IN THE EFFECTIVE-MASS 
APPROXIMATION 

We shall outline in this section the solution to the 
problem in the effective-mass approximation in more 
detail than was done in previous work; we do this to 
clarify the application of the methods. We shall also 
obtain solutions using factorable potentials’ where again 
the application of the methods is particularly simple and 
instructive. 

The basic procedure of the effective-mass approxima- 
tion lies in an approximate reduction of the exact equa- 
tion for the many-body reaction matrix [Eq. (1) ] to a 
corresponding equation for a two-body reaction matrix 
which can be solved by using methods developed in the 
study of the relatively simple two-body system. The 
exact reaction matrix K,;,.: depends explicitly on the 
matrix elements 2;;,,: of the interaction potential for 
the interacting pair, and depends implicitly on all of 
the remaining particles through the connection of the 
energy of each interacting particle with the average 
potentials V(k) of Eq. (2). For a given state of the 
rest of the medium, V (k) depends explicitly on the state 
of a single particle, although it of course is altered if 
the state of the rest of the system is changed. Thus it is 
correct if we fix our attention on only one particle at a 
time, to assume that V(k) depends explicitly on the 
variable k but only parametrically on the state of the 
remaining particles. The form which has been taken 
for V(k) is 

V (k)=V (0)+bk?+ck*+ - --, (6) 
where V(0), 6, and c are parameters which change if 
the state of the system is altered, but are fixed for a 


7 The use of factorable potentials was suggested to us by Pro- 
fessor K. M. Watson. 
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given state. In this expression for V (k), the odd powers 
of k are absent if the medium is isotropic. 

It is possible to obtain rather simply a semiquantita- 
tive result for the K matrix if only the constant and the 
quadratic terms in V (k) are retained. In this approxi- 
mation we can write, from Eq. (2), 


Ex= (/2M)+V (0)+0# 
= (#/2M*)+V(0), 


where the effective mass M* is given by 
1/M*= (1/M)+2b. (8) 


(7) 


When the energy terms in Eq. (1) are replaced by those 
modified by the velocity-dependent potentials, we have 
an approximate equation for the two-body reaction 
matrix, which, except for the modified mass and for the 
intermediate states excluded by the exclusion principle, 
is identical with the exact equation for the reaction 
matrix for scattering, i.e., Eq. (4). Thus, if we neglect 
the exclusion effects for the present, the diagonal ele- 
ment of the reaction matrix in this approximation is 
obtained from Eq. (5): 


4 
(k| K|k)=——-¥ e°(21-+1) tans,(M* A), (9) 
M* i 


where 5;(M™*,k) is now the phase shift induced by the 
potential when the particles are moving with the 
effective mass M*. The potential in the medium, V(z), 
can be obtained from the relationship 


V(k)=di(Kus, a— Kix, 2s), 


and the predicted value of M* can be tested for self- 
consistency with the input values. When the self- 
consistent result is obtained for M*, the reaction mat- 
rices for this value then provide a solution to the 
coupled equations (1) and (2). 

It is easy to solve the problem in some special cases. 
First we consider the s-wave scattering from a two-body 
potential with parameters which approximate to aver- 
age values for the singlet and triplet wells. We also 
include a repulsive core of typically assumed range. 
This interaction potential is 


(10) 


v(r)=e for 
=—v for 
=0 for 


T<T, 
R>r>r, 
r>R, 


(11) 


where 7,=0.35u, R=1.15y, and the depth is 1.22 
times the depth which gives binding at zero energy, i.e., 


(R—1)(Mv)'= (1.22)'x/2, 


vo=0.703n= 98.3 Mev, (12) 


where y is the x-meson rest mass (we use the system of 
units for which 4=c=1). 
To proceed, we obtain the phase shifts as a function 
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of k and the effective mass M* by solving the Schréd- 
inger equation which is equivalent to solving Eq. (1). 
For s-wave scattering, the phase shift is given by the 
equation 
ko cot ko(R—r.) ]=k cot(kR+4), (13) 
where 
ko= [M*+k? }}. 


The potential V (k) defined by Eq. (10) is then given by! 


) f 


where 
P,(x)=2 for 0<x<}(kr—hk) 
=[tkr’— ($k—x)* |/kex 


(kr—k)<x<}(kr+k). 


To determine the momentum dependence of V (k), it is 
simplest to evaluate V(k) at k=O and k=kp (Fermi 
momentum). At these two values, 


(15) 


for 


48 pie 
V(0)= -—f xdx tané(x), 
aM* 0 


Then, using Eqs. (7) and (8), we find 
M* kp’/2M 


 M (kp*/2M)+V(kr)—V (0) 





To solve this equation for o, the simplest procedure is 
to interpolate between values of tand(k) computed for 
values of M* close to the final value. For example, for 
kry=1.50 yw, we find, from Eq. (16) 


V (0)=—43.2 Mev 
V (kp) =—29.3 Mev 
V(0)=—71.9 Mev) 
V (kr) =—46.7 Mev 


for o,=0.500, 
(18) 
for 02> 0.600. 


Assuming a linear dependence of V(0) and V (kp) 
upon ¢ over this narrow interval (this is very close to 
correct), we may write 


v(0)= -[43.2+ isos 8.7) Mey, 
sais (19) 
V(kr)= -[2934+— az)| Mev. 


02-01 


These, combined with Eq. (17), give a quadratic 
equation for ¢, which has as solution o=0.548. The re- 
action matrix K at this value of o is plotted in Fig. 2, 
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from which we obtain V(0)=—56.9 Mev and V (kr) 
= —37.3 Mev. These are the self-consistent solutions. 
The average interaction energy is!* 


Vw=3{V (0)+2LV (kr)—V (0) ]} =—22.6 Mev, (20) 


and the binding energy per particle 


E/A=?(kr*/2M)+Van=—7.9 Mev. (21) 


In practice, it is necessary to carry out this procedure 
as a function of kr or the density (kr=1.52 u/n, where 
the density parameter corresponds to a nuclear radius 
R=n1.40X10-"A! cm) and thus determine the curve of 
binding energy per particle vs density. It is also neces- 
sary to correct this result for the effects of the k* and 
higher terms in V (k). This problem has been considered 
in reference 3 where it was shown that the approximate 
inclusion of the k* term increases the interaction energy 
by about 20%. We shall not discuss this detailed prob- 
lem further here. 

As a second illustration, we consider a factorable 
potential which allows an exact solution for the re- 
action matrix. It is known from the work of Yamaguchi® 
that it is possible to represent accurately the scattering 
from zero to 100 Mev by using such potentials. We shall 
not consider the problem here with tensor force in- 
cluded; we instead take only averaged central singlet 
and triplet potentials which fit the scattering but, of 
course, not the quadrupole moment. The integral 
equation to be solved is 


(k’|K|k) = (Ko k) + f (Xo 


” 


(k”| K | k) —. 
| K| k) Gey? 





x (22) 
(k?/M*) — (k’?/M*) 


If v is assumed to have the form 
(k’|o| k)= f(k) f(k’), 
then it is easily shown that the solution for K,is 
(k’| K|k) 
= so sk) / (1-30 


(23) 


f?(k”) dk” 
Pa (’ 
e— kl? ad @ 


For s-waves we shall take here a simple form for f?(k) 
since we are not interested in numerical accuracy. A 
suitable choice is 


f= +H). 


To give reasonable depth and range, we take B=yu 
(w-meson mass), and \= —4us/M. For a bound state 
at zero energy, s=1; we take s=1.22 as a reasonable 
average for singlet and triplet states. 


(25) 


®Y. Yamaguchi, Phys. Rev. 95, 1629 (1954); Y. Yamaguchi 
and Y. Yamaguchi, Phys. Rev. 95, 1635 (1954). 
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The integration for K then gives for the diagonal 
element 
4rus/M 
(k| K| k)=— ; 
a?+ k? 


(26) 


where a?=,?(1—¢s). It is also possible to carry out the 
integrations for V (k) explicitly; we find 


24 uskp 2a kp 
V (0)=-—— [1-— tan(—*) 
Tv M kr 2a 


24 uskp 
V(kr)=—-— 


T 


1 a ke a of +k p* 
| -—= tan") + in ) , 
2 kr a 2k r* a 
Thus we must solve a transcendental equation to 
determine the self-consistent solution for the effective 


mass M*=oM. At normal density of the nuclear 
matter, the solution is c=0.480; at this value we obtain 


V (0)=—76.7 Mev, V(kr)=—50.3 Mev, (28) 
and the binding energy per particle is found to be 


E/A=§(kr?/2M)+3{V (0)+3LV (ke)—V (0) }} 


(29) 
= (14.7—30.4) Mev= —15.7 Mev. 


This method can easily be extended to other forms of 
factorable potentials. 


IV. CORRECTION FOR THE EXCLUSION PRINCIPLE 


In the previous sections, as in the earlier work on 
the saturation problem, we have neglected the effects 
of the exclusion principle in intermediate states. This 
neglect has previously been justified by two arguments.® 
The first of these makes use of the fact that, because of 
the great depth of the potentials (due in part to the 
presence of repulsive cores), the interacting particles 
will usually be at momenta considerably greater than 
the Fermi momentum and thus not be appreciably 
affected by the exclusion of states of low momentum. 
For example, for the square wells with repulsive cores 
considered in the last section, the well depth is about 
100 Mev compared with 15 Mev for the mean kinetic 
energy. The second argument arises from a partial 
cancellation of the intermediate state exclusion effects 
when the expectation value of the total interaction 
energy is taken with respect to properly antisym- 
metrized states. To see this effect in detail, consider 
the second-order term in the reaction matrix Kj, ;; 
which is 





| Viz,n|* =, (30) 
mn E;+E;— En—En 


Here the sum over mn runs only over unfilled states; 
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we thus write 


a ee Me © hae Ee | 


mn m(all) m/(filled) (all) (filled) 


(31) 


where in each factor the sums run over all and over 
only the filled states, respectively. To compute the 
total interaction energy, we evaluate the sum over all 
filled states, 


LiK is, 5 


to which the second-order contribution is 


(32) 


ae ee ee Be 


kg<kp kj<kp km>kr kn>kp 





. (33) 
E;+E;— En— En 


For the case in which the total momentum of the inter- 
acting pair vanishes, the allowed regions of the relative 
momenta k;; and k,,, are the interior and the exterior 
of a sphere of radius kr, respectively. For this case the 
above expression becomes 


kF ° kr 1 
f bk f hems*blemn— f bases | ——— 
0 0 0 kiPF—kmn? 


Xf(| Kis|,| Kn), (34) 
where f(|K;;|,|Kmn|) is a symmetric function of the 
arguments. The second term would vanish because of 
the antisymmetry of the energy denominator in k,; and 
kmn. Thus, we make no error in the second order term 
in neglecting the exclusion principle when the total 
momentum of the interacting pair is vanishingly small 
in comparison to the relative momenta of the pair in 
the intermediate states. The cancellation can also be 
expected to persist to some extent even when this 
condition is not satisfied. The effect is, of course, not so 
simple in the actual solution of the integral equation for 
Kj, ij; we expect, however, that some of this cancella- 
tion of effects will still occur. On the basis of these two 
arguments, it was concluded in the earlier studies that 
the exclusion effects could be safely neglected, the error 
introduced being small. We shall now proceed to make 
a quantitative study of the exclusion effects which will 
bear out the qualitative arguments we have just made. 

The answer to these questions is, of course, immedi- 
ately obvious if a solution is obtained to the integral 
equation for the reaction matrix K. This is not in 
general a simple procedure, however, and we shall first 
use an approximate method to obtain a semiquantitative 
determination of the exclusion effects. We make use of 
the fact that in the absence of the exclusion effects, it 
is relatively simple to obtain K by solving the related 
differential equation. To make this more explicit, we 
note that the integral equation for K, i.e., Eq. (1), can 
be written 


Kj, k=. 255, maQenn, ki, (35) 
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where the wave matrix (2 satisfies the integral equation® 


Quin, kt= laa, uty eccemn robes, kly (36) 


TS Cki,mn 


writing Ex+E:— En— En=eki,mn. Neglecting exclusion 
effects we can thus determine {2 in the usual manner by 
solving the matrix equation 


(Ex +E:— Em—En)Qmn, kt= dX, Ymn,reQre,kt, (37) 


which on transformation from momentum to coordinate 
space, is the usual Schrédinger equation for the wave 
function. This simple method for determining K cannot 
be used in the presence of the exclusion principle since 
1/e is no longer the Green’s function for the operator e. 
To circumvent this difficulty, we make use of a varia- 
tional equation for K in which the wave function 
determined neglecting the exclusion effects is used as 
a trial function. Since the corrections to K turn out 
to be rather small, this procedure should be quite 
accurate. 

We use the Schwinger variation principle for K. 
We start from the equation defining K in terms of » 
and Q, 


Kis, r= (45,02 x1) 
= (94,1), 


where ¢;; and g,: are free-particle wave functions and 
Yur is related to gx: by the wave matrix 


(38) 


Vit=L PmnQman, ki (39) 


mn 


It then follows that 
( ii,0He1)? 
( gis,0He1)? 
iz (Yiss0Vns) — Lis 0(1/e)0par) 


gu 





where the last expression follows from the integral 
equation satisfied by y;;. In this form, K is unaltered 
by first order errors in y; this expression also has the 
useful property of being independent of the normaliza- 
tion of y. We now proceed to determine the corrections 
due to the exclusion effects. 

For an example, we take the square well potential 
considered in Sec. III. It will prove simplest first to 
take the repulsive core as having a finite height v, and 
then let 2-2. The wave function y in coordinate 


® For a more detailed discussion of the following see, for ex- 
ample, C. M. Mller, Kgl. Danske Videnskab. Selskab, Mat-fys. 
Medd. 23, 1 (1945). 

1 B. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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space is, in the effective mass approximation, for large », 


e~*"e sinhar sind, 





Veil) = 


for r<r, 
kor 


sinky(r—r.+6-) 


kor 


(41) 
for re<r<R, 


a= (M*»;)}, 


ko= (M* 00+ ki ?)}. (2) 


The phase shift 6,, which vanishes as 1;—, is deter- 
mined by matching boundary conditions at r=r,, and 


is given for large », by 
6.= ko/a. (43) 


The second term in the denominator for K of Eq. (40) 
may be written 


[Wis,0(1/e)opnr] 


y2 
0 f (wi;| Knkn)dkndk, 
(2m)® 


where V is the normalization volume. The Fourier 
transform of vf which is required is 


(Kmk., | vy x2) 


e7 Km -r1 e7tkn-re 


—o(| r1— F2| Wer | 1-12!) 
Vi 


1 
(knk, | Wri), 


Ckl,mn 


(44) 


vy 


ei (kictk1) 4 (ri+r2) 


x————_drdr, 
V 


4a 
= bkm+kn, ke +kr— 
V 


rdr 





re g~@7e sinhar sind, SiNkmnr 
X40 J 
0 


kor Rina? 





redr}. 


® sinko(r—1r-+6-) Sinkma? 
—n f r (45) 


° kor mal! 


Dropping the Kronecker delta function this is, as 1; , 


‘ 


4rr 
(Knk,, | 7x2) ner zt(Rmn); 








ie) 
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Fic. 1. Reaction matrices as functions of the relative mo- 
mentum &. Solid curves are with exclusion effects and dotted 
curves are without. Curves a and a’ are for ¢=0.500, and b and 
b’ for ¢=0.600. 


where 
1 = Ran* 


A 4i(kmn) =—— See ——— SinRmnnf- 
ke?— Rai M*Rmn 


. 
“et sinky(R—r.) coskmnR 


0 


v 
dive cosky(R—r.) snknaR (46) 


mn 


We also need another integral, 


4rrv9 R 
(Wis, 043)2, + © = —— f sin*ko(r—r,)dr 
ke? Te 


sin2ko(R— “| an 


2rv 
= es he 
ke? 2Ro (R oo CP) 


Introducing these results into the variational expression 
for K of Eq. (40), we find 


(49/V) ke? A 5? (hij) 





Ky, i= 


(48) 





_ jo(R—r9[1 - 


sin2ko(R—1.) 2M*ke? if P(R)R2dk’ pdQy 
2ko(R—r-) 0 


kig—k? J de 


T 





m. As 














~4) 
% L5 
kp! 


Fic. 2. Reaction matrices as functions of the relative mo- 
mentum k. Curve a corresponds to the self-consistent solution 
(effective mass M*=0.606M) with exclusion effects included, and 
curve b corresponds to the self-consistent solution (M*=0.548M) 
neglecting exclusion effects. 


The exclusion principle requires that 
|k’+3P| > kr, 
| —k’+3P| > kr, 

where P=k;+k;. In neglect of this requirement, it is 


easily shown that K,j, ;; is given by the usual expression 


[Eq. (9)): 


(49) 


(50) 


4a 
Ki; j= ——(k;;)~ tand(M*,k;;). 
M* 


Carrying out first the integration over the angles of 
k’ and taking into account the region in momentum 
space forbidden by the exclusion principle, we obtain 


dQ)» 
[—=trw, 
4dr 
where 


fr(k’)=0 for k’< (kr’—4P*)!, 
=[k?+1P*?—kp’]|/Pk' for 
(kr’-—}P*)8< kh’ <kp+4P, 
=1 for k’>kr+}P. 


(51) 


Thus, the final result for the reaction matrix K will 
depend explicitly upon the center-of-mass momentum 
P=|k,+k;| ; we will suppress this dependence by re- 
placing P by its average value compatible with a given 
value of the relative momentum &;;. An elementary 
computation shows that, to a very good approximation, 


4 (FP?) w= Bhr?(1—Ry;/kr). (52) 
One further comment is necessary with regard to the 
effects of the exclusion principle; when &;; is close to 


the Fermi momentum kr, one finds }(P*),—0. At 
this point the integral over k; becomes logarithmically 
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infinite, being of the form 
i g(h’)dk! 
kp k r—k” 
This singularity is, of course, without physical content; 
it is the result of the breakdown of these approximation 
methods in describing states very near the Fermi 
momentum. An explicit evaluation of the effect of this 
singularity on the energy shows that it is extremely 
small and consequently can be safely neglected. Thus, 
we shall not investigate here the problem of making a 
more accurate treatment of these states. 

The result of the evaluation of K given by Eq. (48) 
are shown in Fig. 1 for two values of the effective mass. 
It is apparent that, as expected, the alteration of the 
reaction matrix is most pronounced for low momentum 
values, since it is for these that on the average the 
exclusion effect is most important. To obtain a solution 
to the self-consistency problem, we again, as in the last 
section, use an interpolation procedure. At the two 
values of the effective mass ratio c=0.500 and 0.600, 
the integrals for V (0) and V (kr) give 


V (0)= —38.0 Mev 
V (kp) = —24.6 Mev 
V (0)=—53.3 Mev 
V (kr) = —38.1 Mev 


It is to be noted that the singularity in the reaction 
matrix K has no effect on V (kr) since the integrand 
contains a factor which vanishes at kr [see Eq. (16) ]. 
Solving the equation for the effective mass leads to the 
self-consistent result that c=0.606. The reaction ma- 
trix K at this self-consistent value of o is plotted in 
Fig. 2 together with the corresponding reaction matrix 
in neglect of the exclusion effects (Sec. III). We then 
obtain 


V (0)=—54.6 Mev, 


(53) 


for o,=0.500, 
(54) 
for o2>= 0.600. 


V (kr) =—38.9 Mev. (55) 


The average interaction energy (Vw) and the binding 
energy per particle at the normal nuclear density then 
turn out to be — 22.6 Mev and —7.9 Mev, respectively. 
These values are compared in Table I with the values 
previously obtained neglecting exclusion effects; it is 
apparent that the result has been altered very little by 
the exclusion effects. 

The surprisingly small alteration of the interaction 
energy is due partly to the previously mentioned partial 
cancellation of the exclusion effects which can be ex- 
pected to occur when the expectation values of the 
sum of the expansion terms of the reaction matrix in 
powers of the interaction potential is taken with re- 
spect to the antisymmetrized wave functions for the 
system. In our study, the cancellation is due to the 
increase in magnitude of the reaction matrix for large 
momentum values which tend to compensate for the 
decrease for low momentum values. Even more im- 
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portant, however, is the shift in the self-consistent 
value of the effective mass. The exclusion effect reduces 
the variation of the reaction matrix K with momentum, 
as is apparent from Fig. 1. Thus, for a given value of 
M*, the predicted velocity dependence of the potential 
is less than the previously obtained result. This upsets 
the self-consistency of the solution, which can be re- 
established only if the effective mass is increased. (The 
increase in the effective mass can be understood on the 
basis that the exclusion effects act as a weak repulsive 
potential). This alteration of M* also increases the 
over-all magnitude of the reaction matrix so that the 
final self-consistent result, as Table I shows, is very 
close to that obtained when the exclusion effects are 
neglected. It must be emphasized, however, that 
although the average effect is very small, there are 
appreciable alterations in detail, not only in the ve- 
locity dependence of the potential, but also in the 
reaction matrix for momenta very close to kr. 


V. IMPROVED APPROXIMATION TO THE K MATRIX 


In the last two sections, some simple procedures were 
outlined for obtaining approximate solutions to the 
equations for the K matrix and the average potential. 
In this section we shall outline further procedures 
suitable for numerical computations with fast comput- 
ing techniques. We return to the exact system of 
equations for the K matrices and for the average 
potential. 

The energies given by Eqs. (1) and (2), Ex and E,, 
in the ground state are given in terms of the diagonal 
elements of the K matrix as defined by Eq. (2); the 
excited energies E,, and E, are, however, modified by 
being the energies appropriate to virtual states, i.e., 
they are for particles propagating off the energy shell. 
As shown in reference (5), they are given by 


km? 
En (kl,nm) arr (Kno, me— Kms, om), (S6) 


where K* now depends on the state of excitation of the 
system compared with the ground state. Since particles 
in states k/ have made transitions to the states mm, K* 
in this state is given by 


o* Pe 
K m!s’,ma = Um! 8’, ms 


+> Vm! 8’, uv’ 
uo 


1 
E.t£it£,—E,—-Ev.—-E, 


* 
K uv, ms- 





(57) 


As has been previously pointed out, in many circum- 
stances the dependence of E,,(kl,mn) on k, 1, n is weak. 
This is true if the kinetic energy is large compared with 
the potential energy as is the case for strong inter- 
actions, or if the Born approximation is roughly valid, 
since then K* does not depend on k, |, n. The effect can 
also be expected to be small since it is a high order 
correction to the ground state energies, appearing only 
in fourth order in a perturbation expansion. For these 
reasons we shall content ourselves with an approxima- 
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Taste I. The self-consistent effective mass and energies 
(Mev) per particle at normal nuclear density with and without 
exclusion effects. 








Bind. 


M*/M V(0) V (kr) Vay energy 





Without exclu- 
sion effects 
With exclusion 

effects 


—22.6 —-7.9 


—22.6 


—37.3 
—38.9 


0.548 —56.9 


0.606 —7.9 


—54.6 








tion which reproduces the general effects of going off 
the energy shell but shall not try to do so in an exact 
way. The approximation we propose is to replace the 
exact equation for K*, i.e., Eq. (57), by the approximate 
equation, assumed valid for any state, 


K* n'e',me= Um’ e’, met 2, Um! s’, uv 
1 
x 
E(kp,Rm)+E(kr,ks) — Eu— Ep 


* 
uv,msy 





where we take E(kr,km) to be 


E(kp,km)=E(km) if |km| <hr 
=E(kp) if |kn|>ker, 


and kr is the Fermi momentum. This form for K is 
continuous with the result valid on the energy shell; 
it reproduces in a semiquantitative way the restriction 
that the unexcited particles occupied states below the 
Fermi momentum. The error made by this approxima- 
tion can be accurately determined by eventually treat- 
Ing the difference between the exact and approximate 
off-the-energy-shell K’s as a perturbation. 

Equation (58) for the K matrix together with Eq. (2) 
for the potential are now suitable for computation; it 
is, however, useful to introduce a further approxima- 
tion, the validity of which is based on the smallness of 
certain corrections to the energy. We expect, on the 
basis of the studies of NS III (reference 3) and of this 
paper, that the effective-mass approximation neglecting 
exclusion effects is a quite good first approximation to 
the K matrix. This suggests that we introduce certain 
simplification in the equation for K. First, in the re- 
duced-mass approximation, a typical energy of ex- 
citation is 


Ent E,—E,—E, 
6 2LEG (Ka- K,))—EQG (K.—K,))]. 


This result does not hold if the energy depends on the 
state other than through a constant and a quadratic 
term; it is approximately satisfied, however, if in the 
quartic and higher terms in k, we neglect the center-of- 
mass momentum compared with the relative momen- 
tum. The validity of this approximation derives from 
the fact that the terms of higher order in & than quad- 
ratic are important only for considerable excitation 
where the relative momentum takes on quite large 
values. At the same time, the total momentum is 
restricted to values of the order of the mean Fermi 


(59) 


(60) 
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momentum corresponding to kinetic energy of 15 or 
20 Mev. Thus we shall assume that Eq. (60) is valid 
even if E(k) has a general momentum dependence. We 
also, as in Sec. V, treat approximately the exclusion 
effects in introducing the function f;,(k’) defined by 
Eq. (51). This eliminates correctly transitions to the 
filled states, but averages over the dependence of the 
exclusion effect on the total momentum. The final 
result of these approximations is to replace Eqs. (1) 
for K by the approximate equation (we call the approxi- 
mate reaction matrix K,) 


(k’| K|k)= (k’|»| k) 


Sk, kr (k’’) 
+2 (k’|0| k”) 
k’’ 


(61) 
2[E(k,kr)— E(k") } 





(k”’| Ka|k), 


where in fk,ke and E(k,kr) we take the momentum 
equal to k if k is below the Fermi momentum and equal 
to kr if k is above the Fermi momentum. The energy 
is finally 


a= te 


k—k; k—k; 
: IK.—) exchange], (62) 


valid for any state. 

These approximations treat to a moderate accuracy 
the effects of the exclusion principle, the departure of 
E(k) from the reduced mass approximation, and the 
effects of “propagation off the energy shell.” Since these 
effects collectively alter the K matrix by only the order 
of (10% to 20%), and since their effect is reproduced 
in a semiquantitative way, the final result is estimated 
to be accurate to within a few percent. This can be 
further checked by finally treating the difference be- 
tween the exact expressions and the approximation as 
a perturbation on the approximate solution. 

These equations are now being studied at Los Alamos 
Scientific Laboratory and at the AEC computing 
facility at New York University. The results of the 
studies will be reported in a separate communication. 


VI. APPROXIMATION METHOD FOR FINITE SYSTEMS 


In the discussions of this paper and in most of the 
previous studies, the nuclear medium was considered 
to be of infinite extent. This approximation was useful 
primarily in that surface effects could be neglected and 
in that plane waves could be used as independent- 
particle states. In a previous papert a method was 
outlined for dealing with a finite system, which is 
restated in the following in somewhat greater detail 
than before." 

A. Assume a potential W (“0” for the zeroth 
approximation) in which the nucleons move inde- 
pendently. This potential will in general be nonlocal in 
coordinate space; it will also depend on the energy- 
momentum relation of the particle. When a particle is 
excited to a virtual state, for example, the potential it 
sees must be such as to confine it to the nuclear volume. 


4 Alternate methods for dealing with finite systems have been 
discussed by R. J. Eden and by H. Bethe (to be published). 
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These effects can easily be approximated in the first 
input W, and will automatically follow in higher 
iterates from the approximation of Sec. V. 

B. Determine eigenstates ¢; and energy eigen- 
values £; for this potential. 

C. In this representation, determine the reaction 
matrices defined by the equation: 


Ki5,01 = 05, 2+ Vij,mn 
1 
4 
EO +E; — En © —E, 
D. Finally determine from 
VieM=D (Kis, G —Kis, x) 
the first iterate for W: 
WO=P (Gi 4, 95). (65) 


The self-consistency procedure then is to adjust the 
input iterate W“ until it is equal to the output W‘"*, 

It is apparent that this procedure is extremely diffi- 
cult to carry out in practice, the complication arising 
from the need to construct a set of single-particle wave 
functions and eigenvalues for each W‘. It seems prob- 
able, however, that the procedure may be very much 
shortened by the following approximation. At the first 
state, determine the reaction matrices Kjj,x; in a uni- 
form medium. From these it is then possible to construct 
two-body interaction “pseudo-potentials” given by the 
equation 





Kinn, ni. (63) 


(64) 


(ri'te! | v,| rife) 


=x 


tj, kl 


gi* (11') 9j* (12’) K ij, erg (11) er (2) 
Xdridredr;'dr,’. (66) 


These are then potentials defined in the sense of 
Fermi,” who first introduced similar concepts in the 
theory of proton scattering in molecular hydrogen. The 
second step is to follow the usual Hartree-Fock pro- 
cedure for a finite system by replacing the usual local 
two-body potentials by the nonlocal “pseudo-poten- 
tials.” This procedure differs from that outlined above in 
that the alteration of the reaction matrix in going from 
a uniform medium of infinite extent to a finite system is 
neglected. This neglect can be partially corrected for 
by solving the reaction matrices as functions of density 
(the medium is still assumed uniform in density). 
For this case, the “pseudo-potential” », would also 
depend on the density; in the case of the finite (and 
varying density) medium, it would be reasonable to 
evaluate v, at the local value of the density.” 

The procedure outlined here together with the 
approximation of Sec. V provides a relatively simple 
method for studying finite systems; its applications to 
specific nuclear problems will be discussed in other 
papers. 

12 E. Fermi, Ricerca sci. 7, 13 (1936). 


18 A similar idea has been independently proposed by T. H. R. 
Skyrme (to be published). 
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A knowledge of the wave functions and energy levels for 
nucleonic motion in a nonspherical force field is a prerequisite to 
any detailed comparison between the empirical data and the 
model of Bohr and Mottleson. An extremely simple model for 
this internal problem is provided by the motion of independent 
particles in an ellipsoidal oscillator potential. By minimizing the 
total energy of such a system, we are led to conclude (1) that 
deformations which possess an axis of symmetry are always 
preferred by low-lying states, and (2) that this model cannot 
reproduce the observed preponderance of positive quadrupole 
moments. This last conclusion is unaltered by the surface tension 
or Coulomb repulsion. 

The oscillator model is too simplified for the computation of 
spins or magnetic moments (u). We have therefore determined 
wave functions and energy levels for independent-particle motion 
in a spheroidal square well, including spin-orbit coupling. Because 
of the approximations made in this calculation, we cannot use 
our levels to compute the equilibrium shape, but only to assign 


the ground-state level and wave function. Thus the present 
scheme is intended to replace that of the shell model in the 
region of large deformations. 

With the exception of W'*, we have been able to correctly 
assign the spin to all the odd-A nuclei for which 1505 A $190. 
The ease and consistency with which such an assignment can be 
made leads us to conclude that our scheme is essentially correct 
for those nuclei which possess large deformations, and whose odd 
particle lies in the 50-82 shell or the lower part of the 82-126 shell. 
In addition, we have computed y in this region. Here the agree- 
ment is more limited, but there are a number of important 
successes : we reproduce the large difference in u for the europium 
isotopes, the ratio of the magnetic moments of the two hafnium 
isotopes, both » and the decoupling coefficient for Tm, and yu 
for Yb!”-173, Re, Eu'!, and Os'®. The properties of the ground 
state and first excited state of Ag are also found to be in good 
agreement with the theory. 





I. INTRODUCTION 


HE concept that nuclei can be nonspherical in 
shape had its origin in the failure of the shell 
model to account for the extremely large quadrupole 
moments found among the rare earths.' For “shell 
model” implies that only a few nucleons can contribute 
to the moment, while the data show that a considerable 
portion of the total nuclear charge must be participating 
in the formation of the quadrupole moment. Rain- 
water? proposed to resolve this difficulty with the 
assumption that, in these cases, the nuclear collective 
field with which the shell model operates is not spherical, 
but spheroidal in shape, as a consequence of which one 
expects the majority of the proton orbits to contribute 
to the quadrupole moment (henceforth designated by 


Although Rainwater’s qualitative considerations were 
quite promising, the very assumption of nonsphericity 
leads to complications whose full significance was 
first realized’? and analyzed‘ by Bohr. Among these 
new complexities the most important and understand- 
able one is that the angular momentum J of particles 
moving in a nonspherical field is not a constant of 


* This work was partially supported by the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Junior Fellow, Society of Fellows. Present address: Jefferson 
Physical Laboratory, Harvard University, Cambridge, Massa- 
chusetts. 

1 We now know that nuclei much heavier than Pb™® also have 
giant quadrupole moments. Therefore this discussion, unless 
otherwise stated, pertains to nuclei with mass number A 2225, 
as well as 150 SA $190, i.e., to heavy nuclei well removed from 
the magic numbers. 

2 J. Rainwater, Phys. Rev. 79, 432 (1950). 

3 A. Bohr, Phys. Rev. 81, 134 (1951). 

4A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952). 


motion, and so the system must possess some other 
angular momentum N which is coupled to J, and 
results in a conserved total angular momentum I. 
The angular momentum N is associated with collective 
rotation of nuclear matter. Another complication is due 
to the fact that the shape of a quantum mechanical 
system cannot be defined with arbitrary accuracy, and 
so there must be zero-point oscillations of this shape 
about some equilibrium configuration. These oscillations 
are, by definition, also collective in nature. Both these 
collective motions are coupled to that of the individual 
particles, and also to each other. 

Bohr and Mottelson‘:® have analyzed the motion of 
such a coupled system in several limiting situations. 
The most interesting is the one in which the motion 
separates approximately (Born-Oppenheimer approx- 
imation) into three parts: (1) motion of nucleons in a 
static, nonspherical potential, (2) collective rotation, 
and (3) oscillation about the static equilibrium deforma- 
tion.* As in molecules, there are three distinct types of 
excitations: rotational, nucleonic and vibrational, in 
ascending magnitude of energy. The wave function 
can then be written as the product of three functions, 
each factor representing one mode of the motion, and 
the first few steps in the spectrum follow the well-known 
rules applicable to a rotating top.’ The empirical data® 
support this conclusion—in fact the experimental 


5A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). Also see A. Reifman, 
Z. Naturforsch. 8a, 505 (1953); D. L. Hill and J. A. Wheeler, 
Phys. Rev. 89, 1102 (1953) ; K. W. Ford, Phys. Rev. 90, 29 (1953). 

§ Bohr calls this the “strong-coupling” approximation. 

7C. Van Winter, Physica 20, 274 (1954). 

§ A. Bohr and B. R. Mottelson, Beta- and Gamma-Ray S pectros- 
copy, edited by K. Siegbahn (North-Holland Publishing Com- 
pany, Amsterdam, 1955), pp. 483-493. 
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spectra faithfully obey the interval rule characteristic 
of a symmetric rotor. This property of the level spacing, 
and the values of the branching ratios* of 7 transitions 
between and 6 decays to components of a rotational 
band, show that these low-lying states can be repre- 
sented by the wave function 


Vixom” = ([+4)'GL Duk ’*xe 0 
+(—1) Dyn ’x,-0]). (1) 


Here G is the wave function of the zero-point vibrations ; 
Dux” is an element of the (2/+1)-dimensional 
representation of the rotation group, and xz, is the 
wave function of the nucleonic motion in the spheroidal 
force-field. Because of the axial symmetry of the 
deformation, the particles’ angular momentum along 
the body-fixed symmetry axis is a constant of the 
motion, which we designate by 2. The other quantum 
numbers J, K, M stand for the total angular momentum, 
its component along the symmetry axis and its compo- 
nent along a space-fixed z’-axis respectively, while 
serves to distinguish the various x’s which have the 
same value of |Q|. 

The lowest states are characterized by K=Q, and 
their energy differences are given by 


2 


AE rm UU +1)— Tolle) ], (2) 


where J is the spin of the ground state and 9g is the 
effective moment of inertia. For even-even nuclei, 
|\Q| =Jo=0 and J=2,4, etc.; for odd-A nuclei, |Q| =Jo 
and J=Jo+1, Jo+2, etc., unless |Q| =4. In the latter 
case the Coroilis force must be taken into account, 
and this leads to the expression® 


h? 


Panam 1)74(7+4) — (—1)¥**4(To+3) Bia,3, (3) 


which is to be added to AE;. Here 
an= (xa, 0—5| Jeti y| xx, 0-4); (4) 


where J,, J, are the components of the particles’ 
angular momentum along the body-fixed x- and y-axis 
respectively. Furthermore, J) depends on the value of 
a,’°; it is not one-half in general. 

It is to be noted that beyond the general structure 
of the state (1), the spectral intervals and branching 
ratios determine only 9, J) and sometimes a,. Of these, 
g may be termed an extensive observable, since it 
depends on the over-all nature of the collective rota- 
tion,“ and not so sensitively on the detailed properties 
of x. On the other hand, a, provides an effective 
probe into the structure of x, while the assignment of J» 


® J. P. Davidson and E. Feenberg, Phys. Rev. 89, 856 (1953). 

See, e.g., S. G. Nilsson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 29, No. 16, 68 (1955). 

1A, Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 1 (i958). 
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depends on the properties of the internal Hamiltonian 
which has the x’s as eigenstates. 

There is a considerable mass of empirical material 
which sheds further light on the nature of both the 
collective and particle motion. This material is con- 
veniently separated into two broad but somewhat 
overlapping classes, the first pertaining essentially 
to the collective, the second more to the particle aspects 
of the motion. Experiments belonging to the first class 
demonstrate that for the nuclei under consideration 
not only Q, but also the matrix elements for induced 
and spontaneous £2 transitions are far larger than the 
shell-model estimates, and that 9 is roughly propor- 
tional to Q*, the proportionality factor indicating that 
the rotation is neither rigid nor irrotational." The 
details of the structure of x are revealed only by data 
of the second class, which includes the magnetic 
moments, the electromagnetic transition probabilities 
other than the E2-type, 8-decay ft values, and the 
energy differences between rotational bands.” 

It is apparent that a knowledge of the intrinsic (or 
nucleonic) wave function x is a prerequisite to a 
comprehensive comparison between the model and data. 
In the following we shall construct a set of x’s from a 
model of the intrinisc motion which embodies, among 
others, the great simplification that the internucleon 
forces may be ignored, i.e., the particles are assumed to 
move independently of each other under the influence 
of the collective field. This assumption is certainly a 
drastic one, but the successes of the shell" and optical"* 
models indicate that it is at least a reasonable starting 
point. In addition, we will always assume that the 
equipotential surfaces of the collective field are confocal 
ellipsoids whose volume, for the sake of nuclear incom- 
pressibility, is independent of the eccentricities. These 
geometrical assumptions are probably well justified 
for low-lying states, and simplify the computations 
considerably. Finally, we shall also assume that the 
conditions of constraint implicit in the introduction of 
collective variables'® may be ignored. 

Even though our first and most essential idealization 
—that of independent motion—is not entirely justifi- 
able," our work is not in vain since a more realistic 
determination of the x’s might have to use a crude set 
of functions such as we shall construct as the basis of 
a perturbation calculation. 

In the following section we briefly consider an 


” The interaction between the collective and nucleonic degrees 
of freedom is, of course, reflected in the experimental results and, 
as stated above, renders the attempted separation of the data 
somewhat ambiguous; thus, for example, the total g-factor has 
contributions from both the collective and nucleonic rotations, as 
do the (£2:M1) admixtures of radiative transitions between 
rotational states. Nevertheless, this classification serves the 
didactic purpose of focusing our attention on the most essential 
physical attribute of each phenomenon under investigation. 
aos” e.g., P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 

4 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

15 F, Coester, Phys. Rev. 99, 170 (i955); Lipkin, deShalit, and 
Talmi, Nuovo cimento 2, 773 (1955) ; F. Villars (to be published). 
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extremely simple model whose properties can be 
evaluated analytically, and which serves as a very 
useful orientation for the problem at hand. The wave 
functions and energy levels belonging to a more 
realistic collective potential are discussed in Sec. III, 
and selected application to nuclear ground-state 
properties will be found in Sec. IV. 


Il. HARMONIC OSCILLATOR MODEL 


A systematic study of Q and 9 reveals a striking 
correlation between the nuclear shell structure and 
equilibrium deformation®:'*: the distortion becomes 
very small near the magic numbers and is largest in 
the middle of major shells. From this we conclude that 
the shell structure of the nuclear level scheme is, for 
our purpose, a most essential feature which we must 
incorporate into the model. Since the harmonic oscillator 
(without spin-orbit coupling) is the simplest collective 
potential which exhibits a shell structure, we shall 
employ it as a first orientation.” The exclusion of the 
spin-orbit force implies that this model cannot be used 
to assign spins and magnetic moments. Nevertheless, 
we may still expect to gain some insight into the 
question of nuclear deformability, and so we confine 
ourselves to this problem for the moment. 

The most general potential of the oscillator type 
which fulfills the requirement of incompressibility is 


V (1) =}mer| (PY+yy)A+2r7], 
(O<SAS@,0<y<S~), (5) 


where w is the oscillator’s frequency, m the nucleon 
mass, and r the position vector in the rotating co- 
ordinate system. The dimensionless deformation param- 
eters y,A are related to the eccentricities in the x—y 
and y—z planes through 


b.~=y— 1 } 


The equipotential surfaces are symmetric about the 
x, y, or 2 axis when y=A!, \~!, or 1, respectively. In 
the latter case \>1 corresponds to a prolate, A<1 to 
an oblate spheroid. 

Our aim is to find the nuclear equilibrium deformation 
when the potential (5) is occupied by Z protons and 
(A—Z) neutrons. This configuration is clearly given by 
those values of y and A which minimize the total 
energy. This energy is not simply the energy of the 
particles in the collective field Ep(y,A), but also has 
contributions from the Coulomb repulsion and more 
subtle sources such as the surface effect.” We will 
designate these last two contributions to the energy 
by Ec(y,A) and Es(v,A) respectively. 


By =4*(N—7’). (6) 


16 Townes, Foley, and Low, Phys. Rev. 76, 1415 (1949). 

177). Pfirsch, Z. Physik 132, 409 (1952). 

18S, Gallone and C. Salvetti, Nuovo cimento 10, 145 (1953). 

19 M. Gursky, Phys. Rev. 98, '1205(A) (1955). 

20 Because of the adiabatic assumption underlying the “strong- 
coupling” approximation, one may ignore the rotational energy 
when determining the equilibrium energy. 
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The observation that Ep(y,A) has an average curva- 
ture roughly equal to the one expected from the 
semiempirical mass formula has led some authors'® 
to conclude that Ep already includes the surface effect. 
This argument is not convincing because (1) the values 
of \ for which Ep attains this average curvature are for 
larger than those realized in nature, and (2) for such 
large values of \ the conventional power series expres- 
sions for Es and Eg fail. In any case, the well-known 
argument that the supression of nucleon-nucleon 
bonding at the surface leads to a “surface-tension”’ is 
still pertinent today, and does not hinge on the demise 
of the liquid drop model. On the other hand, a literal 
interpretation of the mass formula in terms of liquid 
drop concepts is dangerous. To summarize, we would 
say (a) that one should expect some surface energy Es 
above and beyond Ep, and (b) that one should not 
expect its strength to be given by the A! term in the 
semiempirical mass formula. 

As for the particle energy, it is given simply by 


A h? 
Eely)=¥ [(- vet 40 (eo) (7) 


i=l 


where the index i labels the ith nucleon. The factor of 
one-half preceding the expectation value of V(r) 
expresses the assumption that the basic interactions 
which coalesce to form the collective field are two-body 
forces." The expectation values in (7) are elementary; 
one finds that 


Ep(y,\) = thol (Qzy+ Gyy")M+3@"], (8) 


where 
A A 
- x (nz'+}3), Qy= LX (ny‘+3), 
i= i=l 


(9) 


A 
®=2 >) (n.‘+4), 


t=1 


and the n’s are the usual oscillator quantum numbers. 

For the sake of clarity, we shall now approach our 
problem in a series of steps of ascending complexity. 
That is, we begin by ignoring the Coulomb and surface 
effects, and allow only one species of nucleons to fill 
the potential well (5). This will be followed by a 
discussion where both neutrons and protons are 
considered. Finally, we will study the effect of the 
Coulomb and surface energies on Q. 

When Es=Ec=0, the total energy is simply Ep 
[see Eq. (8) ]. The values of (yo,A0) which minimize 
Ep(v,A) as consecutive orbitals in the N=n,+n,+n,=4 
shell are filled with pairs of particles is given in Table I. 


*1 See, e.g., E. U. Condon and G. H. Shortley, Theory of Atomic 
Spectra ’(Cambridge University Press, Cambridge, 1935), Sec. 8.4 
If three-body forces are of importance, one would have to know 
the relative strengths of the two- and three-body potentials 
before one could compute Ep. The author is indebted to Dr. C. 
Schwartz for bringing this point to his attention. 
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TABLE I. Deformation parameters as a function of A. 








60(%)* 


0 
0 
0.16 
0 
0.35 
0.26 
0 
0.59 
—0.61 
0 
—0.24 
—0.29 
0 
—0.20 
0 
0 


A a: Qa, 18 dro 


40+0 50+0 50+0 50+0 1.000 

+0 +0 1.102 

2 1.157 
1.207 
1.219 
1.228 
1.237 
1.215 
0.8149 
0.8149 
0.8373 
0.8571 
0.8745 
0.9129 
0.9478 
1.000 
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* 60(%) gives the percent change in Q when one restricts the deformation 
to axial symmetry (yo =1). 


A brief inspection of this table shows that the deviations 
from axial symmetry (yox1) are extremely small: 
when one assumes an axially symmetric deformation 
(yo=1) the resulting error in Q is always less than 1%. 
In fact, the zero-point fluctuations of y are certainly 
at least as large as yo,” and so an equilibrium deviation 
from axial symmetry cannot establish itself. We should 
add that most of the excited states also prefer deforma- 
tions which are virtually symmetric.” 

Turning now to Ao as a function of the particle 
number A, we note (see Table I) that the first half of 
the shell prefers the prolate (Q>0), the second half 
the oblate (9<0) shape. There is no preponderance of 
either positive or negative Q’s; in fact Q is roughly 
an odd function of A about the half-way point in the 
shell (A4=55). Near the middle of the shell the lowest 
states with A\o>1 and Ao<1 are nearly degenerate, and 
here one can have a situation where yo=1 is not a 
stable configuration.“ Except for such cases, our 
previous conclusion that one may put yo=1 will hold. 

Having disposed of the complications of axial 
asymmetry, we now consider Q as a function of A 
when both protons and neutrons occupy the orbits 
belonging to (5), Coulomb and surface effects still 
being ignored. It is now convenient to define @= @, 
+@,, where the sums in (9) now include both protons 
and neutrons. We also define @p and @p to be the 
partial sums of (9) which include only the protons, i.e., 


G@re= DL (né+n,'+1), Be=2 LD (m'+3). (10) 


protons protons 
In terms of these quantities the quadrupole moment at 
minimum energy is 


Qu'e= Zarda (11) 


@p@B— Gp ) 
@rQ@+i@p@/ 


2 See reference 4, pp. 32-34. 

% All formulas not given in the text will be found in Appendix I. 

“DP. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953), 
Figs. 27 and 28; L. Wilets and M. Jean, Phys. Rev. 102, 788 
(1956). 
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In deriving (11), we have fixed w by requiring the 
mean square radius to be 3r;?A!. 

Figure 1 shows how Qy behaves as a function of A 
when Z=(2A/5). Roughly speaking, 115<4<180 
corresponds to the shell which contains the rare earths, 
while A=180 plays a role analogous to that of the 
doubly magic nucleus Pb”*. The largest Qo in this 
(115-180) “shell” is found to be 5.3 barns for ro= 1.20 
X10-* cm, and 7.4 barns for ro>= 1.45 10-" cm. These 
values of ro correspond to the radii found in electron” 
and neutron” scattering, respectively. The largest 
experimental values" for 1505A<180 are approxi- 
mately 9.2 barns. This very simple model, therefore, has 
equilibrium deformations of the correct order of 
magnitude for the smaller ro, while for the larger ro 
the agreement is quite good. Which of these radii is 
the correct one for this problem is open to question; 
the potential which would give the proper charge 
distribution (i.e., ro>= 1.20 10-" cm) probably would 


_fail to reproduce the neutron-scattering data.?* 


Though this model agrees with experiment in that 
it has large deformations between closed shells, we 
again note the approximate symmetry between the 
positive and negative Q’s. The model does not yield 
the preponderance of positive quadrupole moments 
found empirically. 

We also observe that the model sometimes predicts 
Q to be positive just after a shell is closed (V=40, 
N=70, Z=70). In fact, the disagreement between 
Fig. 1 and the experimental situation'® is rather 
complete near the magic numbers. This result is a 
consequence of the high degree of degeneracy which 
the spectrum of the oscillator possesses at spherical 
symmetry (A= 1). Any small change from the oscillator 
shape would lift this degeneracy of states of different 
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Fic. 1. Quadrupole moment as a function of A (number of 
particles) in an anisotropic oscillator potential. The deformation 
is assumed to be axially symmetric, and Coulomb repulsion and 
surface tension have been neglected. The arrows indicate the 
magic numbers for this model. Z=0.4A throughout. 


23K. W. Ford and D. L. Hill, Annual Reviews of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1955), Vol. 5, p. 25. 
26S. D. Drell, Phys. Rev. 100, 97 (1955). 
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} (orbital angular momentum), and such a potential 
would then lead to the correct behavior in the immediate 
neighborhood of the magic numbers. For the large 
deformations which one finds between the magic 
numbers, such a slight reshuffling of the (A= 1)-spec- 
trum is of little consequence, as we shall see more 
clearly in Sec. III (especially Fig. 5). One should also 
remember that the ‘“‘strong-coupling” approximation is 
only meaningful when the equilibrium deviation is 
large, and so any disagreement between our Q’s and 
the experimental ones is irrelevant when \x~1 (Q~0). 

This model also permits a comparison between the 
quadrupole moment of the actual charge distribution 
Qo and that of a uniformly charged spheroid whose 
semiaxes are 7oA'\o~? and 9A do. This latter moment 
we call Qo“. Both these moments are plotted in Fig. 2, 
which shows that they differ by 15% in the “strong- 
coupling” region (1265A<166). Naturally Qo is 
much more sensitive to the magicity of Z than Qo‘ is, 
and conversely for N (see Fig. 2 for A= 116, 176). 

Our final task is to incorporate the effects of the 
Coulomb repulsion and surface tension. Since we have 
seen that the quadrupole moments of a uniform 
charge distribution approximate the exact Q very well, 
we assume that the Coulomb energy Ec is also well 
approximated by the expression appropriate to a 
uniformly charged spheroid. As for the surface energy 
Es(A), we simply assume it to be proportional to the 
surface area of the spheroid, the proportionality factor 
us remaining variable. (According to the mass-formula, 
ug~14 Mev.)”’ 

The inclusion of Es and Ec¢ changes the equilibrium 
deformation from Xo to Ao(1+«), and consequently the 
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Fic. 2, Comparison of the quadrupole moments belonging to 
the exact charge distribution for particles moving in an anisotropic 
oscillator potential, and an equivalent uniform charge distribution. 
The open circles are the computed values of Qo, the full circles 


Qo. 


27 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), pp. 225-233. 


PROPERTIES OF NONSPHERICAL NUCLEI 


1021 


TABLE II. Dependence of Qo on Coulomb and surface enevey: 


a 


182 186 174 163 
295 304 284 275 
341 354 332 309 
332 345 323 301 
345 359 335 311 
340 355 330 306 
— 336 —354 —322 — 289 
—322 —339 —309 —278 
—314 —332 —301 —271 
—315 —332 — 302 —272 
— 246 —263 —237 —213 
—74 —82 —70 —58 





[O1)/ero?)} 


us =0 us =14 us =28 











quadrupole moment from Qo to some other value 
which we call Qi. Table II shows Q; for us=0, 14, 
and 28 Mev. We note that the sign of 0, is invariably 
given by that of Qo“, while its magnitude differs from 
that of Qo by less than 14% for all the values of us 
considered. 

The prevalence of positive Q’s has previously been 
accredited to the surface and Coulomb energies.”* We, 
to the contrary, find that the approximate symmetry 
between Q>0 and Q<O is completely unaltered by 
these effects. Our failure to explain the predominance 
of positive Q’s can perhaps be attributed to the funda- 
mental shortcomings of the independent-particle model. 
A discussion of these shortcomings is presented at the 
end of Sec. III. 


III. INDEPENDENT-PARTICLE MOTION IN A 
SPHEROIDAL POTENTIAL?*-* 


The model investigated in the previous section does 
not reproduce the magic numbers correctly, ignores 
the spin-orbit interaction, and employs a collective 
potential whose shape is known to be unrealistic."* At 
least the first two of these simplifications must be 
eliminated before one can use the model to compute 
such quantities as a; or the magnetic moment. 

We are therefore led to consider the motion of 


28S. A. Moszkowski and C. H. Townes, Phys. Rev. 93, 306 
(1954). The disagreement between our conclusion and theirs is, 
in essence, due to the fact that these authors have, in contrast 
to ourselves, assumed the orbital angular momentum of a nucleon 
in the spheroidal potential to be conserved approximately. 

2 This and the following section are based on the author’s 
doctoral thesis, Massachusetts Institute of Technology, May 16, 
1955 (unpublished). 

® A calculation whose objectives and methods are similar to 
those of this section has recently been published by S. G. Nilsson, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 29, No. 16, 
(1955). Nilsson employs a collective potential of parabolic shape 
augmented by centrifugal and spin-orbit interactions whose 
strengths are chosen so that the correct magic numbers result. 
Although the oscillator is not as realistic a potential as we shall 
employ, it does admit to a much more accurate solution than we 
were able to obtain. The final results of the work reported here 
and that of Nilsson seem to be in qualitative agreement—for 
more details, see references 37 and - 

aS. A. Moszkowski, Phys. Rev. 99, 803 (1955), has computed 
energy eigenvalues (though not wave functions) for particles 
moving in a spheroidal square well of infinite depth oe also 
reference 38). 
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Fic. 3. Level scheme at spherical 
symmetry (A=1 or 8=0). These 
energies are called E,;” in the 
text (Sec. ITT), where w= (—1)!. 
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nucleons in a collective potential which is constant 
(— Vo) throughout the interior of the nucleus, and then 
rises to zero quite rapidly. One may, to a limited extent, 
avoid a set of assumptions as to the well shape and 
the strength and nature of the spin-orbit force by 
assuming, instead, a (A=1)-level scheme. The radial 
integrals required to carry out the calculation will, of 


course, depend on the well shape. Nevertheless, we 
will show (Appendix II) that for potentials which are 
flat over the major part of the nuclear volume and then 
rise to zero in a distance small compared to 179A}, these 
integrals can be evaluated approximately with square 
well wave functions. 

Our (A= 1)-scheme is very similar to Klinkenberg’s" ; 
it is shown in Fig. 3. The separation between levels of a 
given shell are arbitrarily taken as shown, and fit in 
roughly with the observed separations as given by the 
data on isomerism® for nuclei near the magic numbers. 
The gaps between the major shells are taken from the 
experimental data®* on such nuclei as Pb®®, As we have 
already pointed out in Sec. II, and as we shall illustrate 
below (see Fig. 5), the details of the (A=1)-scheme are 
not important in the strong-coupling region; it is only 
important that the levels be in the proper shells. 

To each level of the (A=1)-scheme there belong 
(2j7+1) single particle spin-orbitals Yo"(mj), (m—1) 
being the number of radial nodes, 7 the total angular 
momentum of the particle, 2 the projection of j on 
the symmetry axis, and w the parity (+1). These 
wave functions are assumed to span a subspace of the 
Hilbert space whose basis vectors are ali solutions of 
the Schrédinger equation 


h 
[r+ V(r) +U(r,-v,8)—E,, i Wvar(n =0; (A=1). (12) 
1 


Here T is the kinetic energy, V(r) is a purely central 
potential, and U(r,(4/i)V,s) represents the spin-orbit 
interaction, s being the spin vector of the nucleon. 
The eigenvalues E,,;” are the energies shown in Fig. 3. 

We now make the further assumption that for 
\#1, only the potential V in the Hamiltonian of (12) 
changes, but not U. This simplification is motivated 
by the fact that U is much weaker than V.* We may 
then write the \-dependent part of the Hamiltonian as 


V(t,A)= V(r) +W (1,8,), (13) 
V@l=V(r), (13’) 


6 being the azimuthal angle. The deformations described 
by (13) are, as always, assumed to be of the spheroidal 
shape. We have been unable to express W in closed 
form, and are therefore forced to expand it in a power 
series about A=1: 


Ww (7,0,)~BW 1 (r,0) + ew 2 (r,0) + eT ae (14) 


Here we have introduced Bohr’s 8 as an expansion 
parameter. Our ) is related to 8 through 


B= (44/45)*X-(\?— 1). 


® M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 

% Elliott, Graham, Walker, and Wolfson, Phys. Rev. 93, 356 
(1954). For a comprehensive compilation of such data, see 
G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

% See, e.g., Adair, Darden, and Fields, Phys. Rev. 96, 503 
(1954). 


(15) 
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Expressions for W and W. will be found in Appendix 
II, while the consequences of retaining only quadratic 
terms in # are discussed at the end of this section. 

We now return to the wave functions x introduced in 
Sec. I. They can be written as linear combinations of the 
complete set defined by (12): 


xa" (kB) = 2) Co¥(kB|nj)~a"(nj), 


(16 
x-0"(8) = X (—1)4Ca”(kB| nj)¥-0" (nj). 


The quantum number & serves the same purpose here 
as in Eq. (1). 
The secular equation 


DX Co” (kB | n’7’){LEnj”— Eo” (k ; 8) Jbn, 93, 5 
n’j’ 


+(njQw|W|n'j'Qw)}=0, (17) 
then determines the coefficients Co, and the energy 
levels Eg”(k; 8) in the spheroidal force field. Since the 
energy only depends on the absolute value of Q, all 
levels are doubly degenerate. 

Clearly we cannot diagonalize the infinite matrix 
defined by (17), and we have to confine ourselves to a 
finite subspace. Since we will be interested in nuclei 
between the magic numbers 50 and 126, we restrict 
ourselves to the subspace spanned by the states Yo” (j) 
lying between magic number 8 and the top of the shell 
above 126. This subspace is just the one illustrated in 
Fig. 3. 

The radial integrals implicit in the matrix elements 
of W still remain to be determined. These are the 
integrals which we compute with square well radial 
functions; the validity of this procedure is briefly 
discussed in Appendix II. 

The eigenvalues Eg and eigenvectors Cg have been 
found*® for six values of 8 (+0.2, +0.3, 40.4), one 
well depth (Vo=35 Mev), and one radius [Ro= 1.45 
xX (170)#10-" cm]. The energy levels are shown in 
Fig. 4, but because of limitations of space, the coeffi- 
cients Cg are not reproduced here.** 

A glance at Fig. 4 shows that the deformation 
completely destroys the shell structure of the (8=0)- 
scheme. As we have remarked above, the level scheme 
for large deformations depends only on the gross 
features of the (@=0)-scheme, and not its details. 
To illustrate this point, we have carried out the 
computations for a set of |Q|=4 states which are 
grouped into (a) completely degenerate, and (b) 

35 The diagonalization was carried out on Whirlwind, MIT’s 
digital computor. We would like to thank Mr. F. J. Corbato and 


Dr. A. Meckler for supplying the necessary programs. 

86 Tables of Cp have been deposited as Document number 4881 
with the ADI Auxiliary Publications Project, Photoduplication 
Service, Library of Congress, Washington 25, D. C. A copy may 
be secured by citing the Document number and by remitting 
$1.25 for photoprints, or $1.25 for 35 mm microfilm. Advance 
payment is required. Make checks or money orders payable to: 
Chief, Photoduplication Service, Library of Congress. 
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separated shells, when 6=0. The results are given in 
Fig. 5. We see that for the larger values of 6(>0.2), 
the two sets of levels agree extremely well. 

An inspection of the tables** of the Co’s reveals that 
for the majority of states these quantities are rather 
slowly varying functions of 8, once 8 20.2. This means 
that a; and the magnetic moments will not, in general, 
depend sensitively on 8 in the strong-coupling region. 
There are exceptions to this rule, of course; for example, 
xa*(R=8, B>O) and xy*(k=13, B>O) have very 
rapidly changing coefficients. This behavior is a 
consequence of the Wigner-von Neumann no-crossing 
theorem, which states that any pair of levels having 
the same parity and © cannot cross, and that their 
expansion coefficients will be exchanged as one passes 
from one side of the point of closest approach to the 
other. 

Before we consider any applications of the levels 
scheme and wave functions, we must discuss the 
implications of the various approximations we have 
made. The three basic errors in the procedure outlined 
so far are due to (i) the deletion of a minority of the 
bound states (those below magic number 8) as well as 
the complete continuum; (ii) the truncation of W as 
expressed by Eq. (14); (iii) the basic assumptions 
listed at the end of Sec. I. We shall not discuss the 
latter again except as they affect (i) and (ii). 

It is relatively easy to estimate the importance of the 
neglected bound states by simply enlarging the matrix 
by a few steps and repeating the diagonalization. This 
has been done for one case, and one finds that the 
quoted results are reliable, except at the top of the 
energy scale (see Fig. 4), where most of the levels 
rise to sharply and would be forced down by the 
states above.*? Most of the nuclei with which we are 
concerned are found not to occupy these unreliable 
levels, and so we are justified in deleting some of the 
bound states. It is much more difficult to estimate the 
effect of the continuum; all we can say is that it will 
tend to push all the computed levels downward, i.e., 
add a negative term to each level roughly quadratic in 
8. One would expect the continuum to depress a set of 
neighboring states by roughly the same amount, and 
since only relative positions of levels are of importance, 
only the fluctuations of these depressions would be of 
consequence. We may therefore hope that the deletion 
of the continuum also does not introduce any appreci- 
able errors. 

37 B. R.yMottelson and S. G. Nilsson have also assigned spins 
in this region, using Nilsson’s level scheme. The agreement with 
experiment seems to be as extensive as ours. A comparison of 
our level schemes show that they have many characteristics in 
common and differ mainly in the details of level ordering up to 
the middle of the 82-126 shell. Above this point (defined roughly 
by the Hf isotopes) we differ considerably, as is to be expected 
since the deletion of the continuum becomes rapidly less justifiable 
as the top of the discrete spectrum is reached. A more detailed 
comparison of our schemes will be possible when Nilsson’s results 
concerning moments, ax, etc., are published. [In this connection, 


see also B. R. Mottelson and S. G. Nilsson, Z. Physik 141, 217 
(1955) for a discussion of Tm!®, and compare with our Table ITI. } 
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Fic. 4. Level scheme in a de- 
formed potential. The properties of 
this potential are described in Sec. 
III. The levels are here designated by 
(k,2|Q|,w). The quantum number & 
is defined by the position of the level 
as 8—0 in the manner indicated. The 
lowest levels shown originate from 
1fsr2, the highest from 2g9/2. The 6 de- 

ndences of the other levels of Fig. 3 

ave also been computed, but are not 
shown because the calculation is un- 
reliable for E210 Mev, EX —7 Mev, 
where £ designates the energy scale 
of the graph. The zero of the F-scale 
is arbitrarily taken at the level (6@=0, 
n=1,j=9/2, w=+1). 
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As for the expansion of W, there is no practical way 
of estimating the importance of the cubic and higher 
terms, In the case of the oscillator model, this expansion 
results in energy levels and wave functions which agree 
quite well with the exact solutions (see Fig. 6). On the 
other hand, these same approximate levels lead to a 
strong favoring of positive quadrupole moments. As we 
know, this is not true of the exact solutions. 

We therefore believe that our method will give energy 
eigenvalues** and wave functions which are sufficiently 
accurate for level assignments and the computation of 
such quantities as a,, the magnetic moments, and 
transition probabilities. Our energy levels are, unfor- 


COMPARISON OF DEGENERATE AND NON-DEGENERATE SHELLS 

















¢ al 4 


Fic. 5. Comparison of degenerate and nondegenerate shells 
for |Q|=4, w=+1. The solid curves are taken from Fig. 4. 
The broken curves show the levels one obtains when one assumes 
completely degenerate shells at 6=0. The quantum numbers of 
the levels when 8=0 are shown on the left. 


38 J. Uretsky [Ph.D. thesis, Massachusetts Institute of Tech- 
nology, May, 1956 (unpublished) ] has computed eigenvalues for 
the spheroidal square wall of finite depth, but without spin-orbit 
interaction. He finds that Moszkowski’s approximation method 
(reference 31) yields more accurate results for energy levels 
than does an expansion of our type [see Eq. (14) ]. Any further 
comparison between our work and that of Moszkowski is difficult, 
since he has not computed wave functions and therefore cannot 
determine many quantities such as the magnetic moments. As 
for the equilibrium deformations, Moszkowski’s calculations do 
not extend into the heavy-element region. Because of the deletion 
of the spin-orbit coupling, Uretsky’s results can also not be 
compared directly with ours, nor with the experimental data. 
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Fic. 6. Comparison of exact and approximate levels in a 
deformed oscillator potential (V=4) shell. The approximation 
corresponds to an expansion in powers of 8 up to and including 
quadratic terms. 


tunately, too crude to determine the equilibrium 
deformation 8» and the associated quadrupole moment. 
This failure to predict 8» is seen in a somewhat better 
light®* if one remembers that the determination of the 
equilibrium deformation is, in essence, dependent upon 
a knowledge of the total binding energy as a function 
of 8. That such knowledge cannot be extracted from 
the independent particle model is well known. Let us 
briefly review the reasons for this last observation, and 
rephrase the argument for our purposes.” If we assume 
that the spherically symmetric potential V(r) which 
appears in Eqs. (12) and (13’) is the result of a Hartree- 
Fock calculation, we have implicitly assumed that the 
spatial dependence of the fundamental nuclear forces 
are such as to lead to weak correlations (little particle 
clustering). For the sake of argument, let us agree that 
this implicit assumption is justified. When we deform 
V(r) as previously outlined, the resultant potential 
V(r,A) is not self-consistent, even if V(r) was. That is 
to say, the value of 8» determined in the naive fashion 
of Sec. II will not necessarily minimize the expectation 
valve of the many-body Hamiltonian with our states x 
as trial functions. We should also note that the inclusion 
of a surface tension is merely a symptom of the lack of 


%® We should point out that the levels of Fig. 4 do lead to large 
equilibrium deformations between the magic numbers. They are 
too crude to reliably determine (o’s actual value or sign, but are 
completely consistent with the fact that 0.25¢60.4 for the 
nuclei of interest. 

See reference 27, pp. 278-292. K. A. Brueckner, Phys. Rev. 
100, 36 (1955). 
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self-consistency : a truly self-consistent procedure would 
automatically account for the depletion of bonding as 
the surface area is increased. It is to be expected that a 
classical surface tension can, to a certain extent, 
compensate for the lack of self-consistency. 

Even if we ignore all the fundamental shortcomings 
of our method, and boldly assume that V(r,A) is the 
self-consistent potential for an A-body system 
interacting through two-body forces, our computational 
difficulties are still not resolved. For, as we had seen in 
Sec. II,” in addition to the energy levels, one must 
also know the expectation value of V(r,A) in all the 
states x. The evaluation of these expectation values is 
a formidable computational task which we have not 
undertaken. Finally, a proper calculation of Q as a 
function of A would require a set of level schemes such 
as the one of Fig. 4 for a variety of nuclear radii.” 

The shell model scheme is employed only as a guide 
in assigning spins and estimating magnetic moments and 
decay probabilities. It is not intended for computing 
binding energies. Our scheme has similar limitations. 
It does not claim an essentially broader area of applic- 
ability than the shell model does, and is to be treated 
as a replacement of the latter whenever the deviations 
from spherical shape are large. 


IV. GROUND-STATE SPINS AND 
MAGNETIC MOMENTS 


In the strong-coupling limit, and with the assumption 
of independent-particle motion in the deformed 
potential, the spin, parity, and magnetic moment of 
nuclear states are easily determined. For even-even 
nuclei, the ground state has spin zero and even parity, 
since all levels are degenerate in +Q, and filled pair-wise. 
The magnetic moment, spin, and parity of the ground 
state of odd-A nuclei are completely determined by 
the odd nucleon. The parity is that of the level occupied 
by the odd particle, and the spin Jo equals the 2 value 
of this level, unless || = 4, in which case J) depends on 
a,'°. The matrix element which defines a, [see Eq. (4) ] 
is readily evaluated in terms of our wave functions x. 
One finds that® 


a= Dinj(—1)-4(7+4) | Cyr (RB | mj) |?. 


Under the assumptions stated above, the magnetic 
moment is given by the expectation, value of the 
operator 


(18) 


Mop= gcNa+ gil + £52 (19) 


1 Nilsson’s model (reference 30) has a great advantage in that 
one may easily compute the spectrum as a function of A (i.e., 
radius). The greater accuracy of his solution has enabled B. R. 
Mottelson and S. G. Nilsson [Phys. Rev. 99, 1615 (1955)] to 
compute the equilibrium deformation as a function of A, the 
agreement with the experimental data being excellent. One should 
remember, however, that the fundamental difficulty (i.e., lack 
of self-consistency) which we have discussed is common to all 
existing calculations. 

4A. Bohr, Rotational States of Atomic Nuclei, doctoral thesis 
(E. Munksgaars Forlag, Copenhagen, 1954). 
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in the strong-coupling state (1) with M=J. In (19) 
Ny, ly, and s, are the projections of the collective, 
odd-particle orbital, and odd-particle spin angular 
momenta on the space-fixed z’-axis, respectively. ge 
is the g-factor for the collective rotation and is presum- 
ably of order Z/A (0.4), although there is some 
evidence that gc might be smaller than this.** The 
other g-factors have their usual meaning: g;=0 or 1, 
g:= —3.83 or 5.59, depending on whether the odd 
nucleon is a neutron or proton, respectively. We may 
eliminate N, and /,, from (19), and write the magnetic 
moment as 


w= gcl+ (gi— gc) (je) Mart (gs— g1) (Se) Met: (20) 


The expectation values appearing in (20) have been 
evaluated elsewhere,”*° and are listed in Appendix III. 

One of the interesting properties of the strong- 
coupling magnetic moments is that they always lie 
inside the Schmidt lines.’ Another most striking 
feature of these moments is that they do not have the 
simple connection with the parity that the shell model 
moments do. This is immediately understood if one 
recalls that our state x is composed of orbitals Yo"(m/) 
belonging to opposite Schmidt lines. From this it 
follows that in the regions of strong deformation the 
proximity of the magnetic moment to the Schmidt 
lines does not determine the parity of the nuclear 
ground state. This fact makes the determination of 
the absolute parity of nuclear states very difficult (see 
Appendix ITI). 

We have assigned spins and parities to the nuclei 
in the region 1505 A<190 by filling our level scheme 
(Fig. 4) with the required number of particles, and 
noting the quantum numbers of the level occupied by 
the odd nucleon.*7 The magnetic numbers are then 
computed with the coefficients Co, as are the quantities 
ax. The results are collected in Table ITI. 

The assigned level is not always the very lowest 
state according to the detailed scheme of Fig. 4, but 
might be either a level just above, or below the obvious 
assignment. This is done, admittedly, to improve the 
agreement with experiment. One attempts to justify 
this by arguing that the detailed ordering of levels in 
our scheme is not completely reliable, while the coeff- 
cients Co should be more trustworthy. This can be 
seen by referring to Fig. 5, which shows that the 
details of the assumed level scheme (Fig. 3) have only 
small effects on a set of levels having one particular 
value of |Q|, and that these levels are well separated 
for large 8. The relative positions of levels with different 
|Q| are not so independent of the detailed assumptions. 
We also noted that the coefficients Cg are, with only a 
few exceptions, qualitatively independent of 8, and so 
the Co’s are expected to be fairly insensitive to the 
detailed assumptions. 

In Table III we have graded the assignment as 
“excellent” when the level assigned is determined by a 
literal interpretation of our level scheme—i.e., the 
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TABLE III. Spins and magnetic moments.* 











Assignment 
(k,|2|)8 


(7,5/2) 0.2 
(5,5/2) 0.4 
(6,3/2) 
(7,7/2) 
(8,1/2) 0.4 
(7,7/2) 0.4 
(5,7/2) 0.4 
(6,5/2) 0.2 
(6,5/2) 0.2 

(10,3/2) 0.2 

( 83/2) 0.4* 

(11,3/2) 0.4 

(13,7/2) 0.4 

(12,1/2) 0.3 

(11,5/2) 0.3 

(10,7/2) 

(13,9/2) 

? 


(14,1/2) 0.2 
(7,5/2) 0.2 
(3,1/2) 0.2* 


Mth 
(ii) 


3.00 
0.86 
2.19 


Nucleus Odd-part. 


Eu! Z=63 

Eu! 63 

Tb” 65 

Ho!#5 

Tm'® 

Lu’ 

Tal® 

Re! 

Re!8? 

[r,s 

Gd!55 

Gd's7 { 
Er's7 

Yb'7 
Yb!73 
Hf}? 
Hf!” 
Ws 

Os!8? 
Pd 
Agi 


Remark Tobs 


b 
b,c 


(1,w)th 


(5/2) — 
(5/2) + 
(3/2)+ 
(7/2) — 
(1/2)+ 
(7/2) — 


(iv) 
2.74 
2. 20 


(iii) 
2.90 


0.43 
2.35 


—0.39 
4.3 
1.30 








2.96 


—0.16 
—0.81 
—1.07 

0.63 
—0.97 


~0.83 
0.52 
—0.76 


0.09 ? 

0.71 0.82 0.76 
—0.57 —0.54 —0.55 
—0.13 —0.33 —0.24 


0.76 
—0.74 
—0.37 


0.69 
—0.65 
—0.28 


exc. 


Z=47 good 








® The theoretical magnetic moments correspond to the following variety of g-factors: (i) gc =0.40, g. unquenched; (ii) gc =0.40, gs quenched 10% ; 
go gc =0.25, gs unquenched ; (iv) gc =0.25, gs quenched 10%. The asterisk (*) after an assignment indicates that the state in question has coefficients 
ey = — to variations of 8. For a compilation of experimental spins and moments see R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956). 
reference 
¢ This nucleus has states of intrinsic excitation at 97 kev and 103 kev; the first decays to ground via E1, the second via M1 radiation [N. Marty, 
Cm. rend, 238, 2516 (1954) ]. The first of these excited states could correspond to our orbit (7,7/2,—), the second to (6,3/2, 
The observed value of as = —0.74, while we obtain —0.56. For a detailed discussion of this nucleus see B. R. Mottelson and S. G. Nilsson, Z. 
Physi 141, 217 (1955). 
¢ If one uses Eq. (C6) of Appendix III, one finds that the observed values of as and uw are not compatible with w= —1. One should note, however, 
that this nucleus has a rotational spectrum which does not obey Eqs. (2) and (3) (Sec. I) even when corrections for the rotation-vibration interaction have 
been applied. A. K. Kerman [Kgl. Danske Videnskab. Selskab, Mat.-Fys. Medd. 30, No. 15 (1956)] has successfully interpreted this as an effect of 
a rotational perturbation which destroys ~-amanieed of 2, The spectrum of W"* is such that this perturbation will not change the ground state moment, 


but it will alter ag and its relationship wit 


t Excited states with J =4 (612 kev) oat r =5/2 (480 kev) have been observed (see Alaga et al.™). Our scheme does not provide for an (J =})-state in 
this region, since ax for both (9,1/2,+) and (11,1/2,—) is such that J #9. On the other hand, the decay scheme is not completely understood, since 
the 612-kev level has two unresolved components [R. V. Pound and A. Sunyar (private communications) > 

& Gd!55 has two nucleonic excited states at 86 kev and 105 kev, both of which go to ground via £1 transitions [E. L. Church, Bull. Am. Phys. Soc. Ser. 


II, 1 
» The theoretical value of ax =1.2. 


i The experimental level scheme [Marmier, Boehm, and DuMond, Phys. Rev. 98, 280(A) (1955) ] indicates that the ground state has Jo =7/2; 


, 180 (1956) ]. One of these could be the incorrectly assigned 2 =3/2 level, the other any of the orbits (13,5/2,+), (13,1/2,+) or 


(12,1/2,—). 


this is 


confirmed by the recent spectroscopic measurements of D. R. Speck and F. A. Jenkins, Phys. Rev. 101, 1831 (1956). There is an intrinsic excitation at 320 
kev which is tentatively “7, es as I =9/2, with opposite parity to that of the ground state. This excited state would correspond to our orbital (13,9/2,+) 


which lies just above (10, 
i The spin of Hf!”* has sb ‘been determined by 


2,—) in Fig. 4. For a discussion of the magnetic moment, see footnote j. 
D. R. Speck and F. A. Jenkins, Phys. Rev. 101, 1831 (1956). Furthermore, they find that R =u(Hf!"")/ 


pw (Hf!) = —1,.28. With the assignments as shown, we find that Rineo = —1.47. The theoretical moments which lead to this are 4(177) =1.56, 4(179) = —1.06 


for gc =0.40, gs unquenched. 
k The theoretical value of as = —0.35. 


1 The strong-coupling approximation is probably not valid for this nucleus. 

m The experimental information concerning this nucleus will be found in Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 29, No. 9 (1955). If one interprets the levels observed in Coulomb excitation as a rotational band, one finds that as (obs) =0.67, while the 
theoretical value is 0.65. There is also an excited nucleonic state at 88 kev which decays by emitting #3 radiation. This level would be our state (4,7/2,+) 
which is seen to lie just above (3,1/2,—) for 8 ~0.2. The E1 transition from the 400-kev rotational state to this (7/2, +)-state is 10® times slower than the 
single-particle estimate. This is partially due to K-forbiddeness, but can also be attributed to the fact that our state (4,7/2,+) is almost a pure (96%) 
(j =9/2)-state, — the ground state has only 1% of (j =9/2) and (j =7/2) in it. There is therefore a very important suppression of the nucleonic £1 


matrix element. 
the (7/2,+-)-state by the E3 operator. 


detailed ordering of Fig. 4 is taken at face value. There 
is only one qualification here, which is that we put 
assignments under the “excellent”’ category when the 
higher of two levels which cross each other is occupied 
first, as for example the pair of orbits (5,5/2,+-) and 
(7,5/2,—). This is justified since we do not expect our 
calculation to give us the exact crossing point, and also 
because we do not know too well from the experimental 
data. When one has to go somewhat astray to attain a 
reasonable assignment, the grading is “‘good.”” Thus the 
“excellent” assignment for Lu’”® would be (8,1/2,+) or 
(10,3/2,—), while the assignment which has the 
correct spin is (5,7/2,+) and is termed “good.” 

In the strong-coupling region there are fifteen 


* The lower limit of this region is quite well defined by Sm!.15 
[G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955) ]. The upper limit is somewhat ambiguous but appears 
to lie between W!* [Murray, Boehm, Marmier, and DuMond, 


As for the isomeric transition, the suppression is not nearly so drastic, since about 20% of the ground state can be connected to 


odd-A nuclei whose spin is known, and we are able to 
assign eleven in the category “excellent,” three in 
“good,” and for one (W'*) no level which has the 
correct spin and a reasonable value of yu or a, is available. 

In addition to assigning spins, we have also computed 
mu for these nuclei. The agreement between theory and 
experiment is more limited here. This was to be expected 
since u is sensitive to the structure of the wave function 
xo. We thus find serious disagreement between prn 
and yobs for Eu'*, Lu'”®, and of course W'*. In some 
other cases, the value of un leaves something to be 
desired. Nevertheless, there are a number of important 
successes. Thus the great difference between the 
moments of the two europium isotopes is reproduced, 
Phys. Rev. 97, 1007 (1955)] and Os'** [Johns, McMullen, 
Williams, and Nablo, Can. J. Phys. 34, 69 (1956) ]. The data of 


the last reference would appear to indicate that the strong-coupling 
approximation is not valid for Re!*. 
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a fact that the shell model is unable to explain.“ There 
is also reasonably good agreement between theory and 
experiment for both a; and w in Tm’® (see footnote d 
of Table ITI). 

Besides these nuclei which are almost certainly in 
the strong-coupling region, there are a small number of 
examples which may lie outside that region. For three 
nuclei of this latter class (Re'**.'87, Os!8*), “excellent” 
assignments which lead to extremely good values of 
wen are available. For the Ir isotopes an “excellent” 
spin assignment is also possible. 

The spins and moments for two lighter nuclei (Pa, 
Ag™*) have also been evaluated, and are listed in 
Table III. The strong-coupling approximation is 
probably not applicable to these nuclei, since the 
quadrupole moments found in their neighborhood are 
not sufficiently large. 

Lastly, we have calculated these moments not only 
with gc=(Z/A)=0.40 and the free-space g,-factors, 
but also with gc=0.25 and 10% quenched nucleon 
g-factors.** The results are given in the last three 
columns of Table III. These changes in the g-factors 
effect the value of yu slightly, but it is difficult to discern 
any systematic improvement due to such alterations. 
It would appear that there is a very doubtful improve- 
ment with gc=0.40 and g, 10% quenched. This should 
not be taken too seriously, however, since (yovs-utn) 
is often much greater than (ytn-u'tn). 

We believe that the spin assignments based on our 
level scheme are much more successful and effortless 
than those of the shell model.” In the latter there are 
simply too many states of high spin in this region of the 
isotope chart, and so one must resort to rather uncon- 
vincing level assignments to obtain the very large 
number of low spins demanded by the data. In the 
strong-coupling approximation, on the other hand, the 
majority of states will necessarily have low spins, 
since every state of the 8=0 scheme has a substate with 
Q= 5, etc. 

One should note that our scheme invariably assigns 
the correct spin for 63<€Z<77 (except for Z=71, 
which falls under “good”’), and similarly for 99 <N 
£105. For N=107 we have the important flaw of 
W'* 46 which is probably due to the fact that our 
calculation should be quite unreliable for states near 
the top of the well.*7 To summarize the information 
contained in Table III, we would therefore say that 
our scheme must be essentially correct for the strongly 
deformed nuclei whose odd particles lie in the 50-82 
shell or the lower part of the 82-126 shell. 

Finally, we should remember that the assumption of 
completely independent particle motion is a rather 
drastic simplification. The nucleon mean free path as 

“A. Arima and H. Horie, Progr. Theoret. Phys. (Japan) 12, 
623 (1954). 

46 F, Bloch, Phys. Rev. 83, 839 (1951); A. de Shalit, Helv. 
Phys. Acta 24, 296 (1951). 

“6 A detailed investigation of this nucleus has been made by 


A. K. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 30, No. 15 (1956). 
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deduced from the optical model" indicates that the 
residual interactions are by no means negligible, 
though considerably smaller than one thought them to 
be before the advent of the shell model. One might hope 
that the inclusion of internucleon forces would not be 
too important for the determination of the essential 
features of the level scheme of Fig. 4, but they would 
undoubtedly effect the wave functions and therefore 
the magnetic moments. 

The author takes great pleasure in acknowledging 
the helpful guidance, friendly interest, and constructive 
criticism with which Professor Victor Weisskopf has 
always been so liberal. He is indebted to Professor 
Felix Villars for numerous discussions concerning all 
facets of this problem, and to Professor Aage Bohr 
for a very informative conversation during the early 
stages of the work. Dr. E. Church, Dr. A. Sunyar, and 
Dr. M. Goldhaber kindly brought some of the experi- 
mental information discussed in Table III to the 
author’s attention. 


APPENDIX I 


The particle energy Ep(y,) [see Eq. (8) ] is minim- 
ized for 


i ome (@,/@z)'=yo0; A= [38(@,@,)*}#=ro, 
and the corresponding value of Ep is 
Ep (yo,Ao) = (9/4)2-*hw(@2@,8)*. (A2) 


For each value of A one must determine which levels 
should be occupied so as to get the lowest possible 
minimum energy. The solution of this problem is 
greatly facilitated if one studies the equilibrium energy 
Ep(ye,Xo) as a function of @,, @,, and ®, and not the 
original expression (8). 

Let us now consider the three-parameter symbol 
(@:, @,, ®) which characterizes each state. If (for 
fixed A) two states have symbols which differ only by 
a permutation of the three entries, the states are 
identical and should not be counted as two distinct 
states. This remark follows from the observation that 
two such states differ only by a redefinition of the 
x, y, or z axis in the rotating coordinate system, and are 
therefore one and the same physical state. 

We assume that we have completely filled the 
orbitals belonging to the shells V=0, 1, 2, ---, k—1 
with pairs of particles. The total number of particles 
is then 


(Al) 


A,-1= 7 (s+1)(s+2). 


We now proceed to fill the shell V=&. It then follows 
from (A2) that for any A<A, the lowest state is 
realized when only orbits belonging to the shell N=k 
are occupied. That is to say, by raising particles to 
higher shells (V>k) we always construct an excited 
state. This means that if one is only interested in the 
ground state, @., @,, and ® are not independent 
variables, since for all occupations that have to be 
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considered, 


A 
Q@2+ Qy+}8=C= DP (Ni+9). 
i=l 
Evidently @ depends only on A and not on the quantum 
numbers mz, my, m, of the last occupied levels. 

It will now be convenient to introduce new variables 

n and & by 
Cé= Qy— Qz, Cn= 4®—3C, 
in terms of which (A2) becomes 
P+? +n(P—17)= R, (A3) 
with 
R?= (4/27) —3 (8Ep/9Chw)'. 

Since ||, |&|<«1, (A3) is approximately an ellipse. 
The larger the semiaxes (®,V3@), the lower is the 
energy. It is then a simple matter to compute ® for 
each possible state of A particles; the state with 
largest ® is the ground state. The results quoted in 
Table I were obtained in this way. 

Having determined (7yo,\o), one then computes the 
quadrupole moment by assuming the charge Ze to be 
uniformly distributed throughout an ellipsoid whose 
semiaxes are (Ryo~'Ao~!, Ryodo, Rdo). This moment is 
given by” 

Q= $ZeR®(yo!do)L (Ac?— yo?) + (vo'— 1) A’— 370°) J, 
which, for small deviations from axial symmetry, is 
well approximated by 

QO~3ZeR*A7 L(A —1)— 4624+ --+].  — (A4) 
Here, as before, &,,?=yo'—1. The last column of 
Table I is computed from (A4). 
With the restriction to cylindrical symmetry (yo=1), 
the equilibrium value of \ becomes 
Ao= (6/G)!, (@=A,4+4,), 
and the corresponding energy is 
Ep(do) = (9/8) hw( @?B)}. (A6) 


The most advantageous level occupations are obtained 
if one adheres to the simple rule that for \>1 states of 
highest m, are filled first, and vice versa for \<1. 

The quadrupole moment of the charge distribution 
belonging to the wave function is 


(AS) 


Zz 
Q=e>d> (222—-x7—4,7); 
i=l 


(A7) 
= e(h/mw)do* (Bpro!— Gp). 


The requirement that the mean square charge radius is 
given by 2r0°A! determines hw to be 


hw = (5/3) me? (An/10)?A-1Z— (@2B)-# 
X (@p@+43B8pB), (A8) 


‘47 Perhaps we should point out that this and all other formulas 
given in this paper for Q refer to the quadrupole moment of the 
charge distribution as seen in the rotating frame. The relationship 
between our Q’s and the spectroscopically observed value is 


Qode=(3K*—J (7+ 1) LU +1) (27+3) T70. 
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where Ay is the Compton wavelength of the nucleon. 
If we now substitute (A5,8) into (A7), we find the 
expression for Qo” given in the text. 

The other quadrupole moment Qo‘ defined in the 
text is obtained directly from (A4,5) with &,=0, 
R=1n,A!: 


Qo = Zerp?A1Z(@28)-1(@*— @?). (A9) 


The surface energy is given by 
sine (A>1) 


, (A10) 
(A<1) 


Es(A) = jus tent | 


sinhe 
where the eccentricity ¢ is defined by 
e= +L] 40Q%—1)| }}. 
Jee Coulomb energy for a uniformly charged spheroid 
a 4 In(ite)(1—¢)7 


tan le (A <1) 


(A11) 


(\>1) 
Eo(A) = Eo’(A) "X | 
b= (3Z%e2/51r0A}). 


When we add Es and £¢ to the particle energy, the 
equilibrium point is shifted from Ao to Ao(1+«). For 
|x|<1, we find that 


8 
k-~——[EcTc(Ao)—§usAT's(Ao)], (A112) 


3Bhw 
1+e 
2\3o+3 In (A>1) 
—o+( ~)x 1—e ; 


2r3oe 
tane (A <1) 
No—3 sine (A>1) 
Ps) =-¥-20)+( )x| , 
Noe sinhe (A<1) 
(A13) 


and 
o=)—3(A3—1). 


The approximate expression (A12) is adequate since 
we find that |x| <4x10~ for us<28 Mev. 
The total energy at equilibrium is 


Er(\1)=Ep(r)+£Es(r)+£c(Qs) [Ar=Ao(1+«) ] 
™(1—4«)Ep(\o)+£s(ho)+Ec(ro). (A14) 


The factor (1— 4x) preceding Ep(Ao) in (A14) must be 
taken into account. Its neglect leads to the erroneous 
conclusion that Es tends to favor positive quadrupole 
moments. One must also use the closed expressions 
(A10,11) for Es and E¢; for the values of \ considered, 
the expansions in powers of o are inadequate. 

The correction to Qo due to the shift Ao—A, is 
found by simply replacing Ao by Ao(1+«) in (A7). We 
obtain 

BpB+4Gp@ 
0:°°— Qu 1+ eceantitinie 


@pB— ApQA 
48 See, e.g., K. Woeste, Z. Physik 141, 643 (1955). 


)+ow)| (A15) 
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APPENDIX II 


The potential V(r,\) can be rewritten as 
V(r,A)= V[Er(1—c)/*(1—¢ cos’6)*], (B1) 
where o is defined by (A13). By expanding (B1) in 
powers of o, we find that 
W1(r,0)= — Voo(0)rV'(r), 
We(r,0) = (5/4m)[1—2(44r/5)*¥ 20(8) WV" (r) 
+[¥20(6) PLP V"(r)—rV'(r) J, (B3) 
where Yo is a normalized spherical harmonic, and 
primes indicate differentiations with respect to the 


argument. If V(r) is assumed to be a square well, 
the required radial integrals are 


(nb|rV'(r)\n'l’)=2V 0K Kw 
nw (5+ FutFwr)(nl| PV" (7) 
—1V'(r)|n'l’), (BS) 


where F,, is the logarithmic derivative of the radial 
function on the nuclear surface, and the K,,; are readily 
expressed in terms of Hankel and Bessel functions.” 
The quantity K,,; is found to vary smoothly and slowly 
as a function of binding energy in the well, and to 
depend only slightly on the well depth and the quantum 
numbers. It is plotted in Fig. 7 for two values of Vo. 
The simple dependence of K,,; on the binding energy is 
readily understood in terms of the virial theorem: 


(rV'(r))=2(T), 


(B2) 


(B4) 


(B6) 


| Knut] =[(T)aVor}. (B7) 
Equation (B6) holds for any well shape; the relation 
(nb|rV'(r)|n'l’)=2(—1)"-"'[(T)a(T)w'v}',  (B8) 


which follows from (B4,7), is only rigorously true for 
the square well. If we could show that (B8) holds to a 
good approximation for wells which are not square, 
we would have a rather shape-independent method for 





iKnel AS A FUNCTION OF BINDING ENERGY 
Ro* 1.45 Av3.10"%cm, A=170 
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Fic. 7. Kyi, the radial integral defined in Appendix II, as a 
function of binding energy. 











estimating the radial integrals from a knowledge of 
the level scheme. 

To see whether such a method is feasible, consider a 
potential which is — Vo for r < (Ro—a) and then rises 
with constant slope to zero at r=(Ro+a). By using 
perturbation theory, one can show™-” that the radial 
integral (B4) is approximately 

(~ 1)"—"'[(T) ai(T) wv LU+DE+ ae ), (B9) 
where 6= (a/Ro). From an estimate of D and the fact 
that K,; is a slowly varying function of the binding 
energy, we conclude that if 5<0.1, one may determine 
the radial intergrals of rV’(r) from (B4). The value of 
Ki which is used in (B4) is taken from Fig. 7 in con- 
junction with our ad hoc level scheme of Fig. 3, it 
being assumed that the level 3d, is just bound. 

In order to simplify the construction of the matrix 
of Eq. (17), we dropped the term of W,. proportional 
to [Y20(@) ?, and corrected the eigenvalues obtained 
from the diagonalization by computing the expectation 
value of this term with the states xo. These corrections 
turn out to be very small, and so this procedure would 
appear to be justified. The levels shown in Fig. 4 
already include this correction.” 


APPENDIX III 
We have 
(je)mar=P(I+1)7 (Q=K=I#}), 


=$(7+1)"[4—(—1)4+4)ax] 
(Q=K=}). (C2) 
In the following we shall supress the indices k,n in 


Co”(kB\nj), as well as the variable 8, and replace j 
by (/44). Then for Q= K¥}, 


(C1) 


Q 
(S2’) Mer = el  @ (2/+-1)> 
I+1 2 


X {2|Ca"(1+3) |?—-2| Ca" (I—3) |? 
— 20 (4+-0+4) (J-2+3)}) 
XCa"(1+3)Ca”(l—3)} 5 (C3) 


# An error in reference 29, relevant to Eq. (B9), has kindly 
been brought to our attention by K. Kumar. 

5° Note added in proof.—Several criticisms of the approximation 
embodied in Eq. (14) have kindly been brought to the author’s 
attention by Mr. K. Kumar. The most important of these is 
that for @<30° the quadratic approximation has strong fluctua- 
tions, which the exact potential does not possess. The author has 
therefore computed several matrix elements of the type which 
ned in Eq. (17), by using the exact expression [Eq. (B1)], and 
also the approximate one [Eq. (14) ], the potential being the one 
used to describe elastic ‘tga scattering. He finds that if one 
interprets Eq. (14) as the description of a prolate deformation 
which differs but slightly from a spheroid, the expansion gives 
results which agree tolerably well with those obtained from a 
correspondingly changed but closed expression. These changes 
in the details of the shape of the equipotential surfaces are com- 
pletely compatible with present experimental evidence. The author 
therefore concludes that the final results (see Table III) are not 
effected by the shortcomings of Eq. (14). It is, however, quite 
probable that this approximation is quite poor for B<—0.2. 
Professor J. D. Jackson’s help in this matter is gratefully 
acknowledged. 
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while for Q2= K=3, 
(e-)atenr= (I4-1)7{ 45 na (0+1)-4 | Cy" +44) |? 
— |Cy(—4) |? 4000-41) PCy" (+49) 
Cy" (I—4)} —4o(—1)4(+4) 
XLoar(2/+1) [AC (1-4) 
—(1+1)'Cy"(4+4)F}. (C4) 
When I=}, (C4) reduces to 
ED ar(2+-1)74 (2/43) | Cy" (4-9) |? 
+ (21-1) |Cy(I-9) |? 


— 81 +-1) PCy" (14+-9)Cy"(1-4)} (CS) 
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for w=1, and is simply equal to —$ when w=—1. 
In the latter case, we simply get Nilsson’s result® 

w= $1 (gi—gc)aatgitge— dé]. (C6) 
This formula makes it possible to determine the 
parity of some rotational bands which have J»=}. 
For if one knows both yu and a,, and finds that they 
are not related through (C6), one can conclude that 
w=-+1. It is in this way that we have assigned even 
parity to the ground states of W'* and Tm!®; see 
Table III, footnote e. 
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Inelastic Scattering of Neutrons* 


IrA L. Morcan 
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Inelastic scattering of fast neutrons in Al, Na, S, Fe, Cu, I, and Cd has been detected by observing the 
gamma radiation from the excited states. The cross sections for gamma-ray production at energies well 
above threshold in Fe and Al have been measured. The gamma-ray energies observed correspond to known 
levels, transitions between levels, or de-excitation from neutron capture. 


INTRODUCTION 


WELL-KNOWN method for investigating the 

levels in light, medium, and heavy nuclei is by 
the inelastic scattering of neutrons. This process in- 
volves the interaction of a neutron with the nucleus in 
which the de-excitation of the nucleus is by gamma-ray 
emission accompanied by an inelastically scattered 
neutron. If the level of excitation is high enough, 
cascade between levels may occur. Competing processes 
also have a direct influence on the excitation curve. 
Many investigators'“ have studied the resulting gamma 
radiation due to inelastically scattered neutrons. In 
general this has been at one energy or in the region of 
threshold for production of the gamma radiation. In the 
present investigation, the shape of the excitation curves 
at energies well above threshold has been obtained in 
order to study the effect of additional cascading from 
higher levels, as well as competing reactions. The energy 
of the gamma radiation observed in this work is con- 
sistent with known energy levels, capture processes, or 
cascades between levels. 


EXPERIMENTAL PROCEDURE 


The University of Texas Van de Graaff generator 
was used to produce the reactions D(d,n)He® and 
Li’(p,m)Be’, providing neutrons in the energy range 


* Assisted by the U. S. Atomic Energy Commission. 

1M. A. Rothman and C. E. Mandeville, Phys. Rev. 93, 796 
(1954). 

2R. M. Kiehn and C. Goodman, Phys. Rev. 92, 652 (1953). 

8 Scherrer, Allison, and Faust, Phys. Rev. 96, 386 (1954). 

4J. J. Van Loef and D. A. Lind, Phys. Rev. 101, 103 (1956). 


required. A deuterium gas cell was used which was 2 cm 
in depth with a 0.0001-in. Ni foil covering the entrance 
hole which passed the deuteron beam. The Li’ target 
was evaporated on a silver backing and was found to be 
35 kev thick as measured by the threshold method. 

A “ring” geometry was used and found to be con- 
venient for those elements studied, producing high 
intensities and a low background. Metallic Na was 
shaped in the form of a ring and contained in kerosene, 
except during periods of bombardment. Sulfur was 
melted and molded into a ring, while iodine in the form 
of crystals was packed in a thin-wall hollow Al ring. 
The other elements were easily machined. The attenu- 
ators, which were conical in shape, were of paraffin or 
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Fic. 1, Pulse-height distribution of the gamma _ produced 
by 800-kev neutron bombardment of Na. 
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Fic. 2. Pulse-height distribution of the gamma rays produced by 
the inelastic scattering of 5.1-Mev neutrons in Na. 


lead, depending upon the neutron energy and the 
amount of attenuation needed. 

The spectrometer consisted of a 1} in.X1} in. 
Nal(T1) crystal mounted on a DuMont 6292 photo- 
multiplier tube and the pulses were analyzed with a 
20-channel pulse-height analyzer. The over-all resolu- 
tion, as measured with Cs’? gamma rays, was main- 
tained at approximately 8%. The target thickness and 
the beam current, which was integrated using a stand- 
ard capacitor, provided the determination of the flux 
at each observation. A ZnS counter which was pre- 
viously calibrated using a standard long counter was 
also employed as a monitor. 

In obtaining the spectra from which the cross sec- 
tions were calculated the following corrections were 
employed. The prompt background due to elastically 
scattered neutrons was subtracted by placing a Plexiglas 
(CH) ring in place of the scatterer. A second back- 
ground, due to the long-lived activity which builds up 
in the detector, was subtracted. A third correction was 
made by subtracting out the Compton distributions of 
the higher energy gamma rays. Multiple neutron scat- 
tering was not considered since previous measurements 
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Fic. 3. Proposed transitions in Na*™. 
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at these energies lead us to believe this is negligible. 
Gamma-ray absorption in the rings was calculated to 
be less than 6% for E,=0.667 Mev. All measurements 
were taken at 100° to the neutron beam, hence the 
cross sections calculated are given in barns/steradian 
at 100°. Isotropy is assumed for some gamma rays 
merely to obtain a comparison with nonelastic cross 
sections or calculated cross sections. 


RESULTS 
Na**(n,n'y)Na*® 


A metallic Na ring was bombarded with neutrons of 
energies 800 kev and 5.1 Mev. The pulse-height distri- 
butions obtained are shown in Figs. 1 and 2, respec- 
tively. At E,=800 kev, six gamma rays are observed 
with energies of 0.150, 0.210, 0.439, 0.610, 0.870, and 
1.34 Mev. The gamma rays are ascribed to the following 
reactions: Na™(n,n’y)—0.150, 0.439, 0.610 Mev; I'*- 
(n,n'y)—0.210 Mev; Na™(n,y)Na**—0.870, 1.34 Mev. 
The latter capture reaction shows a cascade gamma ray 
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Fic. 4. Pulse-height distribution of the gamma rays produced by 
the inelastic scattering of 3.6-Mev neutrons in Al. 


between the 1.34-Mev and 0.870-Mev levels. The 0.470- 
Mev gamma ray is completely obscured by the very in- 
tense 0.439-Mev gamma radiation from Na™(n,n'y)N*. 

At E,=5.1 Mev, four gamma rays are clearly shown 
in addition to several unresolved lines. The gamma-ray 
energies are 0.439, 0.650, 1.63, 2.07 Mev and are 
ascribed to the reaction Na™(n,n’y)Na™. The 1.63-Mev 
gamma ray is ascribed to the transition between the 
2.07 and 0.439 levels. The higher energy unresolved 
lines in Na™(n,n’y)Na™ were later resolved with a 
3 in.X3 in. NaI crystal and have energies consistent 
with known levels in Na®. Figure 3 shows the proposed 
transitions in Na™ as concluded from the spectra 
obtained. 

Al?" (n,n’y) Al?” 

The pulse-height distribution of the gamma rays 
resulting from the inelastic scattering of 3.6-Mev neu- 
trons is shown in Fig. 4. Gamma rays of energies 0.85, 


1.05, 1.40, 1.74, and 2.63 Mev are observed. A spectrum 
taken at higher energies also shows a 2.72-Mev gamma 





INELASTIC SCATTERING OF NEUTRONS 


ray. Since there are no known levels at 1.40 and 1.74 
Mev, these gamma rays are attributed to cascades 
between the 2.63- and 0.843-Mev levels and the 2.75- 
and 1.01-Mev levels, respectively. There is also slight 
evidence of a 1.1-Mev gamma ray, possibly due to a 
transition between the 2.23- and 1.01-Mev levels. 
Figure 5 shows the proposed transitions between ex- 
cited levels in Al’’. 

The cross section for production of the 0.83- and 
1.01-Mev gamma rays due to inelastic scattering in Al?” 
is shown in Fig. 6. The cross section at 100° to the 
neutron beam for the production of the 0.83-Mev and 
1.01-Mev gamma rays shows an average value of 0.025 
barn/steradian and 0.040 barn/steradian, respectively. 
The variations in the excitation curves are attributed 
to the competing Al?’(,p)Mg’ process which has a 
threshold of 2.7 Mev with resonances at 3.5, 3.75, and 
4.0 Mev. The resonant values in the inelastic excitation 
correspond closely to the minima observed in the 





3.04 


2.75 









































al?” 


Fic. 5. Proposed transitions in Al?’. 


Al?"(n,p)Mg?’ excitation curve. Assuming isotropy for 
both gamma rays, the average values for gin ton, p=0c 
is 0.803 barn, which compares favorably with non- 
elastic cross-section measurements.® The value ¢,= 0.610 
barn is obtained from theoretical considerations based 
on the “complex potential model’ if it is assumed that 
Vo=19 Mev and ¢=0.05. These parameters were 
selected from elastic scattering data previously ob- 
tained. The estimated cross section for production of 
the 2.25 Mev gamma ray at E,=3.7 Mev is 0.056 
barn/steradian at 100°. 


S*(n,n'y)S*. 
The inelastic scattering of 3.7-Mev neutrons from 
sulfur produced two gamma rays with energies of 


5 Taylor, Lénsjé, and Bonner, Phys. Rev. 100, 174 (1955). 

t Note added in proof.—A value of ¢-=0.321 barn is obtained 
if Vo=42 Mev and ¢=0.03. 

6 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
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Fic. 6. Differential cross section for gamma-ray production due 
to inelastic scattering of neutrons in Fe and Al. A—NRL data’; 
* —Bartol data [Rothman, Hans, and Mandeville, Phys. Rev. 
100, 83 (1955) ]. 


2.20 and 0.89 Mev. Presumably the 2.20-Mev gamma 
ray arises from S**(n,n’y)S** and the 0.89-Mev gamma 
ray from S*(n,n’y)S*. The calculated cross section for 
production of the 2.60-Mev gamma ray is 0.034 barn/ 
steradian at 100°. If isotropy is assumed, this value 
compares favorably with previous results.’ 


Fe(n,n'y)Fe 


Neutron bombardment of Fe at E,=3.7 Mev pro- 
duced seven distinct gamma rays with energies of 0.84, 
1.25, 1.81, 2.06, 2.57, 3.07, and 3.44 Mev. The differ- 
ential cross section for production of the 0.84-Mev 
gamma ray has been calculated in the energy range of 
3.3-Mev to 5.0-Mev neutron bombarding energy. The 
pulse-height distribution of the 0.84-Mev gamma ray 
at E,=4.25 Mev as shown in Fig. 7 is typical of the 
spectra obtained for the excitation. The excitation as 
shown in Fig. 6 shows a distinct rise at approximately 
3.0 Mev with a flat tail to 5.0 Mev. This rise is 
attributed to cascade between the 3.07-Mev level and 
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Fic. 7. Pulse-height distribution of the 0.84-Mev gamma ray pro- 
duced by the inelastic scattering of 4.25-Mev neutrons in Fe. 


(as o Beghian, Preston, and Halban, Phys. Rev. 82, 969(L) 
951). 
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Fic. 8. Pulse-height distributions of the gamma rays arising 
from 5.1-Mev neutron bombardment of Cd. 


the 0.84-Mev levels. The flat region of the excitation 
would indicate that the contribution of cascades from 
higher levels or the competition due to other reactions 
is probably small. Recent publications‘ have shown the 
0.84-Mev gamma ray to be anisotropic, with W(@) 
= 1+0.54P2(cosé)—0.28P,(cos#). This result gives cin 
= 1.36 barns for the 0.84-Mev gamma ray at E,=4.25 
Mev. cin for the 0.84-Mev gamma ray plus the con- 
tribution due to other inelastically produced gamma 
rays compares favorably with o.=1.50 barns, the 
measured nonelastic cross section’ for Fe. A calculated 
value of ¢-=1.53 barns was obtained using the nuclear 
model previously stated. The cross sections for the 
production of higher energy gamma rays from Fe are 
calculated relative to the production of the 0.84-Mev 
gamma ray and are shown in Table I. 


Cu(n,n’y)Cu 


Inelastic scattering at E,=3.7 Mev has produced six 
gamma rays with energies of 0.68, 0.97, 1.10, 1.32, 1.90, 
and 2.60 Mev. The inelastic excitation for the produc- 
tion of the 0.68- and 0.97-Mev gamma rays is in progress 
as well as a determination of the cross sections for 
production. 


Cd(n,n'y)Cd 


Figure 8 shows the pulse-height distribution of the 
gamma rays from the inelastic scattering of 5.10-Mev 
neutrons in Cd. Two prominent lines appear at 0.52 
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Fic. 9. Pulse-height distribution of the gamma rays produced 
by 800-kev neutron bombardment of I. 
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and 2.80 Mev. Gamma rays of higher energy were not 
detectable above the background. 


E*(n,n'y) 


Figure 9 shows the pulse-height spectrum obtained 
due to the inelastic scattering of 0.80-Mev neutrons 
in I. Five gamma rays are clearly shown and have 
energies of 0.134, 0.210, 0.410, 0.620, and 0.780 Mev. 


TABLE I. A list of the gamma rays observed and their proposed 
method of production. The cross section for production of the 
gamma ray is shown at those energies for which it was calculated. 
Gamma-ray energies are given to within +20 kev since the 
analyzer calibration in general provided a window width of 
approximately 20 kev. 








Cross 
section*® 
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Gamma- production 
ray at 100° 
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* The errors in these cross sections are estimated to be +20%. 


The spectrum is uncorrected and is shown as it appeared 
in the 20-channel analyzer. A Pb attenuator was used 
to shield the NaI(TI) crystal. 
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Low-energy electric-monopole or EO transitions (AI=0, no) 
proceed solely by internal conversion, with zero units of angular 
momentum transferred to the ejected electron. Single gamma-ray 
emission of this multipole order is strictly forbidden. Electric- 
monopole pair production is possible for transition energies greater 
than 2mc?. 

It is pointed out that (1) the electric-monopole mode of de- 
excitation is available between any two equal-parity states of the 
same spin, zero or otherwise, (2) in such cases, EO internal con- 
version may compete favorably with the paralleling magnetic- 
dipole and electric-quadrupole transitions in heavy nuclei, and 
(3) monopole matrix elements may be particularly useful in the 
study of nuclear structure. 


INTRODUCTION! 


RANSITIONS between nuclear levels occur by 
the competing processes of gamma-ray emission 
and internal conversion. For transition energies greater 
than 2mc*, pair production is also possible. These 
processes are usually analyzed in terms of multipoles 
(parity and angular-momentum representation). A 
given nuclear transition may consist of a mixture of 
several multipoles, consistent with the conservation of 
parity and vector angular momentum.’ For other than 
monopole transitions, the rate of internal conversion is 
proportional to the rate of gamma-ray emission, since 
they involve the same nuclear matrix elements to lowest 
order. The proportionality constant is the internal- 
conversion coefficient. The emission of a single electric- 
monopole gamma ray, however, is strictly forbidden by 
the transverse nature of the electromagnetic field. 
Low-energy electric-monopole or 0 transitions? 
(AI=0, no) proceed solely by internal conversion, with 
zero units of angular momentum transferred to the 
ejected electron. For energies greater than 2mc*, mono- 
pole pair production is also possible. The existence 
of monopole transitions between two states of zero spin 
and the same parity has long been known (zero-zero 
transitions).? However, it is now pointed out that (1) 
the electric-monopole mode of de-excitation is available 
between any two equal-spin states of the same parity, 
zero or otherwise, (2) in such cases, HO internal con- 
version may compete favorably with the paralleling 
* Work supported in part by the U. S. Atomic Energy Com- 
mission. 
+ Guest Scientist at Brookhaven National Laboratory. 
t Now on leave at the University of Illinois, Urbana, Illinois. 
1 Preliminary reports of this work have already appeared: E. L. 
Church and J. Weneser, Phys. Rev. 100, 943, 1241(A) (1955). 
2 2L-pole electric (EL) and magnetic (ML) transitions carry off 
L units of angular momentum (|AI|=Z), and obey the parity 


rules mr¢=(—1)” and —(—1)4, respectively. 
*R. H. Fowler, Proc. Roy. Soc. (London) A129, 1 (1930). 


The relative and absolute conversion properties of electric- 
monopole transitions have been calculated relativistically, includ- 
ing the effects of the finite nuclear size and bound-state atomic 
screening. These results have been used to analyze the available 
experimental data on the 2+-—+2+ transitions in Hg", Pt!6, and 
Pt, and to determine upper limits for the monopole matrix 
elements. These upper limits appear appreciably smaller than the 
values for the matrix elements of well-known monopole transitions 
of the 0+—0+ type. 

The possible significance of these results is considered with 
reference to current nuclear models. 


M1 and £2 transitions in heavy nuclei, and (3) mono- 
pole matrix elements are sensitive to the finer details of 
the nuclear wave functions, and may be especially 
useful in the study of nuclear structure. 

In this paper we confine our attention to the internal- 
conversion mode of electric-monopole de-excitation. The 
relevant properties of HO transitions are described 
below, and are used to analyze the meager experimental 
data now available. Monopole matrix elements are then 
discussed with reference to current nuclear models. 
Discussion of the formulation of the problem and 
details of the calculations are given in the appendix. 


PROPERTIES 


(A) The most conspicuous property of low-energy 
electric-monopole transitions is the fact that they 
proceed solely by internal conversion. The absolute 
transition probability for ZO conversion, W, may be 
written as the product of an electronic factor, 2, and the 
square of the nuclear “strength parameter,” p, which 
contains the nuclear matrix elements. The electronic 
factor, 2, is independent of the spin of the nuclear 
states involved. The relative conversion in various 
atomic shells and subshells is essentially independent 
of nuclear properties. 

The separation of the £0-conversion probability into 
electronic and nuclear factors is not as well defined as 
for the conversion of higher multipoles, nor is the 
electronic factor, 2, completely independent of nuclear 
properties. Physically, the monopole transition inter- 
action vanishes except while the electron is within the 
nuclear charge distribution, and hence it is the electron 
wave functions within the nucleus which enter into the 
calculation of 2. These in turn, depend on the average 
static nuclear charge distribution, in a manner discussed 
in the appendix. Assuming such an average charge 
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distribution, we find 


W =p’, 


“5 fol()-G)>-b° 


where ¢; and @y, are the initial and final nuclear wave 
functions, r, is the position vector of the pth proton, 
and R is the appropriately defined nuclear radius. As 
shown in the appendix, it is sufficient for the present 
purposes to take the nuclear charge distribution as 
uniform over a sphere. The numerical coefficient o 
appearing in (1) depends on the derivatives of the elec- 
tron wave functions at the origin, and hence slightly on 
the nuclear transition energy and the electron shell 
involved. Graphs of this coefficient are given in the 
appendix, where it is shown that in any reasonable 
case, o is less than 0.1. In the usual discussions of 
electric-monopole conversion, only the leading term in 
(1) is considered because of the smallness of ¢ and higher 
coefficients. It should be emphasized, however, that the 
different nuclear matrix elements appearing in (1) are 
related only within the framework of a specific nuclear 
model. If the experimentally determined values of p 
are small, then at least the leading term in (1) is small, 
but the higher terms may not be negligible. 

(B) The reduced monopole-conversion probability, 
Q2=W/p?, has been computed for various atomic shells, 
using for the electron wave functions the relativistic 
Dirac solutions for a uniformly charged sphere of 
radius R=1.20X10—*A? cm. As in beta decay and K 
capture, these wave functions are relatively insensitive 
to the details of the nuclear charge distribution and the 
magnitudes of the static nuclear moments. The bound- 
electron functions have also been corrected for the 
effects of atomic screening. The details of these calcula- 
tions and a list of formulas are given in the appendix. 

Figure 1 presents the reduced transition probability 
for monopole conversion in the K shell, (W/p?)x, as 
a function of the nuclear transition energy, k, for 
various atomic numbers. Since £0 transitions between 
nonzero spin states may be in competition with M1 and 
E2 transitions, it is convenient to compare the E0 
K-shell conversion probability with the corresponding 
E2 and M1 transition probabilities. This is done in 
Fig. 2 for a 511-kev transition for various atomic 
numbers. The £2 and M1 transition probabilities shown 
are computed in the “Weisskopf” approximation,' 


* As shown in the appendix, the reduced conversion probability, 
2, varies approximately as R*7, where + lies between unity (Z=0) 
and ~0.7 (Z=100). 

5 V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). The M1 gamma- 
ray transition probability indicated in Fig. 2 differs from the result 
quoted in this reference by the factor (4/3)*[(up—4)/(up+1) ? 
=0.65. See S. A. Moszkowski, reference 6, Chap. 13; also M. 
Goldhaber and J. Weneser in Annual Reviews of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1955), Vol. 5, p. 1. 
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Fic. 1. Transition probability for electric-monopole conversion 
in the K shell divided by p?. Results are given for various atomic 
numbers as functions of the nuclear transition energy, &, in units 
of mc*. The nuclear strength parameter, p, is defined by Eq. (1). 
These results include the effects of the finite nuclear size and 
bound-state atomic screening on the electron wave functions. 
The dashed line indicates the threshold for K conversion, in the 
immediate vicinity of which the indicated results may be uncer- 
tain because of the neglect of continuum screening. 





ELECTRIC-MONOPOLE TRANSITIONS 


using the K-shell conversion coefficients of Rose et al.* 
The £0 conversion probability is given for p=1. Values 
of p of this order would correspond to single-proton 
transitions with complete overlap of the initial and 
final nuclear wave functions—analogous to the 
“Weisskopf” estimates for the higher multipoles. It 
follows from Fig. 2 that EO conversion may effectively 
compete with £2 and M1 transitions in heavy elements. 
There are several! additional factors which may make it 
of even greater practical importance. First, in any 
experiment involving the measurement of conversion- 
electron intensities, HO conversion will appear in 
competition with EZ2 and M1 conversion, which are 
generally only a few percent of their corresponding 
gamma-ray intensities. Second, the relative importance 
of monopole conversion is appreciably enhanced at lower 
energies, since the “‘Weisskopf” M1 and E2 gamma-ray 
transition probabilities vary as k*® and k', respectively, 
while the ZO dependence, as illustrated in Fig. 1, is 
much weaker. Finally, there is a large group of nuclei 
in the heavy-element region exhibiting 2+—2+ tran- 
sitions, in which the M1 components are severely at- 
tenuated.’ In such cases the possibly dominant mag- 
netic-dipole component may be absent. 

It appears entirely feasible to determine experimental 
values of monopole matrix elements of J+—J=+ tran- 
sitions corresponding to values of p as much as an 
order of magnitude smaller than the “Weisskopf” 
value of ~1. 

(C) The striking increase of the reduced EO transi- 
tion probability with atomic number indicated in Figs. 1 
and 2 has a simple physical origin. Electric-monopole 
transitions occur via the Coulomb coupling of the 
atomic electrons and the nuclear protons. Since the 
monopole moment of the nucleus is constant outside 
the nuclear volume, the interaction leading to EO 
conversion vanishes except within the nucleus where the 
electrons directly sense the variations in proton dis- 
tribution. Conversion then occurs most strongly in 
those atomic shells and subshells which are prominent 
at the origin, namely, those involving zero units of 
orbital angular momentum. The reduced transition 
probability might then be expected to increase roughly 
as (R/az)’ or Z*. As is well known, however, the high 
kinetic energy of the atomic electrons near the nucleus 
gives rise to a large relativistic enhancement of the /=0 
parts of the Dirac wave functions at small radii, 
especially in heavy elements. These effects lead to the 
indicated rapid increase of 2 with atomic number. The 
dependence on the nuclear transition energy enters 


5M. E. Rose in Beta and Gamma-Ray Spectroscopy, edited by K. 
Siegbahn (Interscience Publishers, Inc., New York, 1955), Chap. 
14. Interpolations were made with the aid of the figures in Rose, 
Goertzel, and Perry, Oak Ridge National Laboratory “+ 0m 
ORNL-1023, 1951 (unpublished). Errors indicated for the theo- 
retical values of ay: and ag2 quoted in the text are those due only 
to assumed uncertainties of 1-2% in their graphical interpolation. 

7G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 
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Fic. 2. Transition probability for electric-monopole (£0) con- 
version in the K shell as a function of atomic number for a tran- 
sition energy of one mc*. These results have been derived from 
Fig. 1 by assuming p=1. The analogous “Weisskopf” estimates 
for the M1 and £2 gamma ray (dashed lines) and K-conversion 
probabilities (solid lines), are included for comparison. The latter 
are based on the unscreened calculations of the corresponding 
K-shell conversion coefficients of Rose et al. (reference 6). 


only through the magnitude of the continuum wave 
functions near the origin, and accounts for the relatively 
slight energy dependence shown in Fig. 1. 

Conversion occurs predominantly in s; subshells 
(K, Li, M1, ---), since the wave functions of the 
other subshells are always much weaker in the vicinity 
of the nucleus. Since the density of the s; wave functions 
at the origin decreases with increasing shell number, 
high K/L conversion ratios are expected. In the non- 
relativistic limit, for example, K: Ly: My~1:1/8:1/27, 
with negligible conversion in other subshells. This 
behavior is similar to that expected for M1 transitions. 
In computing conversion ratios for a given monopole 
transition, the strength parameters for the various 
atomic shells and subshells are assumed to be the 
same—a reasonable assumption in view of the expected 
relative unimportance of higher terms in the expansion 
of p, and the fact that the coefficient o in (1) is constant 
to first order. Theoretical K/L conversion ratios for 
FO transitions are given in Fig. 3. Except for the possible 
effects of screening on the continuum wave functions, 
these values are insensitive to the nuclear transition 
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Fic. 3. Relative electric-monopole conversion in the K and 
(total) Z shell for various atomic numbers as a function of the 
nuclear transition energy, k, in units of mc*. The dashed line 
indicates the threshold for K conversion, in the immediate vicinity 
of which the indicated results may be uncertain because of the 
neglect of the effects of atomic screening on the continuum 
electron wave functions. 


energy down to K threshold, and are apparently almost 
identical with those expected for M1 conversion.* In 
contrast, E2 transitions exhibit K/L conversion ratios 
which increase rapidly with increasing energy. 

Since relative conversion in various subshells is fre- 
quently useful in assigning the multipolarities of low- 
energy transitions in heavy nuclei, the L/L con- 
version ratios for EO transitions have been computed, 
and are given in Fig. 4. Values for M1 transitions 
(dashed lines) are included for comparison.* ZO transi- 
tions are seen to exhibit very slight Ly conversion ex- 
cept for high-energy transitions in heavy elements, 
where it is enhanced by the relativistic admixture of an 
l=0 component into the electron wave functions. 
Ij conversion, on the other hand, is always completely 
negligible—the ratio Li11/L11 being less than 10~* over 
the region considered. The smallness of the Zi con- 
version arises from the fact that the wave functions 
involve at least one unit of orbital angular momentum, 
which lowers the L1:1/L11 conversion ratio by a factor of 
~(R/Keo)* where \.-=h/m.c. Again in sharp contrast 
with EO and M1 conversion, £2 transitions exhibit 
comparable Ly and Ly conversion, with L1/Ly in- 
creasing with increasing energy.® 

In the M shell, both AO and M1 conversion occur 
almost entirely in the M, subshell, with My weakly 
represented. For 20 transitions, one expects L;/M;~3 
in cases of practical interest. For low-energy transitions 
in heavy nuclei, where such subshell conversion is 
experimentally resolvable, E2 conversion occurs prin- 
cipally in the My and My subshells. Generalizations 
of the above may be given for higher shells.* 

(D) In a nuclear transition between two equal- 
parity states of the same spin, only 20, M1, and £2 

® Rose, Goertzel, and Swift, (privately circulated tables, 


1955-6). See also reference 6. 
* E. L. Church and J. E. Monahan, Phys. Rev. 98, 718 (1955). 
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transitions need be considered, since the effects of 
higher-order transitions are negligible. A direct con- 
sequence of the presence of an £0 component is the pres- 
ence of an excess of conversion electrons above that 
expected from the M1 and £2 transitions alone. A con- 
venient measure of the intensity of the monopole 
component is e’, the ratio of the rate of ZO conversion to 
the rate of E2 gamma-ray emission. The analogous ratio 
of the rates of M1 gamma emission to E2 gamma emis- 
sion is defined here” as &. Since the intensity contribu- 
tions of the multipole components of a mixed transition 
are additive, the relationship between these quantities is 
simply 


e= (Qexp— OE2) — &(ami— exp), (2) 


where aexp is the experimentally observed conversion 
coefficient, and ag: and ay; are the conversion coeffi- 
cients of the pure £2 and M1 transitions, respectively. 
In practice, aexp is obtained by a measurement of the net 
conversion coefficient, # is determined from gamma- 
gamma directional-correlation experiments involving 
the mixed transition, and age and ay; are taken from 
theoretical calculations. It is perhaps worth noting 
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Fic. 4. Relative electric-monopole conversion in the Ly and Li 
subshells for various atomic numbers as a function of the nuclear 
transition energy, &, in units of mc*. The dashed lines represent the 
analogous results for M1 transitions according to the screened 
calculations of Rose et al. (reference 8). Conversion of EO transi- 
tions in the Ly subshell is completely negligible relative to the 
Ly subshell. 


1” The present definition, = M1/E2, is the reciprocal of that 
employed, for example, by L. C. Biedenharn and M. E. Rose, 
Revs. Modern Phys. 25, 729 (1953). 
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that in heavy elements, where the parentheses in (2) are 
positive, a simple measurement of the K-conversion 
coefficient is sufficient to place an upper limit on the 
strength of the monopole contribution, independent of 
the amount of M1 admixture. Expressions analogous to 
(2) are easily written for conversion ratios. 

Gamma-gamma directional correlations would be un- 
affected by an ZO component in one of the transitions. 
In a directional correlation experiment involving con- 
version electrons (e.g., ex—vy correlation), however, 
the ZO component would be directly observable. In 
the case of an E0-M1-E2 mixture, there is interference 
between the K-conversion electrons of the HO and E2 
components, but none between the £0 and M1 electrons. 
The 20-2 interference term appearing in the coeffi- 
cient of P: (cos#) is then proportional to ¢ and not its 
square. Such correlation measurements might, there- 
fore, provide a more sensitive means for determining 
the amount of 0 mixing than the measurement of 
conversion coefficients. The theoretical correlation func- 
tions for such cases are in the process of computation, 
and will appear in a subsequent publication in col- 
laboration with M. E. Rose. 


EMPIRICAL EVIDENCE 


(A) Any study of electric-monopole transitions in- 
volves their identification by means of the propefties 


described above, the determination of the magnitude 
of their nuclear strength parameters, and the interpreta- 
tion of these values with reference to specific nuclear 
models. Until now, data on 0 transitions were obtained 
only from a study of isolated zero-zero transitions, 
proceeding either by simple internal conversion, or, if 
the transition energy is greater than 2mc’, in combina- 
tion with pair production."!* Monopole matrix elements 
are also available from electron-excitation studies." 
Data of this type are relatively well known, and are 
included in Table I. A number of other pairs of 0+ 
levels are known, but no results appear to be available 
on the transition rates between them. 

Since the electric-monopole mode of de-excitation is 
available between any two states of the same spin and 
parity, one may also obtain data on monopole transi- 
tions from a much wider class of transitions. For ex- 
ample, a recent study of the systematics of even-even 
nuclei indicates that there exists a large and regular 
class of heavy nuclei having a 0+ ground state, and 
2+ first and second excited states.’ In most cases the 
cross-over transition is unimportant, and the main 
decay of these nuclei is (apparently) a simple cascade 
of a mixed M1+ £2 transition between the 2+ levels, 
followed by a pure £2 transition to the ground state. It 
is observed that the M1 component of the former is 


1S. D. Drell, Oak Ridge National Laboratory Report ORNL- 
792, 1950 (unpublished). 

2S. D. Drell and M. E. Rose, Progr. Theoret. Phys. Japan 7, 
125 (1952). 

31. I. Schiff, Phys. Rev. 98, 1281 (1955). 
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generally attenuated, and that the transition probabil- 
ity of the £2 ground-state transition is greater than the 
“Weisskopf” estimate by a large and regular factor." 
Because of the attenuation of the masking M1 compo- 
nent, heavy nuclei of this type provide a favorable 
region for the search for new data on ZO transitions. 
Although data on the transitions between the 2+ states 
are meager, sufficient results are available for the 
preliminary analysis of three cases, as discussed below. 
As yet there appear to be no systematics on equal-spin 
states in odd-mass nuclei. 

(B) Hg’ is an even-even nucleus having 2+ first 
and second excited states, located 412 and 1089 kev 
above the 0+ ground state. Directional-correlation 
studies of the cascading 677- and 412-kev gamma rays 
indicate that the former is an M1+£2 mixture with'® 
&=0.67+0.15, and that the latter is pure E2. The 
measured net half-life of the ground-state transition is 
2.1X10- second.’* The K-shell internal-conversion 
coefficient of the mixed transition has been measured 
as!® (2.24+0.19)X10-*. The theoretical calculations of 
Rose et al.® indicate that the K-shell conversion coeffi- 
cients of the pure £2 and M1 components are 
(1.12+0.02) x 10-* and (4.64+0.10) x 10~, respectively. 
Substitution of these values into (2) shows that ex? is 
zero to within the limits of error, with the quoted 
extremes corresponding to ex?< 2.3 10™. 

To obtain a quantitative estimate of the transition 
probability of the EO component of the 677-kev transi- 
tion, the gamma-ray transition probability of the E2 
component must be known. Unfortunately, no direct 
measurement of the lifetime of this transition is avail- 
able. However, the discussion of the spectra of 0-2-2 
nuclei in terms of a “free-vibration” model by Scharff- 
Goldhaber and Weneser’ indicates that aside from the 
usual fifth-power energy dependence, the 2-2 quad- 
rupole transition should be twice as fast as the 2-0 
ground-state transition. Willets and Jean!” have recently 
proposed a strong-coupling “shape-unstable”’ collective 
model of these same nuclei, which may also be shown 
to lead to a similar factor of between 1.5 and 2. For 
our purposes we adopt a simple “factor-of-two”’ rule. 
The transition probability of the 677-kev transition is 
then ~24 times that of the 412-kev ground-state 
transition, corresponding to an E2 gamma half-life of 
~9.1X10-" second for the former. This result, in 
combination with the previous limit on ex? and the 
data in Fig. 1, yields the limit p< 1/14. The upper limit 
indicated corresponds to the extremes of the quoted 
limits of error on the values of a and 6. 

(C) Pt! is also an even-even nucleus of the 0-2-2 
type, with 2+ levels lying 354 and 685 kev above the 
ground state. The decay of the 685-kev level has been 


M4 See, for example, A. W. Sunyar, Phys. Rev. 98, 653 (1955). 

16D. Schiff and F. R. Metzger, Phys. Rev. 90, 849 (1953); 
C. D. Schrader, Phys. Rev. 92, 928 (1953). 

16 Elliott, Preston, and Wolfson, Can. J. Phys. 32, 153 (1954). 

17L. Wilets and M. Jean, Phys. Rev. 102, 788 (1956). 
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shown to proceed entirely via the 331 to 354-kev cascade. 
Gamma-gamma directional correlation experiments 
indicate'® §= (4.71+0.88) X 10~ for the 331-kev tran- 
sition, and its K-conversion coefficient has been meas- 
ured as® (5.9+0.4)X10-. This value, in combination 
with Rose’s theoretical K-shell conversion coefficients® 
of (5.00+0.05)X10-* and (2.51+0.03)10~ for the 
pure E2 and M1 components, respectively, again indi- 
cates a vanishing monopole contribution. The quoted 
limits of error correspond to the limit ex?<6.4X10~. 
In order to translate this in terms of the HO matrix 
element, the lifetime of the competing E2 component 
must be estimated. Based on the known lifetime of the 
analogous 412-kev transition in Hg, the 354-kev 
ground-state transition in Pt is expected to have an 
E2 gamma half-life of ~5.0X10-" second.” The E2 
gamma half-life of the 331-kev transition estimated 
with the aid of the “factor-of-two”’ rule discussed in the 
case of Hg’, is then ~3.5X 10-" second. Combination 
of this result with the previous limit on ex” and the 
results of Fig. 1, yields the upper limit p< 1/34 for the 
2-2 transition in Pt, 

(D) Pt is very similar to Pt!**, with 2+ levels 
lying 316 and 612 kev above the 0+ ground state. 
Values of #®&=(2.641.0)X10 and ax=(6.5+1.0) 
X10~ have recently” been reported for the 296-kev 
2-2 transition. These values, in conjunction with Rose’s 
estimates® of (6.50+-0.07) X 10 and (3.40+-0.03) x 10— 
for the E2 and M1 K-conversion coefficients, respec- 
tively, lead to the upper limit ex?<6.5X10-*. The E2 
gamma half-life of the 316-kev transition may be 
estimated as in the case of Pt!®®, and is calculated to be 
~8.9X10-" second.” The E2 gamma half-life of the 
296-kev 2-2 transition is then estimated to be ~6.3 
X10-" second. These values lead to the upper limit 
p<1/45. Although the quoted upper limit on ex’ is 
higher in this case than for Hg’, the corresponding 
limit for p is appreciably less because of the lower 
transition energy and the k® energy dependence assumed 
for the £2 transition probability. 

(E) The results of the above analysis of EO transi- 
tions are presented in Table I. It is seen that monopole 
transitions of the 2-2 type apparently have strength 
parameters, p, significantly less than unity, and which, 
in fact, are zero to within the limits of experimental 
error. These estimates, however, depend critically on a 
knowledge of the lifetimes of the second excited states 


18R. M. Steffen (private communication) quoted in reference 
19. See also R. M. Steffen, Phys. Rev. 89, 665 (1953). 

1M. T. Thieme and E. Bleuler, Phys. Rev. 101, 1031 (1956). 

*Tt is assumed that the E2 gamma-ray transition probability 
varies as k*Z*A‘/3 (see reference 14). Coulomb-excitation data of 
P. H. Stelson and F. K. McGowan [Phys. Rev. 99, 112 (1955) ] 
and McClelland, Mark, and Goodman [Phys. Rev. 97, 1191 
(1955) ], indicate gamma half-lives of ~3.5xX10-" and ~1.6 
X10-" second, respectively, for the 331-kev transition in Pt. 

2H. W. Taylor and R. W. Pringle, Phys. Rev. 99, 1345 (1955); 
(private communication, 1955). 

* Baggerly, Marmier, Boehm and DuMond, Phys. Rev. 100, 
1364 (1955) ; (private communication, October, 1955). 
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and the internal-conversion coefficients of the competing 
M1 and £2 transitions. In the cases considered, the life- 
times have not yet been directly measured. In the 
absence of such data it has been assumed that the 
reduced transition probability” of the E2 component 
of the 2-2 transition is twice that of the 2-0 ground- 
state transition in the same nucleus.” The omission of 
this factor would lower the quoted upper limits of the 
strength parameters by ~30%. 

The conversion coefficients of the pure M1 and E2 
components have been taken from the relativistic 
calculations of Rose ef al.,® which neglect the effects of 
the finite nuclear size and the small corrections due to 
atomic screening.® There is evidence* that Rose’s values 
of aw: for the K shell may be too large by ~35% for 
Z~80. Sliv et al.2* have shown that effects of this mag- 
nitude may be attributed to the attenuation of the 
electron wave functions at small radii due to the finite 
dimensions of the nuclear charge distribution, and 
predict a simultaneous lowering of age for the K shell 
by ~3% in the same region. If the previously quoted 
values of the M1 and £2 K-shell coefficients are lowered 
by these amounts, the upper limits of the strength 
parameters for Hg'®*, Pt, and Pt! become 1/6, 1/26, 
and 1/37, respectively. Thus, at least in the case of the 


TABLE I. Empirical data on ZO transitions. 








Strength 
parameter 


Transi- Energy eta a) 
q. 


Element tion (Mev) Method of measurement 





7.68 


6.06 
0.69 
0.30 


C2 0-40 


or 0-0 
Ge? 0-0 
Pt? 2-2 
Pt 2-2 0.33 
Hg 2-2 0.68 
Po*%* 0-0! 1.42 


~1/2 
~1/2 


Electron-scattering cross 
section® 
Pair-production lifetime* 
Conversion lifetime” 
Conversion-coefficient 
and directional-cor- 
relation measurements* 


Conversion lifetime® (1/20)? 








* L. I. Schiff, Phys. Rev. 98, 1281 (1955). 

> The measured half-life is ~3x10~7 second. See M. Goldhaber and R. D. 
Hill, Revs. Modern Phys. 24, 179 (1952). 

© The indicated values are based on the theoretical calculations of the M1 
and E2 K-shell conversion coefficients of Rose ef al.,6 and the assumption 
that the reduced transition probability of the competing E2 gamma ray is 
twice that of the 2-0 ground-state transition in the same nucleus, The 
omission of the latter factor would lower the quoted upper limits on p. The 
indicated upper limits for these strength parameters must be considered as 
tentative. (See text.) 

4 The observed K:L:M conversion ratios are in good agreement with 
the EO assignment: Latyshev, Sliv, Barchuk, and Bashilov, Izvest. Akad. 
Nauk. S.S.S.R., Ser. Fiz. 13, No. 3, 340 (1949) [see Physics Abstracts 52, 
7253 (1949). In addition, D. Alburger and A, Hedgran, Arkiv Fysik 7, 423 
(1954), have placed limits on the L-subshell conversion consistent ‘with 
this assignment. 

eR. H. Fowler, Proc. Roy. Soc. (London) A129, 1 (1930). Adopting his 
estimate of the branching between the EO conversion and the competing 
alpha decay, the K ejection half-life of this transition is estimated to be 
~2 X10-" second. The alpha lifetime has been inferred from the known 
half-life of 1.64 X10~4 second of the ground state of Po*4, which presumably 
also decays to the ground state of Pb?"®, Although both of these alpha decays 
are of 0-0 type, the 1.42-Mev level may have a very different structure 
from the ground state, so that the use of the simple Gamow factor may lead 
to a considerable error in estimating the alpha lifetime of the excited state. 
Because of the indirectness of this estimate of the conversion lifetime, the 
quoted value of p may only be significant to within an order of magnitude. 


%3 There is as yet no experimental evidence for or against this 
factor in these or other nuclei. 

* A. Wapstra and G. Nijgh, Nuclear Phys. 1, 245 (1956). 

% 1. A. Sliv, Zhur. Eksptl. i Teort. Fiz. 21, 770 (1951); L. _ 
and M. Listengarten, Zhur. Eksptl. i Teort. Fiz. 22. 29 (1952 
L. A. Sliv (private communication, 1955). 
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platinum isotopes, the experimental data still indicate 
that the monopole matrix elements are strongly attenu- 
ated relative to the “Weisskopf” value of p~1. 

In view of the paucity of experimental data and the 
uncertainties in their interpretation, the quantitative 
estimates of the upper limits of the strength parameters 
of the 2-2 transitions quoted in Table I must be taken 
as indicative rather than conclusive. The need for 
further experimental data is apparent. 


MATRIX ELEMENTS 


The study of electric-monopole matrix elements 
provides data on nuclear transitions not obtainable 
by other means. Although the presently available 
experimental data are insufficient to allow generaliza- 
tions to be made, the upper limits of the monopole 
matrix elements of the E0 components of the 2+—>2+ 
transitions in Pt’? and Pt! given in Table I are 
distinctly less than the moderate values observed for 
the 0+—0-+ transitions in C” and O'*. The qualitative 
behavior of monopole matrix elements are indicated 
below for various nuclear models. It is found that for 
the models considered, all terms in the expression 
for the monopole strength parameter (1) are subject to 
the same selection rules, since these arise from their 
common angular dependences. 

In the strict shell model, EO transitions are allowed 
only if they involve the transition of no more than a 
single particle, and this only betweeen two states of the 
same / and j. Since this requires a jump through at 
least two major shell closings, such transitions would 
not normally be encountered among the low-lying 
states, although strength parameters of the order of 
unity would be expected for proton transitions of this 
kind. It has recently been proposed that the 0-0 
transitions in C® and O"* are of this type.**?? Nuclear 
states of equal spin and parity can be constructed 
within a shell by combining particles of given configura- 
tions in groups having different internal symmetries 
(seniority or coupling of the subshells), although mono- 
pole transitions between pure states of this type are 
forbidden, since the monopole operator is diagonal in 
the angular variables. These rules, however, may be 
relaxed by configuration mixing, but only if this mixing 
involves differing radial dependences. Still, it would 
appear very difficult to obtain strength parameters 
appreciably greater than 0.1 on the basis of configura- 
tion mixing alone. This conclusion is borne out by the 
explicit calculations of Schiff'* for C”. However, such a 
mechanism may be proposed in explanation of the 
moderate value of p observed for Ge”. 

The hydrodynamical model of the nucleus proposed 
by Bohr and Mottelson,”* which attributes dynamical 
properties to the nuclear core, has been successfully 

% P, J, Redmond, Phys. Rev. 101, 751 (1956). 

27 R. Ferrell and W. Visscher, Phys. Rev. 102, 450 (1956). 


28 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953). 
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applied to the study of heavy nuclei. If attention is 
confined to the Y2 modes of deformation, the core 
contributions to the EO transition operator may be 
expanded as a power series in the collective deformation 
parameter”® a2,. The leading term of this expansion is a 
constant and cannot give rise to transitions. Since a 
linear term is absent, only quadratic and higher terms 
remain. It should be noted that with 


R= Rofl +a2y¥ oy], 


the nuclear volume is not constant to order a»2,”. The 
introduction of the higher terms in R necessary to keep 
the volume constant introduces corrections in the quad- 
ratic and cubic terms in the EO matrix element. Al- 
though the significance of terms of such high order is 
doubtful in existing theories, it is still interesting to 
estimate their orders of magnitude for comparison with 
empirical results. 

These higher terms in the monopole matrix element 
have been evaluated*® both for the “free-vibration”’ 
model’ and the strong-coupling ‘shape-unstable”’ 
model.!? These models are designed to describe the 0-2-2 
even-even nuclei of which Pt”, Pt!®*, and Hg!** may be 
examples. It is convenient to discuss these models in 
terms of the collective deformation parameters 8 and 
introduced by Bohr and Mottelson.”* In this case the 
quadratic term in the expansion of the monopole 
operator is proportional to the scalar 6*= >> |ae,|*. It 
follows that this term does not contribute to the E0 
matrix element between the first and second 2+ states, 
since the wave functions describing these states are 
orthogonal in the y coordinate, and the EO operator is 
diagonal in the y coordinate. In these models, therefore, 
contributions only come from the cubic and higher 
terms. The cubic term in the operator expansion is 
proportional to B*cos3y and does lead to a nonvanishing 
result. On forming the matrix element of this operator, 
and evaluating the relevant parameters from the life- 
time of the E2 transition between the first 2+ and the 
ground 0+, we obtain p~1/150 for the “free-vibration” 
model, and p~1/300 for the “shape-unstable” model of 
the nuclei considered. We see, then, that the higher 
terms in the operator expansion do lead to small con- 
tributions, thereby at least qualitatively explaining the 
smallness of the empirical p values for the 2-2 transi- 
tions in these nuclei. It would be of considerable interest 
to obtain explicit experimental values of p for such 
transitions rather than upper limits. 

Because of the smallness of the monopole strength 
parameters derived on the basis of the present theories, 
moderate mixing of states produced by deviations 
from the simple models considered cannot change the 
qualitative agreement with experiment. 

The “free-vibration” model allows a 0+ excited state 
in the vicinity of the second 2+ state. In the “shape- 


29 J. Weneser and E. Church, Bull. Am. Phys. Soc. Ser. II, 1, 181 
(1956). 
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unstable” model there are two possible excited 0+ 
states, one of which is the analog of the 0+ state de- 
scribed by the “free-vibration” model. In both models 
the EO transition between this excited 0+ state and the 
0+ ground state proceed via the quadratic term in the 
operator expansion, since the wave functions have no 
dependence. This then leads to p~? for either model. 
The other 0+ of the “shape-unstable” model is + 
orthogonal to the ground state, and so can proceed only 
via the cubic and higher terms. Its strength parameter 
is, then, two orders of magnitude smaller than for the 
0-0 transition proceeding via the quadratic term. 
Empirical values for these 20 0+—0+ matrix elements 
would also be of considerable interest.” 
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APPENDIX 


(A) The interaction between the atomic electrons 
and the nuclear charges can be written in terms of a 
multipole expansion. Since a gauge transformation can 
be carried out separately for each multipole order, the 
gauge question can also be separately decided. In the 
calculation of the £0 transition probability it is con- 
venient to use the Coulomb gauge, which describes the 
interaction via the retarded transverse field plus the 
instantaneous Coulomb force. The EO multipole, zero 
angular momentum, and even parity, can then come only 
from the instantaneous Coulomb terms, since the trans- 
verse terms contain only multipoles of higher angular 
momenta. 

The Coulomb interaction between the atomic elec- 
trons and the nuclear charge distribution is responsible 
both for the existence of the eigenstates of the atomic 
system and for transitions between them. To illustrate 
the separation of these effects, we assume a simplified 
Hamiltonian in which the electron and nuclear protons 
interact only via the Coulomb interaction, i.e.,*" 


H=H (nuclear)+H (electron) —>- alias (3) 


pe |fo—Te| 


where H(nuclear) depends only on the nuclear coordi- 
nates and describes the internal nuclear states, and 
H(electron) is the usual Dirac Hamiltonian for the 
electrons. The Coulomb term describes the interaction 
between the nuclear and electron systems. This descrip- 
tion is adequate for the monopole conversion problem. 

*D. Alburger and B. Toppel, Phys. Rev. 100, 1357 (1955), 
report measurements on the 1.14-Mev 0-0 cross-over transition 
in Pd'* which lead to the estimate p< 1/7 for this transition. 


* Relativistic units, A=m=c=1, are used throughout the fol- 
lowing discussion. Hence e? = a ~ 1/137. 


BE. bL. CHURCH AND J. 


WENESER 


The Hamiltonian (3) can be rewritten to regain the 
usual description of atomic physics as 


H=(A (nuclear) | 


ar) ] 


lr—r,| 


+x (electron)— >" a 


ESiar eat © 


where the quantity g(r) represents a stationary average 
of the nuclear charge distribution. The first term on the 
right of (4) is the nuclear Hamiltonian, and the second 
is the usual atomic Hamiltonian describing the inter- 
action of the atomic electrons with the average nuclear 
charge distribution. The third term is a correction term, 
the effects of which can be treated by perturbation 
theory. The effects of this term on the steady states of 
the coupled system are patently negligible, although in 
the present description it is entirely responsible for 
transitions between them. Since only 





(5) 


in the perturbation term depends on nuclear coordi- 
nates, it alone need be considered in calculating the 
transition probability. The quantity g(r) is chosen to 
best represent the average nuclear charge distribution, 
and so to form the optimum basis for a perturbation 
calculation. It might be defined as the diagonal charge 
operator, }-pf°|¢;|*5(r,'—r)dr’, which, of course, 
differs from one nuclear state, 7, to another. However, 
these differences will be very slight for low-lying states, 
and for our purposes it is sufficient to take an empirically 
determined nuclear charge distribution. 

(B) The explicit monopole-transition matrix element 
is the matrix element of the L=0 part of H’ given in 
(5). One finds 


Tp 1 
Gi | H'(L=0) | f) = aa? » of f dram f drab s"Vs" Ou 


” 1 
+ fare f drab oa 
'p Te 


Tp eee | 
_ -2 a f aro f arads*vi"(—-— as (6) 
p,e 0 Tp Te 


where the ¢’s are the nuclear wave functions, the y’s 
are the electron functions, and r, and r, are the proton 
and electron position vectors, respectively. Since the 
region of electron integration is confined to small 
dimensions (within the nuclear volume), it is convenient 
to expand the radial parts of the Dirac electron wave 
functions about r,=0. For all “reasonable” charge 
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distributions [those for which r*g(r)—>0 at the origin ], 
these are of the form 


“large” component (gz3, f pj) 
=C(1+ar,?+higher order terms), (7) 


“‘small’”’ component (f44,£p3) 
=C(0+6r,.+higher order terms). 


Substitution of (7) into (6) yields 
(i| H'(L=0)| f)=geC.C/*R’p, (8) 
where as previously [ Eq. (1) ], 


2 f{()-Gebo 
d 


(10) 


an 
o=— (3 /10) (a;+b,b;*+a,*)R’. 


For any “reasonable” charge distribution 


06}, p3= (R*/15)[(W — V)?+ (R41) (W—V) 
+4(3k¥4)(k+2)], (11) 


where W is the total energy of the bound electron, 
k is the nuclear transition energy, and V is the electro- 
static potential at the center of the nucleus (of the 
order of —aZ/R). Numerical values of the coefficient ¢ 
for the K conversion of a 511-kev transition are plotted 
in Fig. 5 for various nuclear charge distributions. Since 
|V|>>W in general, o~ (VR)?/15, and is very nearly 
independent of the converting atomic shell and the 
nuclear transition energy. Because of the smallness of 
the coefficient 7, the term in the strength parameter (9) 
in which it appears is customarily neglected. 

(C) A useful approximation for the electron wave 
functions is the “point-nucleus” approximation, in 
which the a’s and ’s in (7) are set equal to zero, and the 
C’sare taken as the values of the corresponding Coulomb 
wave functions for a point nucleus, but evaluated at a 
distance equal to the nuclear radius R. For the usual 
case aZR, PR<1, one then obtains the explicit 
expression” for the reduced K-shell conversion prob- 
ability : 


Qe =2[2x| (i| H’(L=0)| f)|*)/p? 
“ a 1+y P(W+y7) 
361 (2y+1) aZ 


where y=[1— (aZ)?]}!, W=[P?+1]}} is the total energy 
of the ejected electron, and 


2(1+7) 
(T(2y+1)? 
KereZW/P|P(y+iaZW/P)|*, (13) 
See, for example, H. A. Bethe et al., Handbuch der Physik 
(Verlag Julius Springer, Berlin, 1933), second edition, Vol. 24, 


Part 1, p. 316, for the bound functions, and M. E. Rose, Phys. Rev. 
51, 484 (1937), for the continuum functions. 





(20ZR)**2F(Z,P), (12) 


Z,P) (2PR)?72 


IN ATOMIC NUCLEI 





$x10%, 











Fic. 5. The coefficient o as a function of atomic number for 
various nuclear charge distributions, g(r)—shell, uniform, and 
reciprocal-radius. Results are given for the case of the K- 
shell conversion of a transition of energy one mc*, although they 
are insensitive to the choice of the converting shell and the 
nuclear transition energy. 


is the Fermi function for negatron decay.* This result 
is in essential agreement with previous relativistic**** 
and nonrelativistic’’** results. Analogous expressions 
for the conversion ratios are 


Se Px(Wa+a)F(Z,Pr) X41 X27# 
| Le re Ape, 
Pi (Wit+y)F(Z,P1) X+2 2y+1 


24+X X-1Wity 
L;/Ly1=—— —, 
2-X X+1W1-7 


54 
Ia{ Lang 114-0 ZY +: - 
(aZ)*LW 2 es 7 |R4 


3% See, for example, Tables for the Analysis of Beta Spectra, 
National Bureau of Standards, Applied Mathematics Series 13 
(U. S. Government Printing Office, Washington, D. C., 1952). The 
tables on pages 21-61 of this reference were used in the evaluation 
of the results in Figs. 1 and 3. 

*H. Yukawa and S. Sakata, Proc. Phys.-Math. Soc. Japan 17, 
397 (1935). 

35 R. Thomas, Phys. Rev. 58, 714 (1940). The analytic result 
quoted for the K-conversion probability has apparently been 
derived for a particular nuclear charge distribution, and differs 
slightly from (12). However, these expressions are numerically 
equivalent in all cases of practical interest. It is also pointed out 
in this reference that ZO pair production is negligible relative to 
the internal conversion of the 1.42-Mev 0-0 transition in Po*". 

36S. D. Drell, reference 11. An integral sign in his Eq. (9) was 
omitted in transcription. 

37 J. Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley and Sons, Inc., New York, 1952), p. 620. Their expression is 
four times the nonrelativistic form of (12), as a consequence of 
their neglect of the term 1/r, appearing in (6). 

3% R. G. Sachs, Nuclear Theory (Addison-Wesley Publishing 
Company, Cambridge, 1953), p. 268. The nonrelativistic expres- 
sion quoted has not been doubled to take into account the presence 
of two K electrons. 
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where X=[2(1+7)]!, and Wx, 1=[Px, +1]! are the 
total energies of the electrons ejected from the K and 
L shells, respectively. In the absence of screening, 
Wr=k+y and W,=k+3X, where & is the nuclear 
transition energy. 

(D) The results in Figs. 1 to 4 include a number of 
corrections to the approximate expressions (12)—(14) 
arising from the use of more realistic expressions for the 
electron wave functions. These corrections to the 
“point-nucleus” electron functions involve the inclusion 
of the effects of (1) the finite nuclear size, (2) atomic 
screening, and (3) terms of the order aZR and PR in 
the Dirac wave functions.” The effect of the finite 
nuclear size on the electron wave functions increases the 
approximate result (12) by a small amount which 
increases with increasing atomic number. Since W<| V | 
in general, the effects on the electron functions them- 
selves are essentially the same for bound and free 
electrons and very nearly independent of the nuclear 
transition energy. The effects of screening on the bound 
wave functions, on the other hand, lowers the pure 
Coulomb results (12)-(14) slightly for the K shell and 
by a larger amount for the L shell. These effects de- 
crease with increasing Z. The net result of all three 
corrections is to increase the “‘point-nucleus” values of 
the K and L shell reduced transition probabilities by 
~25 and ~15%, respectively, for Z=85, and by lesser 
amounts for lower atomic numbers. At low Z, L con- 
version is appreciably attenuated by bound-state 
screening. 

Analysis of the effects of the finite nuclear size leads 
to two related corrections to the “point-nucleus” values 
of the constant C appearing in the expansion of the 
electron wave functions (7). The values of the electron 
functions at the nuclear surface are decreased from the 
“point-Coulomb” values, and the electron wave func- 
tions within the nucleus are not “flat,” but reach a 
maximum at the origin. As indicated above, this 
variation of the electron functions within the nucleus 
gives rise to higher-order nuclear matrix elements in the 
strength parameter (9). The “large” components of the 
wave functions are only slightly affected by the finite 
nuclear size, while the “small” components are more 
seriously attenuated. Since the EO transition probability 
depends only on the large components of the electron 
functions to lowest order, the dependence on the details 
of the nuclear charge distribution is slight, and the 


CHURCH AND J. 


WENESER 


“point-nucleus” approximation for the monopole con- 
version is a good one. In evaluating the dependence of 
the electron wave functions on the nuclear charge 
distribution, three very different distributions have been 
considered—a shell distribution, a uniform distribution, 
and a reciprocal-radius distribution. It is found that 
in these cases the reduced transition probability for ZO 
conversion is increased over the “‘point-nucleus” values 
by approximately 10, 30, and 50%, respectively, for 
Z=85. The conversion ratios are unaffected to first 
order. Since the effects of the finite nuclear charge 
distribution on the magnitudes of the electron wave 
functions does not differ greatly for the extreme dis- 
tributions considered, the results given in Figs. 1 to 4 
have been computed for the reasonable case of a uniform 
nuclear charge distribution.” 

The effects of atomic screening may be considered as 
appearing in two related ways. The wave functions at 
the nuclear surface are lowered by the change in 
normalization of the entire wave function, and the 
binding energies are shifted from their “‘point-Coulomb” 
values. The attenuation of the bound functions at the 
nuclear radius was taken from the results of Brysk and 
Rose,” which are based on calculations for a Fermi- 
Thomas-Dirac atom. For Z=85 the attenuations of the 
K, Ly, and Ly functions are 1, 7, and 9%, respectively. 
The shift in binding energies has been taken into ac- 
count by the use of empirical binding energies.“ The 
screening corrections to the continuum functions may 
be important in the immediate vicinity of threshold.” 
However, for transition energies greater than 100 kev 
above threshold, the wave functions are apparently 
altered by less than 3% for Z=85, and the effect 
decreases rapidly with decreasing atomic number. 
Since the effect is small, and since there is no compre- 
hensive source of continuum screening corrections 
readily available, this correction has been omitted in the 
present calculations. 


% The decrease of the bound-electron wave functions at the 
nuclear surface due to the finite nuclear size was determined by the 
method of Brysk and Rose.” In doing so, however, a more accurate 
value of the isotope shift was used, computed by an extension of 
their methods rather than the perturbation-theory value. 

N. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830, 1955 (unpublished). 

41 Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 

# J. R. Reitz, Phys. Rev. 77, 10 (1950) ; (private communication, 
1955). 
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Half-Life of Rb*’ 


L. T. Atpricu, G. W. WETHERILL, AND G. R. Titton, Department of Terrestrial Magnetism, 
Carnegie Institution of Washington, Washington, D. C. 


AND 


G. L. Davis, Geophysical Laboratory, Carnegie Institute of Washington, Washington, D. C. 
(Received March 20, 1956) 


A comparison of the ratio, radiogenic Sr*’/Rb*’, found in eight Rb minerals of differing Rb content from 
the same rock unit has shown this ratio to be constant for a given mineral assemblage. This ratio has been 
measured on Rb minerals from six rock units for which concordant U-Pb ages ranging from 375 to 2700 
million years have also been obtained. From the ratio radiogenic Sr*’/Rb*’ and the age of the mineral ob- 
tained from the U-—Pg age, the half-life of RB*’ is calculated to be (5.00.2) X10" yr. This lies in the range 


of values found by direct counting experiments. 





INTRODUCTION 


HE decay of Rb* has been studied since the assign- 

ment of the radioactivity of rubidium to this 
isotope in 1937.! The first value of the half-life ob- 
tained by Strassman and Walling* was determined by 
using an essentially geological procedure. The ratio, 
Sr’7/Rb’’, was obtained from an ancient rubidium 
mineral. From this ratio and the best age available for 
the mineral, the half-life was calculated. The value 
obtained by Strassman and Walling is shown with 
those obtained by direct counting experiments in 
Table I. One group of values for the half-life clusters 
around 6.310" years, and two values are close to 
4.3X10" years. The difficulty in measuring the Rb*’ 
decay constant is the result of the unusual distribution 
of the energy of the electrons which in turn is at- 
tributed to the highly forbidden nature of the Rb* 


TABLE I. Measurements of Rb* half-life. 








Disinte- 
grations 
per minute 
T} per 
Investigator (10 yr) mg Rb Method 





Geological 
4x G-M counter 


Strassman and Walling* 6.3 

Haxel, Houtermans, and> 5.95 
Kemmerich 

Kemmerich*® 


43.5 
4.10 63.1 
40.4 


40.6 


Screen-wall G-M 
counter 

Screen-wall propor- 
tional counter 

4x G-M counter 


RbI(T)) scintillation 
spectrometer 
4x G-M counter 


6.41 
6.37 


Curran, Dixon, and 
Wilson4 
MacGregor and 
Wiedenbeck® 
Lewis‘ 


Geese-Bahnisch and Huster* 4.30 


5.93 43.7 


60.1 








® See reference 3. 

>» Haxel, Houtermans, and Kemmerich, Phys. Rev. 74, 1886 (1948). 
¢ M. Kemmerich, Z. Physik 126, 399 (1949). (Half-life recalculated.) 
4 See reference 4. 

¢ See reference 6. 

f See reference 5. 

« I, Geese-Bahnisch and E. Huster, Naturwiss, 39, 379 (1954). 


1W. R. Smythe and A. Hemmingdinger, Phys. Rev. 51, 1052 
(1937). 

2J. Mattauch, Naturwiss. 25, 189 (1937). 

3 F. Strassman and E. Walling, Ber. deut. chem. Ges. 71, 1B, 1 
(1938). 


decay. The maximum energy is 275 kev while the aver- 
age energy is approximately 45 kev,** so that the 
details of the shape of the spectrum at low energy are 
difficult to deduce from the part of the spectrum which 
is easily measured. 

We have been attempting to correlate the ages of 
minerals from single mineral assemblages as determined 
by the decay of U™*, U%%, Th, Rb§’, and K®. In this 
work we have used essentially the procedure of Strass- 
man and Walling, with the important difference that 
we have concordant U-Pb ages of a uranium mineral 
from each geologic unit that was the source of the 
rubidium minerals. It is the purpose of this paper to 
present the results of six such comparisons from geologic 
units ranging in age from 375 to 2700 million years. 
Three ratios which are characteristic of the assemblage 
are necessary. These are Pb**/U%8, Pb”?/U™*, and 
radiogenic Sr*’?/Rb*’. Using the first two of these ratios 
and the decay constants for uranium of Kovarik and 
Adams,’ and Fleming, Ghiorso, and Cunningham,® one 
can calculate two ages for the uranium mineral. Con- 


TABLE II. Radiogenic Sr87/Rb*’ ratios for different minerals from 
the Brown Derby pegmatite, Gunnison Company, Colorado. 





ppm radiogenic 
Sr8? Sr87/Rb*? 


0.0195 
0.0181 


ppm Rb*? 


1870+ 50 
2690+ 100 


5550+200 
5570+200 
5570200 
5890+ 200 


6130+200 118+3 0.0192 
6870+200 134+3 0.0195 


Mineral 





36.541 
48.7+1 


Muscovite 
Microcline 
Lepidolite 

(coarse books) 
Lepidolite 

(medium grain) 
Lepidolite 

(medium grain) 
Lepidolite 

(fine grain) 
Lepidolite (white) 
Lepidolite (coarse) 


110+3 0.0198 


121+3 0.0210 
0.0195 


0.0220 


114+3 
130+3 





4 Curran, Dixon, and Wilson, Phys. Rev. 84, 151 (1951). 

5G. M. Lewis, Phil. Mag. 43, 1070 (1952). 

6M. H. MacGregor and M. L. Wiedenbeck, Phys. Rev. 86, 420 
(1952). 


7A. F. Kovarik and N. I. Adams, Jr., Phys. Rev. 98, 46 (1955). 
8 Fleming, Ghiorso, and Cunningham, Phys. Rev. 88, 642 
(1952). 
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TABLE III. Uranium-lead ages and ratios, radiogenic Sr*”/Rb*’ for minerals from six pegmatites. 
The column 74(Rb*”) is calculated using the Pb®’-U** age. 








U-Pb ages (10° yr) 


Pegmatite location Mineral Pb2é-L238 


Pb27-[Yy235 


Rb-Sr data 


Ty (Rb*") 
Radiogenic Sr®7/Rb*" i 


Mineral 0 yr) 





Monazite 2640+ 100 


Bikita Quarry 
S. Rhodesia, S. Africa 


Viking Lake Pegmatite 
Saskatchewan, Canada 


Uraninite 1790+ 50 


Bob Ingersoll Mine Uraninite 1580+ 30 


Keystone, So. Dakota 


Cardiff Uranium Mine Uraninite 1020+ 20 
Cardiff Twsp., 
Ontario, Canada 

Fission Mine Uraninite 1040+ 20 
Wilberforce, Ontario 
Canada 

Chestnut Flat Mine Uraninite 3754 10 

Spruce Pine, 


N. Carolina 


2680+ 100 


18302 50 


1600+ 30 


1020+ 20 


1050+ 20 


380+ 10 


Lepidolite 0.0380 +0.0010 5.0 


Biotite 0.0270 +0.0010 4.8 


0.0239 +0.001 
0.0244 +0.001 
0.0224 +0.001 


0.0140 +0.0007 


Lepidolite 
Muscovite 
Microcline 


Biotite 
0.0140 +0.0007 


Biotite 


0.005150.0002 
0.005350.0002 


Muscovite 
Microcline 








cordancy of these two ages is good evidence that altera- 
tions in the ratio of daughter to parent isotope have 
only been due to radioactive decay, since the decay 
constants differ by a factor of seven. Then, with the 
reasonable assumption that the rubidium and uranium 
minerals are cogenetic, one can calculate T; for Rb*’ 
from the relation 
0.6931 


Ty= ‘ 
In(i+Sr*/Rb*) 
where ¢ is the concordant U-Pb age. 


ANALYTICAL RESULTS 


The U, Pb, Rb, and Sr*’ content of the various min- 
erals was determined by using stable-isotope® dilution.’ 
The chemical procedures and mass spectrometric 
techniques have been described." By using these tech- 
niques the ratios Pb**/U™* and Pb*’/U*® have been 
determined with errors of less than 3%, and the ratio, 
Sr§7/Rb*’, with an error of less than 5%. That a ratio 
Sr87/Rb*’ can be found which is characteristic of all the 
minerals of a rock unit is shown in Table II. Eight 
minerals with Rb*’ concentrations ranging from 1870 
to 6870 ppm (parts per million) give ratios of Sr*7/Rb*” 
which average 0.0198 with a mean deviation of 0.0009. 
Some of the differences in this ratio may be due to 
geochemical processes, but these processes appear to 
produce only second-order effects. 

Table III gives the age measurements for one mona- 
zite and five uraninites used in this study. The monazite 
ages are those reported by Holmes.” The five uraninites 





® The isotopes used in this work were supplied on loan from the 
U. S. Atomic Energy Commission. 

0M. G. Inghram, in Annual Review of Nuclear Science (Annual 
Reviews Inc., Stanford, 1954), Vol. 4, p. 81. 

1 Aldrich, Davis, Tilton, and Wetherill, J. Geophys. Research 
(to be published). 

#2 A, H, Holmes, Nature 173, 612 (1954). 


were analyzed at the Carnegie Institution. The two 
U-Pb ages for each mineral agree within 3%. Table III 
also shows the analytical data for rubidium minerals 
from the same pegmatites. The half-life given is 
calculated by using the U**-Pb*”’ age, but using the 
U**-Pb™ age would affect 7; by less than 2%. 

Figure 1 shows a plot of the ratio Sr*’/Rb*’ vs U-Pb 
age for the six pegmatites studied. The solid lines 
show how this ratio would vary with time if the Rb*’ 


a | 


T=43x10VR 



































1000 2000 3000 


U-Pb AGE (Miions OF YEARS) 


Fic. 1. Ratios (radiogenic Sr*’)/Rb*’ for minerals from rock units 
with concordant U-Pb ages, vs the U-Pb ages, 





HALF-LIFE OF,Rb8? 


half-life were 4.310" years and 6.310" years, re- 
spectively. The dotted line through the experimental 
points corresponds to a half-life of 5.0 10" years. 


CONCLUSIONS 


The data show that the ratio, Sr®*’/Rb*’, is directly 
related to the age of the pegmatite for which it is de- 
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termined. From the data presented, the half-life of 
Rb*’ is calculated to be (5.0+0.2)X10" years. It is 
important that this value be confirmed by laboratory 
counting experiments." 


18 Subsequent to submission of this paper, E. Huster and W. 
Rausch (private communication) reported that refined experi- 
ments of the type described in footnote g of Table I now give 
(4.9-5.0) X10” years for the half-life of Rb*’. 


NUMBER 4 AUGUST 15, 1956 


Analysis of Proton-Proton Scattering Data at 300 Mev* 


M. H. Hutt, Jr.,f J. B. Enrman,t R. D. Hatcuer,§ anp L. Duranpt 
Yale University New Haven, Connecticut, and New York University, New York, New York 
(Received March 26, 1956) 


An analysis of proton-proton scattering experiments is described and some results for 300 Mev are pre- 
sented. Phase shifts for states with J<4 are included, and effects of states of higher angular momentum are 
discussed. The importance of including Coulomb interference effects is brought out. 


INTRODUCTION 


UCLEON-NUCLEON interactions derived from 
meson field theories are not yet entirely satis- 
factory. Not only is the most hopeful one so far ob- 
tained apparently inadequate for explaining low-energy 
phenomena,' but the possibility of an as yet unknown 
velocity dependence of the interaction also makes it 
desirable to be able to approach the problem of inter- 
pretation of experimental data at high energies from 
some other viewpoint. The alternative approach is 
supplied by an analysis in terms of phase shifts, which 
Breit has shown to be valid® regardless of the possible 
radial, angular, or velocity dependence of the nucleon- 
nucleon potential or whether such a potential can even 
be logically defined. 

In the present note, an account is given of a phase 
shift analysis of the data on proton-proton differential 
cross section and polarization at 300 Mev, and some 
preliminary results of the analysis are presented and 
discussed. The methods used do not involve the usual 
gradient search high-speed digital machine procedure, 
but rely on another type of search for fits to the differ- 
ential cross section and an Argand diagram treatment 
of polarization data. These possibilities have been 
pointed out to the authors by Breit. No set of phase 
shifts has yet come out of the analysis which produces 
an unqualified fit to these data, but some results appear 
of sufficient interest to merit mention and to warrant a 


* This research was supported by the Office of Ordnance Re- 
search, U. S. Army. 

+ At Yale University, New Haven, Connecticut 

t Now at Nucleonics Division, Naval Research Laboratory, 
Washington, D. C. 

§ At New York University, New York, New York. 

1J. M. Blatt and M. H. Kalos, Phys. Rev. 92, 1563 (1953). 

2G. Breit, University of Pennsylvania Bicentennial Conference 
(University of Pennsylvania Press, Philadelphia, 1941). 


description of the methods used to obtain them. In 
addition, the calculations are in a stage where state- 
ments can be made concerning effects of Coulomb 
interference and effects of phase shifts for states of 
higher angular momentum than are included in the 
analysis. 

The high-energy polarization data* have an angular 
dependence which implies phase shifts in the J>3 
states of total angular momentum,‘ and the existence 
of polarization implies that the phase shifts for given 
orbital angular momentum state Z but different J are 
unequal.® If it is assumed that states for L>3 are not 
important at 300 Mev, then the analysis of polarization 
and differential cross section is in terms of eight phase 
shifts: the singlets Ko, Ke, and the triplets 51”, 61”, 52”, 
52”, 53”, 54”. If a tensor type interaction occurs, then 
the coupling parameter between the *P2 and °F» states 
is a ninth parameter. Since the polarization involves 
only the triplet states, it was the subject of the first 
analysis and the cross-section data were treated 
afterwards. 


II. PROCEDURE AND RESULTS 


The following procedure, suggested by Breit,’ was 
followed in analyzing the polarization data. Coupling 
in the J=2 state was omitted, and values of scattering 
angle, 6, for which the Coulomb-nuclear interference 
effects should be negligible were investigated first. 
A least squares analysis of (Po)=sin6[a,P;(cos@) 

3Chamberlain, Donaldson, Segré, Tripp, Wiegand, and 
Ypsilantis, Phys. Rev. 95, 850 (1954); J. M. Dickson and D. C. 
Salter, Nature 173, 946 (1954). 

4B. D. Fried, Phys. Rev. 95, 851 (1954); Breit, Ehrman, 
Saperstein, and Hull, Phys. Rev. 96, 807 (1954). 

5G. Breit and J. B. Ehrman, Phys. Rev. 96, 805 (1954) ; M. H. 
Hull, Jr., and A. M. Saperstein, Phys. Rev. 96, 806 (1954). 

6G. Breit (private communication). 
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+as3P;(cosé)+a5Ps5(cos#)] (excluding interference 
effects) in the angular range 25°<6<90° was carried 
out to determine the coefficients a, a3, and a5. Several 
sets of data’ were included, and the result is 


a= 1.015+0.057 ; a;=0.316+0.069; a;=0.099+0.073. 


The large uncertainty in as has already been discussed 
by Breit, Ehrman, Saperstein, and Hull. Even though 
the value of as is uncertain it is used below since its 
omission might lead to erroneous conclusions. Formulas 
for the a’s in terms of phase shifts were then used, 
together with the least squares values, to determine 
sets of *P and *F phase shifts consistent with the 
polarization data. Only sets of triplet phase shifts such 
that (49/k*) ¥> ret, 3; 7m0, «+4 (2J+1) sin’6;“<ototai were 
accepted. The total p— cross section could be taken 
to be 4rXap_,(90°)=4rX3.75 mb from the data of 
Chamberlain ef al.* In order not to restrict unduly the 
ranges of phase shifts investigated, 4 mb was used in 
place of 3.75 mb. 

Trial values of 52”, 53”, and 62” were chosen, and the 
least squares values of the coefficients a were used to 
determine 64”, 59”, and 6,”. Since as depends only on 
the *F phase shifts, selection of 5,” and 6;” determines 
6,” from the value of as. The phase shifts 59”, 5,” enter 
in 4, a3 only in the combination Qo? +30,” =exp (ido?) 
Xsindy’+$ exp(i5,”) sind,?, and it is convenient there- 
fore to introduce 


x= Re(Qo?+301"), y=Im(Qo? +301"). 


With the selected values of 53”, 54”, 52”, ai, a3, and ds, 
real values of 59” and 6,” correspond to the condition 


(2)?<2°+[y— (5/4) P< (S/4)*. 


Graphical methods were used for making use of these 
inequalities in many cases according to the following 
plan. One notes that 


(9/25)as= Im[_(2002" +703") (Q4")*]. 


On an Argand diagram, the points representing 
(2002" +703") (Q4")* for given 52” and 6;* lie on a circle 
passing through the origin with radius | 200."+70;" |, 
and with a diameter which passes through the origin 
at an angle arg (200.’+70;") measured counter- 
clockwise from the negative imaginary axis. The inter- 
sections of the line giving the experimental value of 
Im[_ (200. +703") (Q4")*]= (9/25)as with the circle 
give the values of 54” which are desired: they are the 
angles measured clockwise from the line through the 
origin at angle arg (20Q0."+70;") with respect to the 
positive real axis, to lines joining the origin with the 


*Chamberlain, Donaldson, Segré, Tripp, Wiegand, and 
Ypsilantis, Phys. Rev. 95, 850 (1954); Chamberlain, Segre, 
Tripp, Wiegand, and —. Phys. Rev. 93, 1430 (1954); 
Chamberlain, Pettengill, Segré, and Wiegand, Phys. Rev. 95, 1348 
on Marshall, Marshall, and Carvalho, Phys. Rev. 93, 1431 

§ Chamberlain, Pettengill, Segrt, and Wiegand, Phys. Rev. 95, 
1348 (1954) ; 93, 1424 (1954). 
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points of intersection. The sum of the two solutions 
must be arg (2002"+-7Q;") regardless of the value of as. 
In order to obtain 69” and 6,”, the values of x and y 
were calculated from values of 62”, 53”, 54”, and an 
assumed value of 62”. Thus, defining 
a= — (27/25)as— (21/2) (F2,F's3)+ (81/2) (Fe,Fs) 
—15(F2,P2)— (21/2) (Fs,P2)+ (51/2) (Fa,P2), 
B= a3— (38/25)as— (21/2) (F2,F's) + (81/2) (F2,Fs) 
—30(F2,P2)— (21/2) (Fs,P2)+ (11/2) (F,P2). 


one finds 
(a/6) ReQ«’ — (8/14) Re(Q.’ —Q2" +02”) 
t= 
ImLQ." (Q2?—Q2")*] 





? 


_(a@/6) ImQ.? — (6/14) Im(Q.’ — 0." +02") 
Im[Q4" (Q2?—Q2")*] 





b 
where 


(Ly,Lz’)=Im(Qz"Q7-""*) 
=sindy” sindy”’ sin(6s2—6,-"’). 


If these satisfied the criterion for real 59” and 6,”, then 
the values of the angles themselves were found graphi- 
cally. Since x+iy=Qo?+$0Q1", the diagram consists of 
a circle of radius ? centered at 3i, and a circle of radius 
3 centered at x+i(y—}). The intersections of these 
circles provide two pairs 59”, 6,”. Here 6,” is the angle 
measured from the real axis to the line joining the origin 
with either intersection, and 59” is the angle measured 
from the real axis to the line joining that intersection 
with the point *+1y. 

Much of the effort in applying this method is involved 
in finding values of 52,” so that x, y yield real 5”, 5,” 
when 62", 5;” have been selected and 6,’ determined. 
It was usually found desirable to calculate x and y as 
functions of 6.” and from graphs of these quantities to 
restrict the investigation to regions where the necessary 
(but not sufficient) conditions |x| <5/4, 0<y<5/2 
were satisfied. Approximate analytical methods were 
used for |5,”| small (~1°) and for 6.?~6," (where x 
and y diverge). It was found that only a small range 
(<5° usually) of values of 5,” gave allowed values of 
x and y for small |5,”|, and usually the region contain- 
ing 52? =6," was excluded. 

The effect of experimental uncertainties, as contained 
in the results of the least squares analysis, was looked 
into by using the central and one of the extreme values 
of as indicated by the analysis: a,=0.099 and a;=0.172. 
These changes in ds have little effect on the polarization 
curve, but do affect the ranges of allowed *F phase 
shifts: generally smaller *F phase shifts are allowed by 
smaller as, and vice versa. The effect of uncertainties 
in the other coefficients was not investigated in this 
preliminary work, since on the percentage basis they 
were much smaller than for as. It should be noted, 
however, that values of phase shifts obtained by this 
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method are sensitive to the measurement of the angles 
in the graphical method. 

The principal errors arise from uncertainties in de- 
termining 54”, where the scale of the construction some- 
times made it necessary to find the intersections of a 
circle of large radius with a line a very small distance 
from zero. As an example, when fitting a;=0.099 as- 
suming 6,”=10°, 6;"=—5°, one finds that the radius 
of the circle is 1.44, and the angle with the vertical axis 
of the diameter passing through zero is only 13.13°. 
The intersections of this circle with a horizontal line 
only 0.035 above the horizontal axis had to be de- 
termined, and the larger of the two angles was measured 
as 64°=8.3°, with an estimated error of reading and 
construction of the order of 1°. The smaller range was 
determined by subtraction to be 54’=4.8°. This case 
was redone numerically, and the angle found to be 
5.01°, so that the error in this case was rather small. 
With 6,’=4.8°, solutions for 59” and 6,” were found 
for 62?=21°. One finds x= —0.5603, y=0.3156, which 
lead to 69? =—33.6°, 6:?=—4.1°. Using 5°=5.01°, 
52°=21°, one finds x= —0.5806, y=0.2981 and corre- 
sponding phase shifts 59? = —26.0°, 6;?=+1.5°. Since 
the scale of construction is always the same for the *P 
phase shifts, the uncertainties which interfere with a 
precise graphical determination of the */, phase shift 
are not present, the changes coming almost entirely 
from the changes in x and y. The coefficients are not 
exceedingly sensitive to errors in the *P phase shifts, 
even as large as those shown here. Thus for 6,” = 4.8°, 
6;° = —5°,5.% = 10°, 5.?= 21°, 5,?= —4.1°, 59? = — 33.6°, 
one finds that a;=0.097, a;=0.319, a;=1.017. In this 
case, therefore, the errors Aas= —0.002, Aa;=-+0.003, 
Aa,= +0.002 are much less than the errors in the least 
squares analysis. An error of 1° in determining 6,4’, 
however, has a somewhat larger effect on the coeffi- 
cients. If 64” = 4° is used, a5= 0.089, as~0.336, ay~1.025, 
and the errors Aas= — 0.010, Aa;= +0.020, Aa,;= +0.010 
are of the order of, but still smaller than, the least 
squares errors. 

The sets of triplet phase shifts obtained from the 
polarization analysis were then used to calculate the 
differential cross section. Values of the singlet phase 
shifts Ko and K, to be tried were obtained by choosing 
points on the ellipse determined by 


sin’Ko+5 sin*K» 


(2J+1) sin’, ‘| 


1 
-»|4 mb—— » x 


Rh? LH1,3;J=0-+ +4 


This also allows some limits to be set on the absolute 
value of K2. If all other phase shifts were zero, then a 
total cross section of 444 mb allows a | K2|<33°. 
However, when triplet phase shifts determined by the 
polarization are used, the largest value of | K2| allowed 
in the present work was 14°. For the sets of phase shifts 
giving the best fits to data including interference, the 
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largest | K2| is only 7°. These limits may be useful in 
assessing results of phase shift calculations from as- 
sumed nucleon-nucleon interactions. 

The cross section was calculated using a program 
prepared for the UNIVAC facility at New York Uni- 
versity. The amplitudes as defined by Breit and Hull? 
were first obtained, and the cross section computed 
from them according to formulas given by these authors. 
In addition, the polarization was calculated from the 
same amplitudes according to the formulas of Breit, 
Ehrman, and Hull.” This latter calculation served 
both to check the polarization analysis and to obtain 
the effect of Coulomb interference at angles where it is 
important. 

In the calculation of Coulomb effects, the value of 
the parameter y was obtained by using the relativistic 
formula of Garren and Breit": 


nrei=((€/he) (1+Tian/MC)]/ 
C(Tiab/Mc?)(2+Tian/Me) }. 


Estimates using the results of Breit" and of Ebel and 
Hull” have indicated that the principal effect of treat- 
ing the Coulomb interaction relativistically is con- 
tained simply in the changed value of for energies 
under consideration. 

The UNIVAC program allowed a comparison of 
theoretical and experimental angular distributions to be 
made by providing for the computation of 


Texp (0;) —Otheor (6,) 
Texp(8i) 


where p(@;) is a weight assigned to an experimental 
value of the cross section at a given angle, @;. The cross- 
section data of Chamberlain ef al.§ were used for com- 
parison, with o(@)=3.75 mb used for @> 25°. For otheor 
differing from oexp by the experimental uncertainty at 
every angle, the value of D is about 0.6. Values of 
(Po) and o, together with singlet and triplet cross 
sections and amplitudes were printed out at nine angles 
for all sets of phase shifts for the D<1, and the value of 
D was printed for every set tried (about 1700). 
Sample results of the calculation are shown in the 
accompanying figures. Figure 1 shows the data of 
Chamberlain et al.’ used for fitting together with curves 
representing the data. The data of Chamberlain and 
Garrison™ at 260 Mev are shown for comparison. The 
polarization curve is the result of a least squares analysis 
of data for @> 25°, and is arbitrarily continued to smaller 
angles without including Coulomb interference. Theo- 





D=> (6) 


*G. Breit and M. H. Hull, Jr., Phys. Rev. 97, 1047 (1955). 

” Breit, Ehrman, and Hull, Phys. Rev. 97, 1051 (1955). 

1G. Breit, Phys. Rev. 99, 1581 (1955); see also A. Garren, 
Phys. Rev. 96, 1709 (1954), where some similar results are given, 
but with insufficient justification to allow their general application 
in the present analysis. 

2M. E. Ebel and M. H. Hull, Jr., Phys. Rev. 99, 1596 (1955). 

'8Q. Chamberlain and J. D. Garrison, Phys. Rev. 95, 1349 
(1954). 
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Fic. 1. Experimental data used in the present analysis. The 
upper curve shows the experimental points of Chamberlain et al., 
reference 8, with other points due to Chamberlain and Garrison, 
reference 13, at 260 Mev shown for comparison. The curve is 
drawn through Chamberlain’s experimental points, and extends 
to @=90° with the value ¢(@)=3.75 mb/sterad to fit the average 
cross section of Chamberlain ef al. in the second reference of foot- 
note 8. The polarization curve represents a least squares fit to 
the data of Chamberlain ef al. and of Marshall et al., reference 7, 
for @>25°, ignoring Coulomb interference. The curve is con- 
tinued into the small-angle region using the same coefficients 
which fit the large-angle data. 


r 6 c.m., degrees 


retical curves are given in Figs. 2, 3, and 4 with the 
curves of Fig. 1 representing the data included for 
reference. The experimental points are omitted in the 
later figures for clarity. The phase shifts leading to the 
theoretical curves are given in Table I. Figure 2 con- 
tains some of the best cases found for both cross section 
and polarization. It is seen that while the cross section 
is represented fairly well below 6=10° in these cases, 
the theoretical curve is not as flat as the experimental. 


TABLE I. Sets of phase shifts resulting from the analysis which 
were used in calculating the differential cross sections and polariza- 
tions plotted in Figs. 2 and 3. Phase shifts are given in degrees. 
The letters at left refer to curve designations on Figs. 2 and 3. 
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The calculated values of the polarization remain satis- 
factory fits to the data in these cases when the inter- 
ference is included, even though they drop below the 
least squares curve. Figure 1 shows that the data 
scatter too much to rule them out. 

The results in Fig. 3 illustrate some larger. effects of 
Coulomb interference. Case F shows a strong negative 
interference in the polarization which is apparent even 
at 6=60°, although the effect is hardly experimentally 
significant at this angle. Case D shows a similarly strong 
positive interference. Both cases have one large *F 
phase shift which accounts for much of the small-angle 
effect, while one large *P phase shift sustains the effect 
at larger angles. Case E shows relatively small inter- 
ference effects in the polarization except at very small 
angles. 

The possibility of reducing the interference effects 
in cases D and F without changing the phase shifts by 
large amounts was investigated. Since the *F phase 
shifts produce most of the effect, their contribution to 
the interference was to be eliminated while a;=0.099 
was to be held fixed. In both cases a first-order calcula- 
tion produced such large changes in the phase shifts as 
to invalidate first-order considerations. Starting with 
the phase shifts in line F of Table I, it was found that 
changes Ad.’=+20°, Ad."=+1° were indicated in 
one arrangement of the calculation, and changes 
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Fic. 2. Curves showing some of the fits obtained in the present 
analysis. The designations A, B, C represent different sets of 
phase shifts as given in Table I. The solid curves are the same as 
those of Fig. 1. 
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Abs? =5°, Ado” =32° were indicated in another. When 
the phase shifts were initially those in line D of Table I, 
changes Ad. =+19°, Ad.” =+47°, Ad; =F 14° were 
indicated. In another case, to check the method, the 
phase shifts in line E of Table I were used, and the 
much smaller initial interference was reduced by changes 
AbF=2°, Ad;’=1.3°, Ad.F=—2.9°, with as kept 
constant. 

It should be pointed out that these large changes 
occur in a special way of treating the effects. The data 
are not precise enough to determine as exactly, so the 
requirement that as remain unchanged is stringent. In 
addition, the spread of the data at small angles is so 
great that even for the two extreme cases under con- 
sideration the elimination of the effect of the *P phase 
shifts cannot be said to be demanded by experiment. 
The main reason for discussing the interference effects 
at such length is to indicate that they can be relatively 
large: as much as 0.5-0.8 mb/sterad in Po for the 
special cases discussed. When experiments are improved, 
therefore, the interference effects can prove a useful 
tool in helping to determine suitable sets of phase 
shifts. At present, the existence of these extreme cases 
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Fic. 3. Curves showing special interference effects. The desig- 
nations D, E, F correspond to the sets of phase shifts so labeled 
in Table I. In the cross section, curves D and F start together at 
small angles, and F is essentially the same as the curve repre- 
senting the data beyond @=20°. In the polarization, curve E 
joins the least squares curve at 0=15° and is not distinguishable 
from it at larger angles. The solid curves are the same as those 
of Fig. 1. 


DATA AT 300 MEV 


~---> Curve 

—-— Curve 

—--~ Curve 

~~~ Curve d 

—— Representation of Data 





6 cm., degrees 
~---- Curve 
—— Curve 
~~~ Curve ¢ 
__ — Least Squares Curve 








© cm., degrees 


Fic. 4. Curves representing the effect of higher phase shifts. 
The curves labeled a are the same as those labeled A in Fig. 2 
and correspond to the phase shifts of row A in Table I. For curves 
b, a phase shift 5,“=3° was added; for curves c, phase shifts 
647 =0.5°, 5;=1°, 5¢/=1.5° were added; for curve d (cross 
section only), the triplets were unchanged, but a singlet phase 
shift K, in the 'G, state was added. As the dotted line £m 
curve d diverges slightly from the curve representing the data 
below 7° and above 45°, but is, on this scale, coincident with it in 
between. The solid curves are the same as those of Fig. 1. 


suggests that the effects should be checked for any fits 
to data obtained without taking interference into 
account. 

Case F produces the flattest cross section obtained 
in this analysis at large angles, fits the experimental 
curve well down to @=15°, but then rises too rapidly 
below this angle. This rise is due to Coulomb inter- 
ference in the triplet cross section. Case D fits the ex- 
perimental point at @=6.5°, but is very poor at @=90°. 
Case E shows a dip in cross section at = 10°, and does 
not show the experimental rise at smaller angles since 
the interference is too smali in both singlet and triplet 
cross sections. The broad dip between 30° and 60° is, 
of course, an effect of the nuclear phase shifts rather 
than a Coulomb effect. 

The effect of states with higher angular momentum 
was investigated by introducing small 'G and *H phase 
shifts, to be used with the phase shifts of case A. 
Figure 4 represents the results, where curve a is the 
same as curve A of Fig. 2; for curve } the same 1S, *P, 
1D, *F phase shifts as for curve a were used, with 
5447=3°, 554=65."=0; for curve c the *H phase shifts 
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Fic. 5. Curves representing Stapp’s best fit. In the polarization 
curve, the results with and without Coulomb interference are 
indistinguishable. In the cross-section curves, the dashed curve 
showing a dip at 6=10° was calculated including interference. 
The dashed curve showing no dip was calculated without inter- 
ference. The solid curves are the same as those of Fig. 1. 


were changed to 647=0.5°, 657=1°, 66%=1.5°; for 
curve d the *H phase shifts were zero as for curve a, 
and 6,°=3° was used. Inspection of the polarization 
curves shows that the relatively large 5,4=3° used for 
curve b has the same effect as the large 6.” = —25° of 
case F of Fig. 3, while 5¢%=1.5° used for curve c pro- 
duces an effect somewhat like that found for 6,” = 16.3° 
of case D of Fig. 3. Both sets of *H phase shifts produce 
a larger angular variation of the differential cross sec- 
tion than that of curve a, while the introduction of a 
positive 'G phase shift improved the angular de- 
pendence quite a bit, although the extent of the small- 
angle rise is not reproduced because the Coulomb 
interference is cut down in the singlet cross section. 

In the course of the analysis of the results of the 
UNIVAC calculations, another discussion of the proton- 
proton data at 300 Mev in terms of phase shifts ap- 
peared.“ In this work, Stapp has used a gradient 


“H. P. Stapp, University of California Radiation Laboratory 
Report UCRL-3098 (unpublished). 
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method to fit ¢, Po, and some of the triple-scattering 
parameters by means of S, P, D, and F phase shifts and 
the coupling between P and F states. The cross section 
and polarization resulting from what he calls his best 
fit were recalculated here, including Coulomb effects, 
and are shown in Fig. 5. This fit gives Ko= —35.1°, 
K2=1.83°, 59? = —25.6°, 5: = —8.88°, 52? =23.1°, 8.” 
= —2.23°, 53"=0.92°, 54=3.55°, and the coupling 
parameter is e=—15.6°. Stapp did not include Cou- 
lomb effects except to see that the interference in the 
cross section at 6= 10° corresponded to an experimental 
result privately communicated by Ypsilantis. In 
Fig. 5 it is seen that Stapp’s phase shifts lead to a dip 
in the cross section at small angles when Coulomb effects 
are included, and that the rise at smaller angles is less 
than that exhibited by the data used in the present 
analysis. Although the data of Chamberlain ef al.’ do 
not show the dip, data at higher energies indicate it,!® 
and Stapp presumably had later information at 300 
Mev. Coulomb effects on the polarization are negligible 
at all angles above 7° for Stapp’s phase shifts. His 
polarization curve, as shown in Fig. 5, appears to peak 
more sharply than the data. The difference may not be 
significant in view of the uncertainties in the experi- 
mental points. Thus Stapp’s best fit is more satisfactory 
than fits so far obtained in the present work in that he 
has reproduced both the flatness of the cross section at 
large angles and the shape of the polarization curve 
over most of the experimental angular range, and has 
also included other types of data in his analysis. At 
small angles, however, the cross section leaves some- 
thing to be desired. 

The figures illustrate the advantages of supple- 
menting the results of any method of analysis with a 
comparison of experimental and theoretical curves. A 
judgment as to the value of a given set of phase shifts 
is more readily made when such a comparison is avail- 
able. The importance of including Coulomb inter- 
ference effects in the analysis are also brought out 
clearly by this means. 
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The matrix element for the photoproduction of a (x*+,x~) pair by y rays on protons is examined in the 
low-energy region. Using the Deser-Thirring-Goldberger definition of the nucleon-meson interaction in a 
symmetric pseudoscalar theory with pseudoscalar coupling, it is shown that the leading term in an expansion 
in k/M (k being the kinetic energy of the light particles and M the mass of the nucleon), is exactly the 
pair-term contribution in the perturbation result (~eg?), but occurring with the much smaller g,? coupling 
constant. With the actual value of the pion mass, terms proportional, for instance, to (u/M)gp? then become 


predominant. 





1. INTRODUCTION 


ECENT experimental results' have assigned an 
upper limit of (1.4+0.3)% to the ratio of the 
yields of 47-Mev negative and positive pions produced 
by 500-Mev 7 rays incident on hydrogen. If this value 
be compared with the lowest order perturbation pre- 
diction in pseudoscalar meson theory,’ it is evident that 
the latter gives too large an estimate, owing to its 
general tendency to overestimate effects in the S state. 
Calculations using the Tamm-Dancoff method have 
already been carried out by Nelkin,*’ showing that 
S-state effects are considerably depressed. It seemed, 
however, that an examination of the pair effects by 
using the standard pseudoscalar relativistic theory with 
pseudoscalar coupling (ps-ps) in the low-energy region 
could be of some utility. It is the aim of this paper to 
look into this problem. The technique developed by 
Deser, Thirring, and Goldberger‘ provides the mathe- 
matical tools to achieve this program; accordingly, we 
carry out the calculations assuming the mass of the 
outgoing pions y to be zero. In this limit, the leading 
term for the double production is the process in which 
the y ray interacts with the outgoing meson current.° 
This particular matrix element is computed in Sec. 2 
by straightforward expansion in k;/M, the Rk; being the 
kinetic energies of the light particles (# mesons, photon) 
and M the nucleon mass. In the low-energy region, the 
terms of order k;/M can be neglected compared with 
the leading term of this expansion. The result is exactly 
that of the pair-term contribution, to the lowest order 
of perturbation theory, but occurring with the g,’ 
coupling constant, as determined by D.T.G. The latest 


1M. L. Sands, Proceedings of the Fifth Annual Rochester Con- 
ference on High-Energy Physics, 1955 (Interscience Publishers, 
New York, 1955), p. 48. See also W. K. H. Panofsky, Proceedings 
of the Fifth Annual Rochester Conference on High-Energy Physics, 
1955 (Interscience Publishers, New York, 1955), p. 50. 

2 R. D. Lawson, Phys. Rev. 92, 1272 (1953). 

3See Schweber, Bethe, and de Hoffmann, Mesons and Fields 
(Row, Peterson, and Company, Evanston, 1955), Vol. 2, Sec. 49 g. 

4 Deser, Thirring, and Goldberger, Phys. Rev. 94, 711 (1954), 
to be referred to as D.T.G. 

5R. D. Lawson, reference 2, showed this feature in the lowest 
order perturbation result ~eg?. It can be shown that it is also 
true at any order in a perturbation expansion. See also A. Klein, 
Phys. Rev. 95, 1061 (1954), where a similar argument is developed 
in the case of the nuclear forces in the adiabatic limit. 


value for this constant, deduced from the phase shifts 
given by Orear,® yields 0.14, thus indicating a nearly 
complete suppression of the pair effect. 

In Sec. 3, with the actual value of y, the relative 
orders in u/M for processes in which the y ray interacts 
with the nucleon current or its cloud, are listed, with 
an explicit example. A short discussion follows, in which 
it is made clear that the whole contribution to the 
photoproduction of pairs of + mesons comes from the 
relative u/M terms so far neglected in the perturbation 
calculations. The low experimental ratio for the yields 
of negative to positive pions is thus not unexpected. 


2. INTERACTION WITH THE OUTGOING 
MESON CURRENT 


A particular matrix element for this process is repre- 
sented diagrammatically in Fig. 1. These terms are 
characterized by the fact that it is always possible to 
split them up by the lines B, and By, into three parts: 


(a) the interaction ©,(k,,k’) of the y ray with one 
of the outgoing mesons; 

(b) the propagation A’(k’) of the dressed meson 
between its interactions with the y ray and the nucleon; 

(c) the interaction 7;;(k’,k_,p) of the nucleon with 
the two mesons. 

One has, for (a): 


O, (Ry ,R’) =t(Ry pth’) F(Ry2/M?, k/M?, (ky —k’)?/M?) 
+i (Ry y— Ry) Fi(ky2/ M2, k?/M2, (k,—k’)?/M?). 


7” (ky) 


Fic. 1. A typi- 
cal process for the 
interaction of the 
y ray with the 
outgoing meson 
current. 


® J. Orear, Phys. Rev. 100, 288 (1955). 
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A development in powers of K/M=(k,—k’)/M yields: 


Oy (hy ,k’) =i (Rew th’) LF (Ry?/M?,k,?/M?,0) 
+0(K/M)]. (2.1) 


From 


A’(ky) = (eetys[1+ oa )} 


one deduces the interaction 


we 
0, (kk) = “Dh ene 


(byt) (2) 
+ 6'( — 
M* M* 


= (1/4) 2k, f1-+0(/M2))}; 
(®'=06/ak,2). (2.2) 
By comparison between (2.1) and (2.2), it follows that 
F(k?/M?ky2/M2)=—140(2/M). (23) 
For (b), one has simply: 
A'(e) = (+) [poe] 
=A(#)L1+0W!/M)] 


Finally, for (c) one can write: 


1 ki k_ p 
Tu(t'hp)=—| 4 of pee )} 
M MMM 


which, developed in powers of k’/M and k_/M, leads to 


T.;(k' kp) =e (002 

ij(R ,R_,p Me ij i) 
ee 
k’=k_=0 


= “{u(o02) +n0(*)} 


In (2.5), m runs over the indices prime and minus for 
the k’s, whereas 1,; is the isotopic spin dependence of 
the k/M terms. By use of the D.T.G. results for the 
meson-nucleon scattering,’ it is easily shown that 


uet(p)A i;(0,0, /M)u.(p’) : 
=[g78;;(1+2MM)+1;/0(u/M) Juctue. 
7In this connection, see reference 4, Eqs. (2.29), (2.32), (3.2), 


(3.3), (3.4), and (5.4) which furnishes logically the result quoted 
in (2.6) of the present paper. 


(2.4) 


(2.5) 


(2.6) 


PETERMANN 


Here g,’ is a renormalized coupling constant defined 
from the unrenormalized g,? by 


g°=Z3(da'/da)*g,?, 


a’ and a@ being the renormalized and the unrenormalized 
constant external fields, respectively, as defined by 
D.T.G. in their a formalism ; furthermore, the u, are the 
renormalized spinors. 

Collecting now Eqs. (2.1)—(2.6), one can express the 
matrix element® for the process of Fig. 1 as 


eg, (2/i) ky »l1+O0(k/M) JU (ky —K) +2} 
X (14+-0(u?/M*)) (1/2M)[(1+2MM)+0(k/M)] 

= eg Piky (ky K)“(2M)4 
X[(1+2MM)+0(k/M)). 


The first term in the bracket of the final result (2.7), 
ie., the leading term in the expansion in k/M, is 
the same as the pair term contribution in the lowest 
order perturbation expansion, except for the factor 
(1+2MM), which is not known. However, the product 


g2°=g2(1+2MM) 


(2.7) 


can be determined from the values of the a; and a; 
S-phase shifts, or directly from the data of the z- 
mesonic atoms. For instance, the last values of Orear’s 
solution : as= —0.119; a1=+0.16n, lead to a g,?=0.14. 
This means nothing other than a complete suppression 
of the pair term, since terms of relative order »/M, 
but occurring with g,’ acting in full force, are much 
more important for the actual value of u than the g,’ 
core term. 


3. INTERACTION WITH THE DRESSED 
NUCLEON CURRENT 


We quote simply the relative order in u/M of the 
different kinds of interaction of the y ray with the 
nucleon or its cloud, compared with that with the 
outgoing meson current. 

From the general form of this nucleonic interaction, 
given in a compact form by 

J 


¢é1i1¢0i10 
s( i— -— -—§ 
OA, 1 0a; 1 Oa; 
where A, is a constant external electromagnetic field, 
the following ways of double photoproduction are likely 
to contribute: 


(3.1) 


(a) The y ray is absorbed by the dressed nucleon 
which then propagates freely (i.e., it is possible, at least 
in one point, to split the diagram representation by 
cutting one single nucleon line) until the two mesons 
are emitted. 

(b) The photoproduction of one meson takes place 


8 It is clear that, in the limit 1=0, terms of order u/M are to 
be understood as being of order (kinetic energy)/(nucleon mass). 





DOUBLE xr-MESON 
first, and then the dressed nucleon propagates freely 
until it emits the second meson. 

(c) The whole effect occurs without free propagation 
of the nucleon. 


Just above the threshold, the relative orders in u/M 
compared with the outgoing meson current term are, 
respectively : 


(a) O(u/M), occurring with g,’. 
(b) O(u?/M?), occurring with gpg,. 
(c) O(u?/M?), occurring with g,?.® 


As an illustration of the determination of these 
relative orders, consider briefly case (b). At threshold, 
with zero pion mass, it contributes a term proportional 
to eg.gp(2M)~*y,, since the photoproduction gives a 
factor egp(2M)~y,7s and the remaining interaction, a 
factor g,(iyp+M)~'ys, in accordance with the cancella- 

®gp is the Kroll-Rudermann constant, determined by the 
photoproduction of a single + meson. The relation between gp 
and g, is gp=(F+H)g,. For the definition of F and H, see refer- 
ence 4, Eq. (4.3). Further, (a) has to be evaluated with care as, 


formally, it is infrared-divergent at threshold for 4=0. In this 
connection, see A. Klein quoted in reference 5. 
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tion of the dressed propagator and vertex effects.! 
Being strictly zero at threshold, this matrix element, 
between u.'(p+Ap) and u,(p), starts with a Ap/M 
factor, with increasing Af, and its contribution is then 
of order eg,gp(4M*)—y just above threshold. Compared 
to the leading term in (2.7), this behaves just with the 
relative order u?/M?, but with the coefficient g,gp, as 
stated earlier. 

Thus, in conclusion, it is likely that the whole 
contribution to the photoproduction of two pions comes 
entirely from the terms of relative order k/M in (2.7) as 
well from the effects (b) and (c). Calculations of the 
effect (b) have been made, using the semiphenomeno- 
logical Chew method, with results in good agreement 
with experiment.” So far, the theoretical predictions 
were based essentially on the perturbation expansion, 
giving too large an estimate owing to the pair effects. 
On the other hand, in the light of the present analysis, 
the low experimental ratio of negative to positive pions 
is no longer unexpected. 

It is a pleasure to thank Dr. S. Deser, Dr. P. Martin, 
and Dr. G. Kallén for many helpful discussions. 


” Reference 4, Eq. (5.4). 
1 F, Zachariasen, Phys. Rev. 100, 1809(A) (1955). 


NUMBER 4 AUGUST 15, 1956 


High-Energy Interference Effect of Bremsstrahlung and Pair Production in Crystals*t 


H. Userary 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 


(Received April 13, 1956) 


With the use of monocrystalline targets for bremsstrahlung and pair production experiments, inter- 
ference phenomena are expected to occur which will markedly change the y-ray spectrum as well as the pair 
energy distribution, for certain angles giving enhancement of radiation and pairs. The effect increases with 
energy; it sets in at 5mo(27/a), where 5 is the minimum momentum transfer to the target atoms, a the 
lattice constant, and mp a number of the order 2 or 3. This corresponds to ~200-Mev primary energy for 
bremsstrahlung, ~1 Bev for pair production. The effect is confined to angles between the primary beam 
and a line of atoms, of order 0< (Gscreen/Ac) (mc?/E). The temperature motion of the lattice reduces the 
interference effect to some extent. The Born approximation was used for the quantitative analysis of the 


problem. 


I, INTRODUCTION 


N a recent Letter to the Editor,! reference was 

made to deviations of bremsstrahlung and pair 
production cross sections in crystalline targets from 
the Bethe-Heitler formulas, and estimates of the order 
of magnitude of the deviations as well as the “threshold 
value” of primary energy were given. We here present 
a detailed analysis of this phenomenon. 

With a classical picture of an electron passing a 


” ene in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ Based on a dissertation submitted to the Graduate School of 
Cornell University in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy. Parts of this paper were presented 
at the 1956 Washington Meeting of the American Physical 
Society, [Bull. Am. Phys. Soc. Ser. II, 1, 209 (1956) ]. 

1F. J. Dyson and H. Uberall, Phys. Rev. 99, 604 (1955). 


row of regularly spaced atoms in a lattice, it can easily 
be seen that, for sufficiently high speed of the electron, 
coherence in the successive interactions might well 
occur. One could expect deviations from the one-atom 
bremsstrahlung formula if, in the rest system of the 
electron, the collision frequency cy/a approaches the 
frequency of the radiation ~mc*/h. Considerations of 
this kind indeed led Williams? to surmise a correspond- 
ing interference effect for the first time. 
Quantum-mechanically, such an effect should not be 
considered as being due to the electrons represented by 
waves, as their wavelength would be short compared to 
the lattice constant at high energies. It will rather be 


*E. J. Williams, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 13, 4 (1935). 
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due to the atoms in the lattice being hit in succession, 
and interfering constructively by their recoil momenta 
which will always be small <mc, m being the electron 
mass. Similarly, one can find interference also in pair 
production, using the above arguments or the well- 
known connection between the two processes by the 
substitution law of the S matrix.’ No reference is found 
in the literature to this effect in pair production; 
however, there exist some earlier theoretical papers on 
the bremsstrahlung interference, whose authors 
throughout make use of the Weizsicker-Williams 
approximation. Ferretti‘ develops a formula for the 
radiation intensity, from which he concludes in a 
qualitative fashion that radiation maxima and minima 
should occur depending on the incidence direction of 
the beam with respect to the crystal, and that they 
should become more pronounced with increasing 
primary energy. These calculations were refined by 
Ter-Mikaelyan®: lattice vibrations and screening are 
taken into account, the position and magnitude of the 
diffraction maxima are calculated, and there is a 
careful estimation of the limits of validity of the 
approximations used. Both papers however present the 
results in a form which is not immediately useful for 
comparison with experiments. A step in this direction 
has been undertaken by Purcell,® who again used a 
Weizsicker-Williams method. His results are in good 
agreement with the ones obtained below, using the 
Born approximation. Pair production has also been 
investigated by Purcell. 

In the following, we shall treat the problem in Born 
approximation, which is expected to give more accurate 
results than the semiclassical Weizsiicker-Williams 
method, and have a wider range of applicability. 
Though numerical methods were used, the results are 
of complete generality as far as energy is concerned, 
but no general Z dependence can be given. 

We shall present some qualitative arguments to 
begin with, to give an idea of the orders of magnitude 
involved. The essential quantity in the Born approxi- 
mation matrix element of bremsstrahlung and pair 
production is the Fourier transform of the electrostatic 
potential of the nucleus,’ 


f V (n)etdr, (1) 


where q is the momentum transfer to the nucleus. In 
a crystal, V(r) will be the periodic lattice potential. In 
the following, we shall measure all lengths in units of 
the electron Compton wavelength, Ac=h/mc, and all 
energies and momenta (by which we mean the actual 


8J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Electrons (Addison-Wesley Press, Cambridge, 1955). 

4B. Ferretti, Nuovo cimento 7, 118 (1950). 

5 M. L. Ter-Mikaelyan, Zhur. Eksp. i Teort. Fiz. 25, 296 (1953). 

6 FE. M. Purcell (unpublished). 

7W. Heitler, The Quantum Theory of Radiation (Oxford Univer- 
sity Press, New York, 1954), third edition, p. 248. 
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momenta times ¢) in units of mc*. Moreover, we shall 
make the assumption throughout that mc can be 
neglected in comparison with the energies of the 
electrons and quanta involved. In bremsstrahlung, we 
denote initial and final electron momenta and energies 
by Pi, €: and po, €2, and the quantum momentum by k. 
For pair production, we designate the pair by p,, ¢, 
and p_, e.. There is always the momentum-energy 
relation p?=e—1. 

First we shall consider the effect in momentum 
space, and take pair production only, the bremsstrah- 
lung case being completely analogous. Energy and 
momentum conservation give the two relations 


q=k—p,—p_, k=e+e. (2) 
Taking k as direction of the z axis, we can show that 
the z component of the momentum transfer, q,, is of 
order k-'<1, whereas the perpendicular component 
q, is of order 1 or smaller. To see this, we recall first 
that the angles of emission of the pair 6, are of order 
é: 7". This follows immediately from the terms 
6.¢€,(1+64%e,?)! in the Bethe-Heitler formula® (using 
small-angle approximation). Now we have from (2) 


qz=k— px cos6,— p_ cos6_, 
q.°= p,? sin’*0,+ p_ sin*@_+ 2p, sin6,p_ sind_ cos¢, 
and expanding for small values of e~', we obtain 
Q~1, ge~26, (3) 


the indicated result. Here 6 is the minimum momentum 
transfer, which occurs for the pair being emitted with 


zero angles, and which is , 
1 1 
b=k—py.—p_»—t—=—; (4) 
lanai a OBE 


for e,~}k, 5 is of order k. We also have the relations 
q 2 6, qz 2 6, (S) 


which show that g can be of order 6 to 1, g, only of 
order 5. This means that pair production (and likewise 
bremsstrahlung) will occur predominantly in such a 
way that the momentum transfer to the nucleus lies in 
a thin, pancake-shaped region of radius 1 and thickness 
6, with center shifted from the origin in q space along 
the direction of k (which is the axis of the pancake) 
by an amount 6. The momentum transfer is therefore 
almost completely transversal, and its magnitude is 
not greater than ~1, no matter how high the primary 
energy is. 

In the case of a crystal potential, we can insert 


into (1) 
Veryst ee ) V(r+L), 
L 


where V is the one-atom potential and L a lattice 


8H. A. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934). 
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vector. So, (1) for the crystal is replaced by 
X explia-L) [ Viner, 
L 


which gives to the differential bremsstrahlung and 
pair production cross section the additional factor 


sin?(}N1a1-q) sin?(}V2ae-q) 





| exp(iq: L) |?= 
L 


sin’(}a2°q) 
sin?(4V sa3- q) 


sin?(}a3-q) 


sin?(}a1°q) 


a Laue-Bragg type interference factor familiar from the 
theory of x-ray diffraction. The a; are the primitive 
lattice vectors and V; the number of primitive unit cells 
along the ith edge of the crystal. In a non-Bravais 
lattice, an additional structure factor would occur also. 
For macroscopic crystals, the NV; are very large, and 
(6) can in very good approximation be written as 


(2)8 


N X 8(q—2r$), (7) 
g 


a sum over all reciprocal lattice vectors g, with A the 
volume of a unit cell in the lattice and NV the total 
number of atoms in the crystal. Therefore, in a crystal, 
the momentum transfer has to be 27 times a reciprocal 
lattice vector. 

To obtain the total cross section of pair production, 
an integration over the emission angles of the pair has 
to be performed. We shall see later that this can be 
converted into an integration over q space, and the 
main contribution will come from the pancake region. 
Because of (7), for a crystal this integration gets 
replaced by a summation of the differential cross 
section over the reciprocal lattice points. The situation 
is presented in Fig. 1 for a simple cubic lattice with 
lattice constant a (here the reciprocal lattice vectors 
coincide with the ordinary ones, only their length is 
changed to 1/a). We see that for sufficiently high 
energies (i.e., a sufficiently thin pancake), there will 
be a contribution from few or many points, depending 
on the angle of incidence @, and we can expect a diffrac- 
tion-type variation of the cross section with 6. This 
instructive picture permits us to state the conditions 
of appearance of the effect: the thickness 6 of the 
pancake must not be larger than the reciprocal lattice 
spacing to give appreciable variation of the cross section 
with 6, so using (4) we get 


b=h/2e,e <21/a, 
or in the case of bremsstrahlung 
b6=k/2e:e25 20/a. (8b) 


For a numerical estimate, consider a Cu target, for 


(8a) 
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Fic. 1. The “pancake” in the reciprocal lattice. b; are the primitive 
reciprocal lattice vectors, |b;| =1/a. 


which a=3.61 A, or 2x/a=6.72X10- (units mc’). We 
obtain from (8a): k> 150 Mev, from (8b): «275 Mev; 
we shall see later, however, that we have to go to 
somewhat higher energies in order to get more pro- 
nounced effects. 

Another argument on the interference effect can be 
given,’ considering the ordinary lattice space. Assume 
that the primary is passing a row of atoms at a small 
angle 6, and neglect interference from neighboring 
parallel rows of atoms. Then our Laue-Bragg factor is 
one-dimensional and simply 


[Dnett-|?. (9) 
For small 6, we can write the phase 
q-Tn=na(q.+9,8 cos¢) ; 
this will be <7 if we have 


n <1/a9g2=N, (10a) 


Tv 7s 
ety, 


6< 


ie abatentiiemens (10b) 
nagi|cos?| ga 


With our previous estimates for g, and q, we find that 
the number of lattice points over which the phase 
change is <7 will be of an order mo~3 for pair produc- 
tion of ~1 Bev, bremsstrahlung of ~200 Mev, and 
will be larger than that at higher energies. At the 
same time, we see that @ has to be very small, of order 
25. Now (9) can be approximated by 
. sin*(}NVa- 
y no exp (iq: Imno) =n G v 
m sin?(}moa-q) 
N 2x 
=nge—— > 5 
No a h 


a 2x 
24s) 
a oa 
Multiplying by the differential cross section and 
integrating over the angles or, equivalently, over q, 


® Based on suggestions due to Dr. Haakon Olsen. 
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we can replace the sum by an integral as the points h 
are now mp times closer spaced as before, and get the 
old one-atom cross section multiplied by mo. This 
shows that an “interference length” of m atoms can 
give constructive interference in the cross section by a 
factor mo. A similar argument was used in reference 1. 
Thermal motions of the lattice atoms are expected 
to reduce the interference effect. A particular lattice 
vector L' will be replaced by L+u, where u is the 
displacement of the atom due to thermal vibration. 
The 6-function peaks of the interference factor (6) will 
be smoothed out if the phase change in (6) due to the 
displacement, q-u, becomes of order 7. Assuming" 
(u)~a/20, we find that for ¢2qo=5X10-, the 
interference will be markedly reduced, or in the 
reciprocal lattice picture, the summation over the 
points outside the sphere go is replaced by an integration 
again, the sharp reciprocal lattice points being smeared 
out to a continuum. But as there are still about ten 


Byes 





ae (1—F(q) 


6 pair d0,0_d0_dp,'dp,”” = 17 


2 


e \* ee de, 


(2x)?k? 


mc 


2 


€& 
ref at 
( 1+ €,°6,")* 


(1+¢€_ 


X (4e,¢_+9?— 2k?) — 2k? - de, e- 


F(q) is the atomic form factor which is calculated by 
Bethe using a Thomas-Fermi electron distribution. 
According to Schiff," one can assume exponential 
screening as a good approximation, with a corresponding 
form factor 

(12) 





9 


e 


F(q)=1/(1+ (gCZ~*)"} 


fatiiond ( 


137(2n)? 


o pair( 0,0, )d0,d0_dp, ‘do,”" 


me 


ki’ 


depending only on the azimuth difference ¢,, as the 
perpendicular momentum transfer is 


qu? = 0+ P+ 2uv cos... (14) 


In the crystal, we have to add the factor (7) to (13). 
The small thickness of the pancake and the smallness 
of @ now permit us to replace the summation over the 
points in the planes perpendicular to b; by an integra- 
tion over these planes. This will be a very good approxi- 
mation indeed for angles of order given by Eq. (10b), 

 P, P. Ewald, Handbuch der Physik (Verlag Julius Springer, 


Berlin, 1933), Part 2, Vol. 23. 
1 L. I. Schiff, Phys. Rev. 83, 252 (1951). 


9. 
SEE Se eos 
29. 
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reciprocal lattice points along a distance go, the inter- 
ference effect will be reduced only partly. 


II. FORMULATION OF THE PROBLEM 


To obtain the total cross section in the one-atom 
case, the differential cross section needs to be integrated 
over only three variables, namely, the two emission 
angles of the two final particles and one relative azimuth. 
In the case of the crystal however, the crystal axes 
determine a preferential direction, and integration over 
two azimuths is necessary. Using the differential cross 
section from reference 8, we take account of this by an 
additional factor (2r)~'. The crystal factor (6) will 
depend on the two azimuths separately. Table I 
presents our designations for the various angles. 

The situation is somewhat simpler for pair production 
because of the symmetry between the outgoing pair 
particles, so let us consider this case first. We use 
Bethe’s* expression for the differential cross section; 
after making the small-angle and high-energy approxi- 
mation, it becomes 


— ne 


2€,€9,0_ cosp, 
(1 oo €,70,?) (1 a e_"6_*) 
€,70,?+€76_? 


1 + € 70,") (i + «76_) 





ined —q)+4e,e 





( 





and an adjusted parameter C=111; we shall later 
designate CZ~'=8. This quantity approximately rep- 
resents the screening radius dsereen= 137Z~1. 

We introduce new variables u=6_e_, v=0,€,, in 
which the Bethe-Heitler differential cross section takes 
on the simple form 


* 16e,¢ de, [1—F(g) ? 


———-udurdrdo,'do,.”" 
(1 a kd) qs?+ 2 1 
x | (13) 


(1-+-u?)(1+07) (1-07)? (1+)? 
because the pancake then contains a large number of 
atoms of a given plane. Then we can use 


ey 


instead of (7). In the ordinary lattice space, this 
corresponds to replacing the actual crystal also by a 
set of smoothed-out continuous planes such that the 
primary direction forms the angle @ with the normals 
of the planes. This sheds light on the usefulness of our 
one-dimensional lattice-space argument of Sec. I. 








2n 
--VN > 5 
igs 


a) 2x 
--—s 
aa 


(15) 
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At this point, other lattice structures besides the 
simple cubic lattices considered above might be investi- 
gated. Take a face-centered-cubic lattice (e.g., Cu, Pt) 
with lattice constant a=edge of fundamental cube. 
The reciprocal lattice is body-centered cubic, its 
fundamental cube having an edge 2/a. When we 
replace the lattice planes perpendicular to b; by 
smoothed out planes, the plane nearest to the one 
containing the origin will be the one containing the 
center point of the fundamental cube; so we have a 
spacing of the planes of 1/a, and get exactly the same 
situation as if we had taken a simple cubic lattice 
with lattice constant a. In fact, any lattice with a 
cubic basis produces the same interference effect as a 
simple cubic lattice. This is found to be true even for 
such complex cubic structures as the diamond lattice. 

We now evaluate the relevant quantity in (15) in 
our new variables: 


a 
io (k— p,— p_) =k cosd— p, cos#.— p_ cosb; 
a 


=5—} (RP — p,0.?— p_6,’). 


The angles in Table I(a) satisfy 
67 = 62+R— 26_6 cos,””, 6? = 6,2-+-P— 20.0 cos’, 


and we obtain 
ai 


q:—=4.—0(u cosd,” +0 cosp,’), 
a 


(16) 


where we have introduced the longitudinal momentum 
transfer, which is in our new variables 

,. ¢+ 
qz=k— px cosb,.— p_ cosd_~5+—-+—. 


a. 2 


(17) 


As the differential cross section depends only on ¢;, we 
shall in the integration of (13) with the factor (15) go 
over from the variables ¢,’, ¢,’’ to ¢4, ,”” and perform 
the ¢,” integration with the help of the 6 function. 
The result of this integration on (15) is 


2x 2 
—wE 
a [@qu?— (q.—2nh/a)*}! 


for|q.—2mh/a| <6q,, 





(18) 
0 for|g:—2mh/a| > Ogu. 


In place of the variable ¢;, we introduce qg,* by the 
relation (14). We have now a Jacobian 


) (0,,0_,o4) al 1 
O(u,0,92") ey, e_[400?0? — (u?+0°— 94”)? }! : 
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TABLE I. Angles in pair production (a) and bremsstrahlung (b). 
a; is a crystal axis; the angle between it and the direction of the 
primary is called 0. 








(a) Pair production (b) Bremsstrahlung 


o= ¥ (Ka) = + (p,m) 

faie X (0. ,41) ’ x (p,a:) ent Sey 

0, = < (park) = tka) © ne | 
is pik plane, pia; plane 

te Rae ean) he x (Dips plane, Det plane) 

= < (p_k plane, ak plane) ¢i2= ¥ (pick plane, aik plane) 

+= o4'— 94" veh 








and the total pair-production cross section has the 
simple form 
: 0 (0;,6_,64) 
eu oaiv= NE ff Dee pair 
A O(u,,9.”) 
2 


Xdudod? , 
a[@’q.?— (¢.—2mh/a)* }} 





with (13) and (19). The prime on the integral sign 
indicates that we must integrate over those regions 
only for which the radical in (20) is real. If the last 
factor in the integrand were absent, we would get 
exactly the one-atom formula multiplied by V. The 
expression contains the one-atom formula as a limiting 
case if the lattice constant a goes to infinity. For large 
a’s, a step from h to h+1 in the sum will change the 
integrand very little, so that we may replace >>, 
—JS dh, and the last factor integrates out to 1, leaving 
us exactly with NV times the Bethe-Heitler cross section, 
as it should. 

To carry the integration one step further, new 
variables x and y=q,—6 will be introduced instead of 


u and v by the equations 
x Yy e—& 


1? = ——+-+9,°— 


Ga ’ 
25, 6 2 €,k6 


—x y 


=——_-+.— qa” 


a0... 6 


&— ¢€.. 


2e_kb’ 


9 
4 


v 


the coefficients are chosen such that the expression in 
the square root of (19) becomes simply 


4? — (4? +P — 9,2)? =v? — 27, (22) 
with 
4q.2  2q,4 
6 F ké 
The integrals over x can then be performed analytically. 
The limits of integration for both u and » were 0 and ~, 
and 0 and 2m for ¢,. Expressing ¢, by q,”, we let ¢,? 
go from 0 to ~ and take the result with a factor two, 
because when ¢, covers its complete range, g,? covers 
its range twice. In the new variables, the limits on x are 
given automatically by the zeros of the expression (22) 
whose root appears in the Jacobian, and are +w. For 
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the same reason, the limits on g, are 5+ ,?/2k and, of course, g. After the x-integration, the cross section becomes 


—-Z2 fe \*8N 
Ct, rav=——(—) sss 
137 \me/ a 


dq, 


e_de - ‘a [1—F(q) 
€& tS f dos f QF 
ke h v9 8+9,2/2k g 


x et Gal (e— €,)/2e,k ] etre e_)/2e_k] 





xX 
2 \2}) 
aay 
a 


1 


qu 


- 2 24% 
Ja 
i 2e, e? 


2\2 9,2! 
(ez) +5] 
2e_ «2 


1 1 1 


a 





. 
+((1—d)q?+2] 





The formula shows the desired symmetry between 
positron and electron, but is otherwise rather compli- 
cated. All these derivations were made for a crystal 
with rigid atoms; we shall see later that the inclusion 
of thermal motion will simplify matters. Before that, 
however, let us derive the corresponding formulas for 
bremsstrahlung. 

The angular situation is somewhat more complicated 
here [Table I (b)], because the primary is now the 





ese¢ 


+ 
2649, q2\? gi}! 29, 2 9 
L Ze, €,” ye «? 


2 edk [1—F( 
€ C MF, 
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rus8d0, Ox Ontordon=—(—) 
137\me/ (21)*e1k 


€2” 0.2 2@ 


Leentinprieemerliig donna dda’ 
(1+€°0,*)? ides ; 


x 4e? 


X (4€1e2— Gg? +2k?) + 2k? de res 


Energy and momentum conservation now make 


k=aQ—€, Q=Pi—po—k. 


To keep the incoming electron momentum p, fixed, 
we shall integrate over the angles of p2 and the quantum, 
©,O0wziys:, and accordingly have to take the element 
of solid angle 


0:d0,0;dO3dy,dy; 


rather than the one used in (24). To express the 
Bethe-Heitler cross section in these angles, we find by 





and the Bethe-Heitler formula becomes 


e 


qu 





electron pi, whereas the differential Bethe-Heitler 
formula depends on the azimuth difference ¢, measured 
from the direction of the quantum k as axis. Having 
the preference direction a;, we cannot integrate over 
the electron angles, as Bethe’ did, but have to keep pi 
fixed with respect to a. 

Again using small-angle and high-energy approxima- 
tion, the differential cross section® becomes 


id © 1 Od O2dd doo 


0? 2€1€201 02 Ccosp 
(1 +¢€70,7)? 





(4€2— q’) oe 4ej€2 
(1 +«°0,’) (1 +€?0,") 


€’O/-+- 620," 


(1+€20,2)(1+420.2)} 





(24 





spherical trigonometry : 
0; =0,+ 07-— 20,0; cosy, 


with y=y¥;—yi, and using 0,°+ 0.?— 20,0: cos¢= 0, 
we have furthermore 


20,02 cos¢ = 2(0?— Q,0; cosy). 


We now introduce new variables w= Q,k, v= Qse2, in 
which the perpendicular momentum transfer (perpen- 
dicular with respect to p; as the z axis) takes its former 
simple form 


g,2= u?+ 0+ 2uv cosy, (25) 


2 16€,e2kdk [1—F(q) 





2 
Oor(u,0,~)dO,dOsdy dy; => (—) 
137 \me? (2x)? gf! 


uduvdvdy dy 3 


Bete: (14+k5)qu2-+2 





1 
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(e+ €1€94°+ €,kv" = €okq.?)? (+ eu’)? (+ e694? + ekv?— eokqu’) (+ €:°u") 


(26) 
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The crystal factor is (15), as before, and its argument 
now becomes 


a 


q:— 
a 


~b—}(piP— 


ai 
=—- (pi— po—k) = p: cosd— p2 cosb.—k cos; 
a 


pb? —k0;°) =9q.—0(u cospi+v cosy) ; (27) 


the last equation was obtained by using 


65 =P+0,;?—260; cosys, 03 =P+ @,°— 200, cosy, 


and introducing the momentum transfer along p;: 


wy 
qz= pi-— p2 cosO3—k cosO,~5+—+—. 
p22 


(28) 


Again we go over to azimuths y, ¥, and integrate over 
¥ with the help of the 6 function; this replaces the 
crystal factor (15) as before by (18). Elimination of 
the variable y in favor of g,” gives the Jacobian 


a(01,0:¥) 
~ oak duet (tq) 





(29) 
9(u,0,94°) 





Z 24N dk 
ae ae 
137 \mc? a ¢ h 


x| ine 
(g2—qu? /26)? [(qe— 412/261)? +-48%,2 } 


Qe+9u?(k— €2)/2er€s 


It might be noted that the limit of the g, integral shows 
us that the left boundary of the pancake, Fig. 1, is 
sharp and slightly paraboloidally shaped. The right 
boundary is not sharp. 

Formulas (23) and (33) are valid for a “perfect” 
crystal whose atoms form a rigid lattice. In the next 
section, we shall consider the influence of zero-point 
and temperature oscillations of the atoms. 


Ill. EFFECT OF LATTICE VIBRATIONS 
We consider the atom at L to be displaced by a 
small amount uy. If we assume that the electron 
configuration does not get distorted thereby, we obtain 
a new diffraction factor instead of (6): 


|X expLiq: (L+ur)]|?. (34) 
L 


uz can be expressed by the normal coordinates of the 
lattice,* and (34) averaged over the distribution of 
normal coordinates at a given temperature 7’, using 
the oscillator distribution function of Bloch.” Then we 
approximate in the usual way the Brillouin zone by 

2 F, Seitz, The Modern Theory of Solids (McGraw-Hill Book 


Company, Inc., New York, 1940). 
18 F, Bloch, 4 Physik 74, 295 (1932). 
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and we obtain for the total cross section once more 
9(01,03,¥) 


Ot br N 2 f 20 
0 (u,v,q.”) 


2 


X dudvdq.?—— 


2r \’ 
o| 02 (0 —h 
a 


with (26) and (29). Now we introduce x and y=q,—6 
by the relations 
2eok k—€2 
u? = —x-+—y+ qk 


€1 €) €y" 


€2 2eok : €2—k 
v= — —8+-— +g. 


€) €) €\" 


(31) 


They make the square root in (29) become w?—x* 
again, with 
ek 
w?=8 


4eok 
qu?y——qut. (32) 


€1 €1° 


The limits on g, become 6+ q,?/2¢, and g, and the 
resulting total cross section is after analytic #integra- 
tion : 


dq. 


a if [1—F(q) P 
9 oer ances : 
b+q,%/0 gf [q.2— -(q.—2ah, /a)? 7 


(1+6)qu?+2 1 


qe—a*/ /2e, [(g.—9u2/2e2 48" at} 


a sphere of equivalent volume, replace the sum over the 
Brillouin zone by an integral, ‘and introduce the Debye 
temperature by 

Wmax = 24 (3/4ra*)'v= kO/h. 
The frequency of lattice vibrations w has been put 
equal to vg, with the sound velocity » independent of 
polarization. Thus we obtain 


(| expLiq: (L+u1) ]|?) 
L 
sin’ta| L—L’| 


——1 } }, (35) 
a?|L—L’|? ) 
3mc r 49 rf 3 
eiacaciaees [+40 )} a="( =) i 
4MkO & T a\4r 


Here ®(0/T) is a function tabulated by Debye.'® 
Strictly speaking, (35) was derived by us only for the 
case T=0, as the Bloch distribution function is then 
especially simple. The general expression for A has then 
been obtained by comparison of (35) with the expression 
derived by Debye” in place of (35), which is 


exp(— Aq’)| ~ exp (iq: L) |?+N[1—exp(— Aq) ]. 


° 


=> exo ia (L-L)+4¢( 
LL’ 


calling 


(37) 
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TABLE ITI. Atomic constants of selected elements. 








Element Zz cS) M/mu a[A] 


Lattice 


A(0)/(137Z-4)2 A(0) A(77)/A(0)* A(293)/A (0) 





12.01 
63.57 
195.23 


3.56 
3.61 
3.92 


6 
29 
78 


1860 
315 


Diamond 
Cu 
Pt 


1.0135 
1.3745 
1.6735 


1.907 X 10 
6.090 X 10 
5.370 107 


108.4 
121.1 
55.2 


diam 
fcc 
fec 


1.1916 








* Liquid-nitrogen temperature. 


In x-ray diffraction, this gives rise to a Laue-Bragg term 
in the scattered intensity, reduced by the Debye- 
Waller factor,!® and an additional background scatter- 
ing which is continuous in angle. Waller later showed 
that Debye’s derivation of (37) was wrong as he 
obtained the second term by treating the atoms as 


independent oscillators, but we shall see that we can 
use (37) with an accuracy sufficient for our purposes. 
The usual treatment in x-ray diffraction theory’ 
consists of an expansion of the second exponential in 
(35) (except for the Debye-Waller factor). This is not 
possible in our case, however, as we have to do with 
much larger g values. But the shape of the function 
sin’x/x* in the exponential suggests to treat the term 
L=L’ separately, so that we obtain from (35) : 
sin?(a|L—L’}) 

N+’ exp ia -L)+4¢(—— — -1)| 

LL’ o|L—-L’|? 

Now for L¥L’, we have | L—L’| >a, and are therefore 
well outside the principal maximum of the function 
sin’x/x* (using A- values from Table II). The side- 
maxima are not longer than 0.05, so that we can 
neglect sin?(a|L—L’|)/a?|L—L’|? in the exponent 
compared to 1. This leads to the old Debye expression 
(37). 

The interference effect will be least disturbed in 
elements for which the ratio of the mean temperature 
displacement (given by A!) to the screening radius 
137Z-* is smallest. For three elements satisfying this 
condition, the atomic constants are listed in Table II. 

If we now use the crystal factor (37), we shall get 
the foliowing results. The second term gives a contribu- 





n¥,*,Cu 





rT i 1 


Se 2 6 








o2 8$ O28 10* 


Fic. 2. w¥.2° for Cu as functions of r=6/6. 


“RR, W. James, Optical Principles of X-ray Diffraction (G. 
Bell and Sons, London, 1953). 


tion to the cross section which is similar to the one-atom 
cross section, as it does not depend on @. It is analogous 
to the continuous x-ray diffraction background. We 
can simply obtain this part of the cross section by intro- 
ducing the factor 


N[1— exp(— Aq’) ] 


into Bethe’s* formula (B50) which represents the 
cross section as an integral over g; comparison with the 
derivation of (B 50) show that this procedure is justi- 
fied if we use values of A given in Table II. Thus we 
can represent the continuous term of the cross section 
as follows: 


Be \tde 
Ct, pau =-N—(—) —s 
137\me/7 


XL (e? +e ?)W1° (6) + Fee 2° (6)], 


2&2? dk 
ee 
137\me/ ke? 


x [(e2+ €2”) 1° (6) - 2 €1€2V2° (5) |. (38’) 

In both cases, the same functions ¥,.° appear. They 

depend on the 4’s of the respective processes only, not 

on 6, and therefore represent an isotropic contribution 

to the cross section. The Z dependence cannot be given 

generally, as it was possible in the one-atom case. The 
Wi2° are given by 


(38) 


vie) =444 { [1-exp(—4g)q-3'L1- FOI 
F g 
Cc _10 2 q 
vel) =—+4 f [1—exp(—Ag)]( 6g ne 


(39) 


d 
+39—48)[1-F@? “ 


The integrals have been evaluated numerically with an 
IBM card-programmed electronic calculator for the 
three elements of Table II, and the resulting curves of 
V12° plotted vs 4=6/(2r/a) are shown in Figs. 5 to 9, 
together with the corresponding one-atom and inter- 
ference parts. One can see that they lie below the 
Bethe-Heitler curves, &;.— (4/3) InZ, by approximately 
10-20%. The curves for T=77° lie closer to the 
one-atom curves than the zero-point curves, as the 
more enhanced temperature vibration brings the 
substance closer to an amorphous state. 
The total cross section is of course given by 


(40) 


o=o°+o4'. 
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IV. INTERFERENCE PART OF THE CROSS SECTION 


The first term of the crystal factor (37) consists of 
the old Laue-Bragg expression, multiplied by the 
Debye-Waller factor. This corresponds again to our 
reciprocal lattice situation of Fig. 1, with the weight of 
the points reduced with increasing distance from the 
origin. For A~100, the reciprocal lattice points are 
washed out for g210~, or outside a distance of 10-15 
points. This shows that considerable interference 
remains, the more so as the maximally contributing 
values of q given by the screening radius (due to the 
factor [1—F(q) P/q* in the cross section) are always a 
good deal below ~10~'. The continuous part of (37) 
increases with g as the interference part decreases. 

To get the interference part of the cross section, we 
can take over the “ideal crystal” formulas (23) and 
(33) and simply insert the Debye-Waller factor 
exp(— Aq’) into the integrand. Because of this factor, 
we can now radically simplify the integrand, since 
values of g 210 will be of no importance. Expressions 
like g,?/2e, in the roots can be considered small 
compared to qg,, and the roots expanded. We can then 
represent the interference cross section in a similar 
form as the one-atom cross section, namely, as 


2 Le r\ dey 
maven GLY 
137 \me/ 

Xe? +e) x Wi"(5,0) +5 ere x, ¥2"(5,9) J, 


2 dk 
ot, br'= n—(— )= 
137\mce?J ke? 


XL (2+ €2”) 2 Vv, "(6, 6)— Fe 1€: Xe W."(6 0) }. 


h>0 


(41) 


(41’) 


The V2" are the same for \itiiisiilitis and pair 
ee sy (with the respective 6’s) ; they are 


* exp(—Aq')qdq 
(G+ 9) 
sale dq, g—qe 
s [P¢—(92—2xh/a)*}! 9? 
* exp(—Aq’) 
(6?°+¢)" 





(42) 
486 
VW." = 


‘a dq? G—-q? 
xf . 
3 [P¢—(q.—2nh/a)?}' 9.4 


The variable g has been used instead of g,?. The terms 
h<0 contribute a negligible amount, and have been 
omitted. This can be seen as follows. Because we 
must include only regions of real lattice square root, 
the integrand will be +0 only if 





5(q:—4). 


(43) 


2x 1 2x 
—h+6q>65 or 2-(s+—Ih1). 
a O\ jn @ 
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Fic. 3. uw¥\2° for diamond. 





The most favorable case is k= —1, 5=0. Inserting for 
the largest value considered in the following numerical 
evaluation, 0~5X10-*, and using (21/a)~7X10-*, we 
obtain g 2 1.4X10~'; but these g values give a negligible 
contribution due to the Debye-Waller factor. 

According to the g;* or g,* dependence of (42), 
most contribution comes from g, values near 6. The 
lattice root demands 


2x 2r 
—h—69< 925 —h+6q; 
a a 


so for h=0, g, reaches the minimum 6; for h=0, it will 
in general not because of the small angles 0S 10~*. This 
shows the minor importance of terms h=0. Figure 1 
makes this obvious: for small 6 and 6, only the plane 
h=0 will contribute a good number of points to the 
pancake. 

Considering h=0, and integrating over g., we obtain 


Ag) q'dq (7°q?—1)! 
w= exp(—Aq’)q’dq (7*q’—1) 
mu (8° +¢°)? rg 

12 p* exp(—Ag)qidg 1 


V(r) =— 
muy, (8?°+¢7) 7° 
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| r¢—4 
x | Infirg+ (7°2¢?— 1)!]+———(7°g? 1)? }. 
| 37q 














Fic. 4. pir? for Pt. 
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@=0, Copper, T=0° 











Fic. 5. Bethe-Heitler (#,.— (4/3) InZ), continuous (Wi2°), and 
interference functions (2,W12" for @=0) vs w=8/(2/a). DW" is 
plotted from the 12° curve upward. Cu, T=0°. 


The W;,° are functions of r=0/5 only. They were 
evaluated numerically for Cu, diamond and Pt at 
T=0°, and for Cu and Pt at T=77° (diamond has 
nearly no change with temperature). Curves of v¥;2° 
are plotted vs 7 in Figs. 2 to 4. They show a maximum at 
TS Gsereen and decrease above it with a 45° slope in 
logarithmic scale, meaning proportionality with ux. 
We read off: for given 6 (given primary energy and 
spectral component), the k=O part of the interference 
cross section has a maximum at 0S. ddsereen, and goes 
to zero on both sides. Typical 6’s are 1/k or 1/1, so the 
angle of the maximum will be small <10-*, but will 
be larger than the intrinsic bremsstrahlung and pair 
production angle mc/E by a factor ~(dscreen/Ac). 
Because of the factor 1/u in (44), the maximum will be 
larger for smaller u (higher primary energy or lower 
spectral component), and will be shifted to smaller 6’s. 
Eventually, the maximum would go to infinity, with 
the corresponding @ going to zero, if at a given primary 
energy we approach the low end of the bremsstrahlung 
spectrum (u or 6-0). Such values of 6 are excluded, 
however, as our theory is valid only for quanta > me’. 
In pair production, this phenomenon cannot occur, as 
6 has a minimum 2/k (for equal energy distribution 
of the pair). 





80, Copper, T=77° 








Fic. 6. :12— (4/3) InZ, Vix", and D4¥%12" for Cu, T=77°. 


For h 2 1, the integrals over g, were done analytically, 
over g numerically. The V;,"(4 >1) depend on 6 and @ 
separately. They simplify for @=0 : here we get contribu- 
tions from g,=(2m/a)h only, according to (43). The 
terms in the sum decrease at least as rapidly as h-~, so 
we need to keep only few of them, such that (2/a)*h? 
<p, and can write 


1 e\?2 
9 W,"(6,0)=4nU a _— exp| —A (=) | 
h>0 h he vf 
h e\? (45) 
DL ¥2*(5,0) = 16°U —* exp —4 (=) Hh 
h>0o h hs 


a 
with 
© idx 2) 
U=] — exp(— Ax’). 
0 (6*+27)? 


The summation has to start from 4 >, because of the 
lower limit of the g, integration. For fixed A and 
increasing yw, the terms with an / which is being passed 
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Fic. 7. ®1.— (4/3) InZ, ¥i2°, and 212" for diamond, T=0°. 


by the u will drop from the sum; so }>Y; will be discon- 
tinuous in yu, but not }> We, because of its factor (h—y). 
Equation (45) was evaluated numerically, and the 
results added to the corresponding W12° in Figs. 5 to 9. 
We see that the curve of continuous plus interference 
term oscillates around the corresponding Bethe-Heitler 
curve. A numerical investigation was made for Cu at 
T=0 to find the behavior of }°W;." for angles 6+0. 
We merely quote the result. The discontinuities get 
rounded off and become flatter when @ increases. At 
6~2X10-, about half of the excess above the one-atom 
curve is removed, and for @~5X10~, the peaks have 
gone over rather smoothly into the one-atom curve. 


V. RESULTS 


From (39), (41), and (41’), we have calculated the 
bremsstrahlung spectrum and the pair energy distribu- 
tion for copper at T=0. The bremsstrahlung spectrum 
is plotted in Fig. 10 for 200 Mev and in Fig. 11 for 1 
Bev, together with the angular dependence of selected 
spectral components. The big enhancement over the 
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80, Pt, T#0° 











Fi. 8. &:2— (4/3) InZ, ¥i2, and D,%12" for Pt, T=0°. 


Bethe-Heitler spectrum at the low-frequency end 
(8<22/a) at small angles is due to the 4=0 part of the 
cross section. The higher h’s (representing the harmonics 
in the Fourier decomposition of the potential) show 
themselves as little sharp peaks at the high-frequency 
end. They decrease with angle, whereas the low-fre- 
quency part of the spectrum first increases from its 
“continuous” value at @=0 to the above discussed 
maximum, and then goes down to the Bethe-Heitler 
spectrum. The softer the radiation, the higher is the 
maximum, and at the smaller angles it occurs. Lowering 


the primary energy lowers the =O enhancement and 
shifts the 4>0 peaks to the left. 

This behavior can easily be understood from Fig. 1, 
when one considers that a linear scale in yu, going to 
©, corresponds to an x=k/e, scale which converges 
towards x=1. For 6=0, the pancake does not contain 
the plane h=0, and so we have only a contribution from 
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Fic. 9. ;.—4(/3) InZ, V2", and > Wi2* for Pt, T=77°. 





the noninterference spectrum. Increasing @ tips the 
pancake and puts more and more points from the 
h=0 plane into it. The optimum @ will be that one for 
which the maximum of the gq distribution, 1/@screen, 
coincides with this plane, which occurs at 0~ddscreen. 
The high-frequency peaks lie at the values 6= (27/a)h. 

Energy distributions in pair production are plotted 
in Fig. 12 for 1 Bev, Fig. 13 for 5 Bev for copper at 
T=0°, together with their angular dependence. At 
h=0, the curve lies below the Bethe-Heitler value, 
except for the peaks due to 4>0 at both ends. With 
increasing angle, the =O effect enhances the cross 
section, but tending back to the one-atom cross section 
for 0~5X10-*. The enhancement is more pronounced 
the higher the primary energy. For small angles <10-, 
we can expect considerable increase of total pair 
production probability over its complete screening 
value of 7/9 per radiation length. 
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Fic. 10. Bremsstrahlung spectrum in a Cu crystal at T=0°, ¢,=200 Mev in units ¢=Z*(e*/mc*)*/137, 
and corresponding angular dependence. x= k/e1. 
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Fic. 11. Bremsstrahlung spectrum in a Cu crystal at T=0°, ¢,=1 Bev, and angular dependence. 


Let us finally consider the case that our cross section 
in the crystal be averaged over all angles @. This 
means that the differential cross section in g space 
has its pancake shape averaged out and turns into a 
function which varies slowly over several reciprocal 
lattice spacings 21/a. Then, however, we can replace 
the crystal factor (6) or (38) by its average value over 
a volume small compared to dimensions over which the 
function changes appreciably, but containing at least 
one reciprocal lattice cell (2m)*/A. This average is simply 


(Ie expLiq: (L+ux)]|’)=N, (46) 


and we get back the Bethe-Heitler formula. Thus, an 
average over @ cancels all interference. Situations where 
this might occur are a crystal powder, or the randomly 
oriented Ag Br grains in emulsion. Concerning the 
latter case, one could have hoped to explained the 
anomalous trident production’® (direct pair creation 
by electron impact) by a constructive crystal inter- 
ference of the process itself, or of the bremsstrahlung 
via production of pseudotridents by a forward emitted 
quantum. The cancellation of interference by average 
over orientations seems to exclude this possibility of 
explanation. 
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Fic. 12. Pair energy distribution in a Cu crystal at 7=0°, k=1 Bev in units ¢=Z*(e*/mc*)*/137, and angular dependence. y=e,/k. 
18M. Koshiba and M. F. Kaplon, Phys. Rev. 100, 327 (1955). 
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Fic. 13. Pair energy distribution in a Cu crystal at T=0°, e,=5 Bev, and angular dependence. 


VI. DISCUSSION 


Conditions of applicability of the Born approximation 
are,’ for bremsstrahlung: 


2nZe/hry2<K1, (47) 


and for pair production: 


InZe?/hv, KI, (48) 


which are satisfied for high energies. A qualitative 
condition is that the potential times its range shall not 
be too large, so that an expansion in powers of Ze’ is 
possible. Since the crystal potential consists of an array 
of essentially nonoverlapping atomic potentials, for 
each of which Born approximation is valid if Eqs. 
(47) and (48) hold, the Born approximation is valid for 
our crystal calculation to the same extent as it is valid 
for the one-atom case. 

Experimental verification of the calculated effect is 
within the range of present-day accelerators. Especially 
the striking enhancement of the low-frequency end of 
the bremsstrahlung spectrum will be measurable, for 
example by observing a low-frequency spectral compo- 
nent and rocking the target crystal through a small 
angular interval around 6=0, which would produce a 
minimum of the observed yield at #=0. Also the 
h=1 peak might be observable, because its rise will 
persist even to lower energies, and its position get 
shifted to the left of the spectrum. The target crystal 
should be thin, <1/1000 radiation length, in order to 
prevent multiple scattering of the electrons. For pair 
production, less precautions are necessary, as electronic 
and nuclear Compton effect are negligible; however, 
the effect sets in at much higher energies. It might be 


reasonable only to look for an increase of the total 
pair production probability above its one-atom value of 
7/9 per radiation length. 

There are possible applications of the effect. In 
bremsstrahlung, the 4=1 peak provides a slight 
chance for monochronatization of radiation; the big 
increase is in the low-frequency part and therefore of 
less use to the experimenter. The @ dependence of the 
pair cross section could be employed for a collimating 
mechanism of high-energy y rays because of the dip 
at 6=0 and the steep rise up to 6~10~ (Fig. 13). 
Components of the beam traversing the crystal under 
some small angle will be more strongly absorbed than 
those traveling along a line of atoms. This could 
provide a partly collimated beam of considerable 
lateral width. Similar considerations apply to electron 
beams also. 
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Selected Cosmic-Ray Orbits in the Earth’s Magnetic Field*t 
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A set of 663 charged-particle orbits in the earth’s dipole magnetic field has been obtained by integration, 
using the AVIDAC computer of the Argonne National Laboratory. The orbits integrated were selected 
according to their usefulness in the analysis of cosmic-ray intensity increases associated with solar flares. 
The calculation of intensity increases for different locations on the earth is discussed using the orbit results. 





I. INTRODUCTION 


ARGE and moderate sized solar flares are known 

to be associated with an increase in the counting 

rate of suitably placed cosmic-ray detectors on the 
earth.':? One theory to explain the flare-effect assumes 
that positively charged particles of cosmic-ray energies 
are produced at or very near the sun. They travel away 
from the sun within a wide cone filling practically one 
hemisphere of solid angle.’ There is some scattering of 
the particles due to magnetic fields between the sun 
and the earth. However, it seems reasonable to a sume 
that when the particles are first deflected in the earth’s 
magnetic field, their velocity vectors all fall uniformly 
within a given cone in velocity space, the axis of the 
cone being defined by the sun-earth line. The solid 
angle of the cone opening is the apparent source solid 


PATH OF OUTGOING 


NEGATIVE PARTICLE 7 


Ss 


Fic. 1. Impact directions: Initial tangent directions with respect 
to an observer of an outgoing negatively charged particle orbit. 


* Assisted in part by the Office of Scientific Research and the 
Geophysics Research Directorate, Air Force Cambridge Research 
orem Air Research and Development Command, U. S. Air 

orce. 

Tt Based on a dissertation submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in the De- 
partment of Physics, University of Chicago. 

tNow with the University of Maryland, College Park, 
Maryland. 

1]. Firor, Phys. Rev. 94, 1017 (1954). 

* Forbush, Stinchcomb, and Schein, Phys. Rev. 79, 501 (1950). 

’ Simpson, Firor, and Treiman, Phys. Rev. 95, 1015 (1954). 

*S. B. Treiman, Phys. Rev. 94, 1029 (1954). 


angle and the geomagnetic latitude of the sun is the 
source latitude. The influence of the earth’s magnetic 
field is, of course, to deflect the particles so that some 
will arrive at the earth in preferred regions called 
impact zones and the others will be deflected away. It 
has been shown! that experimental results are approxi- 
mately in agreement with the above theory in so far as 
we have information about the intensities to be ex- 
pected in the impact zones. (Of special interest are the 
cosmic-ray intensity increases observed outside of 
estimated impact zones by stations at high lati- 
tudes.?§.*) Detailed discussions of the flare effect by 
several investigators have indicated the need for 
calculating more orbits of charged particles in the 
earth’s magnetic field in order to define the impact 
zone intensities for various source latitudes and source 
solid angles. Therefore this paper reports the integration 
of 663 cosmic-ray orbits in the earth’s dipole magnetic 
field. The orbits were selected with an application to 
the flare-effect in mind. For the purpose of illustration, 





Fic. 2. (a) Asymptotic latitude A,, and (b) asymptotic longitude 
¢.. of an outgoing negatively charged particle orbit. The impact 
latitude is Xo. This figure is taken from reference 1. 


5D. C. Rose, Can. J. Phys. 29, 227 (1951). 
6 J. W. Graham and S. E. Forbush, Phys. Rev. 98, 1348 (1955). 
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Taste I. Grouping of orbits by impact zones. orbit, but only in where and how the orbit intersects 
seaiiues dt cle act cous a ee the earth and what is the orbit direction outside the 
earth’s magnetic field. In the literature there is con- 

- a siderable orbit information, obtained both from inte- 

39 2000), ak P gration (Stoermer,’ Schliiter,® Dwight,’ Firor,’ and 

6 eee others) and from model experiments (Malmfors,!° 
oommneg 31:7 es Brunberg and Dattner"). There are two ways to obtain 
an orbit by integration: start at infinity and integrate 
toward the earth, or start at the earth and integrate 
outward to infinity. Orbits started at infinity arrive at 
Il. ORBITS OF COSMIC-RAY PARTICLES the earth with a random direction of impact, and 


For the application of orbit knowledge to the flare- therefore tend to arrive at the earth with large zenith 
effect, we are not interested in the detailed path of the angles. Near vertical impact, however, is by far the 




















the orbit information is used to compute impact zone 
intensities during a hypothetical solar flare. 


TABLE IT. Values of \. and ¢w in degrees for orbits with 0° impact latitude. 








A Impact direction 
(Stoermer) 32E 16E 0 16W 32W 


0.66 0.0 0.0 0.0 A 0.0 
136.3 98.1 72.7 ; 36.1 





0.64 0.0 0.0 0.0 
151.6 106.1 78.6 


0.62 0.0 
116.0 


0.60 0.0 
128.7 

0.0 
141.5 


0.0 
159.4 

















A Impact direction 
(Stoermer) 32E oF 0 16W 32W 32N 





0.66 —~8.0 —1.6 3.2 ar 3.7 
130.4 ' 70.3 51.4 35.7 86.9 


—0.4 
92.6 





0.64 —6.5 . —2.9 2.0 
143.5 . 75.9 56.2 


5 

2 

3 —4.9 
2 99.7 
9 

9 


162.4 82.3 61.6 45 


—9.7 
108.7 


—6.6 —2.2 6 —13.2 
96.9 73.2 55.7 117.4 


—-56:' -09 3 
90.0 67.9 0 


0.62 —2.8 : —4,2 0.6 5 


—7.5 —3.6 12 —16.1 


105.1 79.4 61.0 129.0 


—8.0 —5.0 —0.4 —16.7 
115.1 86.5 67.0 145.0 








7C. Stoermer, Astrophys. Norv. 1, 1 (1936). 

8 A. Schliiter, Z. Naturforsch. 6a, 613 (1951), and Mexico City Cosmic-Ray Conference (1955). 
®K. Dwight, Phys. Rev. 78, 40 (1950). 

10K. G. Malmfors, Arkiv. Mat. Astron. Fysik. 32A, No. 8 (1945). 

1 E. Brunberg, Tellus 5, 135 (1953) and E. Brunberg and A. Dattner, Tellus 5, 269 (1953). 
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TABLE IV. Values of \. and ¢ in degrees for orbits with 20° impact latitude. 








A 
(Stoermer) 


16W 


Impact direction 
32W 





0.60 


0.58 


0.56 


0.6 
61.5 


—2.5 
67.4 


—6.0 
74.3 


—9.7 
82.8 


—13.3 
93.7 


$0 
o-_ 


wn wn 
Sr Bo 


2! 
7 ee) eee 
Dun we AR Pe 


~ | 
WO 


—16.9 
112.4 


—14.5 
132.8 








TABLE V. Values of \. and g« in degrees for orbits with 30° impact latitude. 








A 
(Stoermer) 


16W 


Impact direction 
32W 


32N 


16N 





0.55 


0.52 


0.50 


—4.2 
64.5 


—11.8 
13.4 


—17.0 
82.1 


5.9 

55.4 
—2. 
63. 


—9. 
70. 


—27.0 
103.6 


—27.3 
123.0 


— 18.6 
138.3 


—19.3 
89.2 


—24.7 
104.0 


— 24.5 
118.3 
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TABLE VI. Values of \. and gw in degrees for orbits with 40° impact latitude. 








A 
(Stoermer) 


32E 


16E 


0 


16W 


Impact direction 
32W 


32N 


16N 





0.50 


0.47 


0.44 


—25.6 
96.8 


—21.0 
102.9 


—15.0 
107.7 


—10.2 
111.7 


—6.4 
117.4 


—29 
127.6 


2.7 
146.5 


13.1 
190.8 


—24.8 
79.5 


—25.6 
88.3 


—22.7 
97.8 


—17.7 
105.1 


—12.1 
112.0 


—6.6 
120.4 


~1.1 
132.7 


6.3 
153.7 
13.0 
204.6 


—16.8 
66.9 


—22.3 
74.6 


—25.0 
85.0 


—23.5 
94.8 


—18.9 
103.8 


—12.8 
112.2 


—6.5 
121.7 


—0.1 
135.1 


7.9 
157.1 


—7.3 
59.3 


—15.8 
65.6 


—22.9 
74.7 


—25.5 
84.6 


—23.5 
94.6 


—18.4 
103.3 


—12.4 
111.2 


—6.7 
120.5 


—1.0 
134.0 


7. 
158. 


13 
188 


0.4 
55.3 


—10.3 
60.5 


— 20.3 
68.0 


—25.6 
76.8 


—25.8 
86.2 


—21.9 
93.8 


—16.7 
99.7 


—12.2 
106.3 


116.4 


—29.0 
82.9 


—29.1 
88.8 


—24.7 
91.7 


—19.9 
91.5 


—15.7 
92.0 


— 13.1 
97.0 


—12.4 
109.6 


—9.5 
132.8 

9. 
175. 


15 
192 


—22.8 
75.2 


—27.0 
83.1 


—26.4 
92.2 


—22.3 
98.3 


—17.1 
102.4 


—12.5 
106.8 


—9.0 
114.4 


—5.4 
128.3 


yh 
153.0 








TABLE VII. Values of \~ and 


¢a in degrees for orbits with 50° impact latitude. 








A 
(Stoermer) 


i) 


Impact direction 
32W 


32N 





0.50 


0.45 


0.41 


0.38 


0.35 


0.32 


0.30 


wl pl | 
So So bu Fp 
WA Ae Rio Hin 


—10.4 
56.3 


—16.0 
68.8 


—21.3 
82.1 


—21.3 
96.2 


—15.8 
107.2 


—10.1 
120.4 


IE 
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= 00 
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—12.0 
61.9 


— 19.0 
74.5 


—22.6 
89.7 


—18.4 
101.5 


—13.3 
111.3 


15.5 
44.8 


1.3 
44.3 


—6.4 
43.0 


—7.2 
42.6 


—4.8 
45.8 


—8.2 
57.5 


—17.8 
70.5 


—23.5 
85.0 


—19.8 
93.6 


—15.9 
101.4 


—10.4 
$1.2 


—10.4 
46.3 


—4.1 
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TaBLE VIII. Values of \. and ¢. in degrees for orbits with 60° impact latitude. 
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most efficient trajectory for secondary cosmic-ray 
production in the atmosphere. Hence there is need for 
information about near-vertical orbits. In order to 
specify the angle of impact with the earth, the inte- 
gration of an orbit was thus begun at the earth. The 
problem of “What is the orbit of a positively charged 
particle arriving at the earth?” was replaced by the 
equivalent problem, “What is the orbit of a negatively 
charged particle being shot away from the earth?” The 
geomagnetic latitude of an observer on the earth will be 
called the impact latitude Xo. Ten-degree intervals of 
impact latitude were selected, 0°, 10°, 20°, etc. The 
impact longitude was set equal to zero. The direction 
an observer must look in order to observe an incoming 
positive particle will be referred to as the “impact 
direction.” It is the tanget direction, with respect to 
the observer, of an outgoing negative particle orbit, 
Impact directions were selected 32, 16, or 0 degrees 
from the vertical, successively toward geomagnetic 
north, east, south, and west (Fig. 1). The integration 
proceeded from the earth outward until the asymptotic 
latitude and asymptotic longitude could be computed 
(Fig. 2). The magnetic rigidity N= pc/Ze of an orbit 


was selected by choosing a value for A, the earth’s 
radius in Stoermer units. 

It is obvious from the differential equations of motion 
that the orbit of a negative particle of magnetic 
rigidity N, shot away from the earth at impact latitude 
Xo with given impact direction, will have a unique 
asymptotic latitude A,, and unique asymptotic longitude 
$e, provided it can escape from the dipole field. As 
mentioned above, for discussion of the flare effect it is 
useful to know A,, and ¢,, as a function of do,N, and 
impact direction. One point of view is to assume Ao and 
the impact direction are held constant and N is allowed 
to vary. For extremely high rigidity the orbit will 
essentially be a straight line. As rigidity decreases, the 
variation of X,, and ¢,, is known down to moderate 
rigidities, from the model experiments of Malmfors’® 
and Brunberg."' Their experiments give information 
about orbits that are bent around the earth approxi- 
mately from 0 to 90 degrees in longitude, i.e., orbits 
belonging to the first impact zone centered about 0900 
local time. For the present orbit program, values of A 
were selected corresponding to lower rigidities than 
those of the model experiments, but higher than the 
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cutoff rigidity for the particular \» and impact direction. 
Many different values of A are necessary so that ad- 
jacent values of rigidity result in neighboring values of 
Aw, Ya: In this manner the model experiment results 
were extended to other impact zones than the 0900 
impact zone. Near the cutoff rigidity, of course, the 
orbits take on a complicated behavior, the radius vector 
from dipole to particle alternately decreasing and 
increasing.’ Orbits with a decreasing radius vector 
were not included in this program. 

A set of 663 orbits was obtained by integration, using 
the AVIDAC at the Argonne National Laboratory, 
Lemont, Illinois. Again it should be emphasized that 
we were not interested in the detailed path of an orbit 
but solely in the magnetic rigidity, impact latitude, and 
impact direction and the resulting asymptotic latitude 
and asymptotic longitude. Since only one intermediate 
point of the orbit was printed out, there resulted a 
considerable saving of machine time. If an orbit went 
monotonically outward, the integration was continued 
to a distance of ten Stoermers, at which point the 
asymptotic latitude and asymptotic longitude were 
computed. The error introduced by stopping at ten 
Stoermers was estimated to be at most } degree. The 
error in latitude is generally less than the error in 
longitude. By comparison, the error due to taking a 


TABLE IX. Values of \,, and ¢,, in degrees for orbits 
with 70° impact latitude. 








Impact direction 
32W 32N 


52.9 37.8 
38.1 32.0 
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TABLE X. Values of A, and ¢, in degrees for orbits 
with 80° impact latitude. 








Impact direction 
32W 32N 328 


724 60.3 75.0 
49.0 32.8 -—2.2 
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step of finite size in the integration procedure was 
found to be 0.001 percent. A test for systematic errors 
was made by comparing a machine-computed orbit 
with a hand-computed orbit. The agreement was within 
the estimated errors. 

Previous work on the solar flare effect has pointed 
out that a solar cosmic-ray source in the geomagnetic 
equatorial plane would give increases in zones, the first 
two being centered on 0900 and 0300 local time.’ As 
the sun moves northward off the geomagnetic equatorial 
plane, these two zones move apart in the nothern 
hemisphere and merge in the southern hemisphere. 
Theoretically, there is a series of such zones, the third 
and fourth being centered on 2000 and 1300 local time 
for an equatorial source. It has been pointed out! that 
after the first and second zones, the following zones do 
not have a very strong local time dependence and might 
well be grouped together into a background zone. 
Inasmuch as a given orbit can be said to belong to one 
zone or another, the 663 orbits of the program were 
grouped into zones as shown in Table I. 


Ill. IMPACT ZONE INTENSITIES 


In order to estimate the intensities expected in impact 
zones during a solar flare, we note that according to 
Liouville’s theorem if a plane wave of particles, all 
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Fic. 3. Counting rates which 
would be expected during a hy- 
pothetical solar flare for an ideal 
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detector at the top of the atmos- 
phere. The same detector would 
have a counting rate of 100 counts 
per second outside the earth’s 
magnetic field. The assumed 
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source latitude, source solid angle, 
and rigidity spectrum are noted 
in the text. The numbers above 
or below the histogram values refer 
to the mean rigidity in Bv arriving 
at the top of the atmosphere. 
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with the same rigidity, comes toward the earth, an 
observer at the top of the atmosphere looking in a 
certain direction will either see the full intensity, or 
nothing at all. Thus if there is a spectrum of rigidities 
and a finite source solid angle, the problem is what 
fraction of the solid angle at the top of the atmosphere 
is allowed.” 

Assume that a detector is omnidirectional and one 
hundred percent efficient for all cosmic ray rigidities. 
Assume it were to be placed outside the earth’s magnetic 
field, and that the normal cosmic-ray background were 
to be zero. Then the count rate of this detector during 
a solar flare would be the integral rigidity spectrum of 
solar flare particles times the solid angle of the source. 
On the other hand, if the same detector is placed at the 
top of the atmosphere at point P, the flare particles 
arriving at the detector will have suffered deflection in 
the earth’s magnetic field. The count rate at P will be 
the differential rigidity spectrum j(N) of solar-flare 
particles times the allowed solid angle 2p(V) integrated 
over rigidity. Nmin and Nmax are the minimum and 
maximum rigidity of the solar flare particle spectrum. 
Qp(N) depends implicitly on the latitude of P, the local 
time at P, the source latitude, and source solid angle. 


Nmax 
b= f j(N)Qp(N)dN. 
Nmin 

For a given rigidity, there are parts of an impact 
zone where the allowed solid angle at the top of the 
atmosphere is greater than the solid angle of the source. 
Physically this amounts to a focusing property of the 
earth’s magnetic field with respect to cosmic-rays. i.e., 


2S. B. Treiman (private communication). 


a wide solid angle detector counts particles coming 
from a narrow solid angle outside the earth’s magnetic 
field. There can also be defocusing. For example, when 
very close to the cutoff rigidity, the allowed solid angle 
at the earth is much less than the source solid angle. 
Some specific examples of focusing are considered by 


Astrém." 


The AVIDAC results are listed in Tables II-X. The 
double entries in the tables signify that the upper 
number is A,, in degrees, the lower number is ¢,, in 
degrees. From the tables a hypothetical flare has been 
studied: sun in the geomagnetic equator, source solid 
angle +5 degrees extent in latitude, +10 degrees extent 
in longitude. It will be noted that a rectangular source 
was assumed for convenience. The source was assumed 
to emit a flat spectrum from 1 to 10 Bv, normalized so 
that the idealized detector has a count rate of 100 per 
second. For this source latitude and source solid angle, 
47 orbits were found connecting points on the earth 
with the source. Some points on the earth had several 
orbits starting in different directions from the top of the 
atmosphere and connecting with the source. The allowed 
solid angle at a given location was taken to be propor- 
tional to the number of connecting orbits. This could 
introduce an error of possibly 20% in the intensity pre- 
dicted at a given location. The integral Jp was approxi- 
mated by a summation. The counting rates which would 
be expected for the idealized detector at the top of the 
atmosphere are given as a function of local time for 
different latitudes in Fig. 3. The mean rigidity (in Bv) 
arriving at the top of the atmosphere is also noted. It is 
clear that this distribution of intensity in the impact 


ot OF Astrém, Tellus (to be published). 
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zones depends on the particular choice of source 
latitude, source spectrum, and source solid angle. 

There is the additional comment that at 50 degrees 
latitude, the 0900 impact zone receives higher rigidity 
particles, the 0300 impact zone lower rigidity particles, 
whereas at latitude 60 degrees, both the high and the 
low rigidity particles are received in the 0900 zone. 
This tendency for observers at middle latitudes to see 
monorigidity solar flare particles, and observers at 
higher latitudes (60 degrees) to see the integrated 
spectrum, is not too sensitive to source latitude and 
source solid angle. 
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Heavy Primary Cosmic Radiation at the Equator* 


R. E. Dantetson,t P. S. Freter, J. E. NAuGLE, AND E. P. Ney 
Department of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received April 16, 1956) 


The zenith and azimuthal angular distribution of primary cosmic rays with charges = 6 has been measured 
at the equator using oriented nuclear emulsions. The magnitude of the azimuthal asymmetry is consistent 
with an integral power law spectrum which falls off inversely as the 2.0 power of the total energy per nucleon. 
However, the maximum intensity comes from the southwest rather than the west. This is consistent with the 
recently proposed shift of the earth’s effective magnetic field for cosmic rays. 

The flux at the top of the atmosphere is 0.68 particle m™ sec™ sterad™ for CNOF (carbon, nitrogen, 
oxygen, fluorine) nuclei and 0.21 particle m~ sec™ sterad™ for nuclei with Z210. 


INTRODUCTION 


ARLY counter measurements! of east-west asym- 
metries have always resulted in asymmetries which 
are smaller than that predicted by geomagnetic theory, 
assuming that the incident flux is isotropic and that 
all the primary cosmic rays are positively charged. 
Part of this discrepancy is no doubt caused by non- 
primary radiation’ in the form of secondary particles, 
resulting from interactions with air nuclei, which enter 
the counter telescope from below. This effect would be 
especially large at large zenith angles, and this is where 
the discrepancy is the greatest. If one were to measure 
the asymmetries of heavy nuclei, however, one could 
be certain as to the primary character of the particles. 
Therefore an orienter was designed to orient horizontal 
nuclear emulsions with respect to the earth’s magnetic 
field. 

A second purpose of this experiment was to measure 
the primary flux of the heavy component at the equator. 
This flux measurement constitutes an important point 
on the integral energy spectrum for the heavies. 

* This work supported in part by the joint program of the U. S. 
Atomic Energy Commission and the Office of Naval Research. 

+ National Science Foundation predoctoral fellow, 1955-1956. 
This work was carried out in partial fulfillment of the require- 
ments for the Master’s degree. 

1 Winckler, Stix, Dwight, and Sabin, Phys. Rev. 79, 666 (1950). 

2K. A. Anderson, Ph.D. thesis, University of Minnesota, 1955 
(unpublished). 


A knowledge of the analytic form of this integral energy 
spectrum is important since the exponent in the proper 
law (if one assumes that a power law of the total energy 
is the correct analytical form) appears to be larger for 
heavy primaries than for protons. This would be useful 
information concerning the acceleration mechanism and 
lifetime of the primary cosmic radiation. 

The third purpose of this experiment was to resolve 
the charge spectrum as much as possible. This is of 
interest since the comparison of relative abundances of 
the elements in the primary cosmic radiation at various 
energies with the observed abundances in the universe 
is valuable information concerning the lifetime and 
sources of cosmic radiation. Any marked deviation of 
the abundances of the components of the cosmic rays 
from the observed abundances in the universe provides 
important data in devising an origin theory. 


BALLOON FLIGHTS AND APPARATUS 


Two balloon flights were flown as part of Project 
Churchy, a cosmic-ray expedition to the Galapagos 
Islands near the geographic equator. The time-altitude 
curve for Flight 2 is shown in Fig. 1. The flight record 
for Flight 1 is similar. The trajectory of the balloon 
was approximately straight from the launch point (geo- 
graphic latitude 0°20’S; geographic longitude 90°20’W) 
to the splash point (1°20’S; 96°10’W). 
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Fic. 1. Time—altitude curve for flight of September 11, 1953. 
The probable error of each point in 0.3 g/cm?. 


The orientation-sensing mechanism consisted of a 
compass and two photocells arranged so that when the 
apparatus drifted away from the oriented direction, one 
of the photocells was illuminated. This signal was 
amplified and used to switch the orienting motor on and 
off by means of a differential relay. The recorder 
mechanism photographed a pressure gauge, a watch, 
a level, a thermometer and a compass. The compasses 
were placed in the gondola in such a manner that they 
did not interact. The entire equipment was contained 
in a 30-inch pressurized and insulated aluminum sphere. 
The entire sphere was oriented against two weights 
suspended on the ends of a six-foot boom. The emulsions 
consisted of six 4X 10-inch stacks of three 600-micron 
emulsions arranged horizontally on the equatorial plane 
of the 30-inch aluminum sphere and were flown hori- 
zontally in order to facilitate measurements of the 
azimuthal asymmetry. For purpose of charge identifica- 
tion, vertical plates would have been better since one 
observes a larger number of long tracks in vertical 
plates than in horizontal plates. 


CHARGE SPECTRUM 


Since the cutoff at the equator is about 6 Bev/ 
nucleon, all of the primary particles are relativistic, and 
therefore the delta-ray density will vary as Z?. Over 
four-hundred primaries were delta-ray-counted over 
their entire length in the stack. The results of these 
counts are shown in Fig. 2. It appears that the CNOF 
region (carbon, nitrogen, oxygen, and fluorine) is on the 
verge of being resolved, but if it is resolved, the case is 


OF FERENTIAL 8—RAY DENSITY 


8 -RAYS/100 MICRONS 


Fic. 2. Differential 5-ray density distribution 
for particles at A= 10°N. 
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not very convincing. However, even though neighboring 
charges aren’t resolved, the general features of the 
charge spectrum are significant ; and the 6-ray densities 
serve to classify the nuclei as to whether they are in the 
CNOF group or in the Z210 group. Resolution of 
charge was obtained, however, when the particles with 
zenith angles greater than 68° (total path length in 
stack greater than 4 mm) were analyzed in the manner 
described below. 

If one assumes that the entire error in delta-ray 
counting results from random fluctuations in the num- 
ber of delta rays counted, one would want to plot a 
Gaussian curve for each particle and add up the 
Gaussians corresponding to the individual particles. In 
order to adapt this problem to the digital computer 
available, the Gaussian distribution for a single particle 
was approximated by a parabola. The equation for a 
normalized Gaussian error curve is given by 


Yo= exp[ — (x—%0)*/207], (1) 


s (29) to 


NUMBER OF TRACKS PER UNIT INTERVAL 


6 7 to 
8—RAYS/100 MICRONS 


Fic. 3. Gaussian analysis of 40 long tracks with 6> 68°. 


where xo is the observed delta-ray density and a is the 
standard deviation. A normalized parabolic approxi- 
mation given by 


3 
yom ll — (x 20)?/40"] 


(2) 


is a reasonably good approximation to the Gaussian 
error curve and has no sharp corners such as a triangle 
would have. The above analysis was performed on 40 
long tracks using the parabolic approximation. The 
result is shown in Fig. 3. The four peaks are identified 
as carbon, nitrogen, oxygen, and neon. The little peak 
occurring at a delta-ray density of about 1.7 is not 
significant since the scanning cutoff was set at 2.5 delta 
rays per 100 microns. The above identifications are 
consistent with an interaction observed in the emulsion 
in which a heavy particle collides with an emulsion 
nucleus and forms a lighter fragment plus two protons 
and one alpha particle. The incoming particle has a 
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delta-ray density corresponding to neon, while the 
outgoing fragment has a delta-ray density corresponding 
to carbon. 

The 400 particles were also divided up into three 
groups according to zenith angle. The Z spectrum was 
resolved for all the particles with zenith angles greater 
than 60 degrees with the same result as for the very 
long particles in the entire stack. By noting where the 
carbon peak appeared to be in the other zenith angle 
intervals (5<0<40 and 40<0<60), the average cali- 
bration for the 400 particles was found to be 


N=0.102Z?, (3) 
where WN is the number of delta rays per 100 microns. 


Using this calibration, one can see from Fig. 2 that 
the ratio of the CNO components is roughly 


Cs:0: 33231. 
This is to be compared with the abundance ratios of the 


CNO group as determined from the earth’s crust, from 
meteorites and from stellar atmospheres. This ratio is* 


CN 
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Fic. 4. Average azimuthal intensity as a function of zenith angle. 


Thus the abundance ratio of the high-energy component 
of the heavies appears to be just opposite that of the 
bulk of matter in the universe. To change a ratio of 
1:2:6 to 3:2:1 by collisions would take several collision 
mean free paths at least. It is difficult to calculate how 
much matter would be needed since one would have to 
know the probabilities for each Z2>10 going to C, N, 
and O separately and for oxygen going to C and N 
as well. 


MEAN FREE PATH 


For a given zenith angle, geomagnetic theory predicts 
that the cutoff will vary with the azimuth angle and 
will be smallest in the west and largest in the east. If 
one averages the cutoff (and thus the intensity) around 
the entire 360 degrees, one will find that the average 
intensity remains very nearly constant with zenith 
angle. Figure 4 shows the results of such an averaging 
for a geomagnetic latitude of 10°N. One can see that 


3L. H. Aller, Astrophysics (Ronald Press Company, New York, 
1953), Vol. I. 
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Fic. 5. Zenith angle distribution for CNOF and Z > 10 at \=10°N. 


the average intensity is essentially constant down to a 
zenith angle of 60 degrees and is less than 20% off at a 
zenith angle of 80 degrees, below which very few 
particles enter because of atmospheric absorption. 
Therefore, one can measure the mean free path of the 
heavies since the observed intensity should decrease 
very nearly as e~?/*, where J is the interaction mean 
free path, D is the average atmospheric depth of the 
balloon at altitude, and @ is the zenith angle. (The 
length for stopping by ionization is much too long to 
be important at the particle energies which are allowed 
at a geomagnetic latitude of 10°N.) Thus a plot of the 
log of the observed intensity versus D/X cos@ should be 
a straight line if the incident flux is isotropic and 
should intersect at D/A cos#=0 to give the cosmic-ray 
intensity at the top of the atmosphere. 

Figure 5 shows the results for the CNOF and Z2 10 
components for Flight 2. (Flight 2 was the better 
oriented of the two flights.) The least squares analysis 
produced the results in Table I. 

The value of about 40 g/cm? for the mean free path 
in air of the Z210 component is about twice that 
previously measured by the same method at Cuba 
(30°N) and at Minnesota (55°N) by Freier ef al.* The 
values that they obtained were 19 g/cm? at 55°N 
(Minnesota) and 21 g/cm? at 30°N (Cuba). Noon and 
Kaplon® have recently measured the interaction mean 
free paths for heavy particles in emulsion at Texas 


TABLE I. Flux and mean free path at the equator. 








Flux at top of atmosphere Mean free path in air 
(particles/m? sec sterad) (g/cm?) 


0.680.06 
0.21+0.05 


Charge 


CNOF 
Z>10 





262 
4145 








‘ Freier, Anderson, Naugle, and Ney, Phys. Rev. 84, 322 (1951). 
5 J. H. Noon and M. F. Kaplon, Phys. Rev. 97, 769 (1955). 
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TaBLe II. Emulsion mean free path at equator. 








Number 
of inter- 
actions 


Total path 
length (cm) 


99.9 7 
66.1 3 


g/cm? 


57 


Charge 


CNOF 
Z>10 











(41°N) and at Minnesota (55°N). Their results are 
energy insensitive up to 6 Bev/nucleon and are con- 
sistent with the following expression for the interaction 
cross section: 


o=m LR;+R,—2AR} cm’, 
AR=0.85X 10-® cm, 
R=1.45X 10-4? cm. 


(4) 


If one uses Noon and Kaplon’s relation, one computes 
the following interaction mean free paths in air assuming 
an average Z of 7 for the CNOF group and an average Z 
of 15 for the Z2 10 group. 


CNOF 
Z>10 


27 g/cm’, 
19 g/cm?. 


Thus the calculated mean free path for the CNOF 
component agrees with the measured value while the 
measured value for the Z>10 component is larger by 
a factor of two than the calculated value. 

The anomalously long mean free path obtained for 
heavies at the equator may have several explanations: 

(1) The mean free path measured from the zenith 
angular distribution is an absorption mean free path. 
When a nucleus in the CNOF group interacts, it has a 
high probability of being removed from the group, 
while a nucleus in the Z210 group can reduce its 
charge in a collision and may still stay in the Z>10 
group. This explanation would seem logical if we had 
not measured the absorption mean free path in Cuba 
as 21 g/cm?. The average energy is lower at Cuba, but 
in order for the mean free paths to be so different at 
the two places, the cross section would have to suddenly 
become energy dependent (and smaller) at an energy 
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Fic. 6. Azimuthal asymmetries measured at the equator for 
primaries with zenith angles between 30° and 60° on flight of 
September 11, 1953. 
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of about 6 Bev/nucleon; or the charge spectrums would 
have to be different at the two places. 

(2) The long mean free path may be due to the fact 
that the mean free path at the equator was measured 
with horizontal plates, while the other (and shorter) 
mean free paths were measured on vertical plates. How- 
ever, in one flight at Minnesota on April 13, 1950, (at a 
residual depth of 14 g/cm?) the angular distribution was 
measured on both horizontal and vertical plates for the 
purpose of checking the relative efficiencies of the two 
detectors. The results based on 1236 and 803 nuclei, 
respectively, gave the same flux and mean free path. 
The only discrepancy occurred at zenith angles less 
than 20°, where the horizontal plate gave a low result 
as one would expect. 

(3) The long mean free path for the Z210 com- 
ponent may be due to an anisotropy in the high-energy 
primary nuclei. The method used in the measurement 
of the mean free path involved the assumption that the 
primary flux was isotropic and that geomagnetic theory 
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Fic. 7. Azimuthal asymmetries measured at the equator for 
primaries with zenith angles 260° on flight of September 11, 
1953. 


was valid. If either of these assumptions were not 
valid, then one could question the observed result. Any 
deviation from geomagnetic theory, however, should 
affect both the Z210 components and CNOF com- 
ponents in the same way since they are both composed 
of nuclei with A=2Z. Thus the geomagnetic effects 
seem to be eliminated. The observed asymmetries (to be 
discussed in the next section) of the CNOF and Z>10 
group appear to be the same, however, so if anisotropy 
is the true reason for the long mean free path, it is 
indeed fortuitous that the experiment happened to be 
performed at just the time of day and year so that the 
asymmetries appeared to look the same and yet yielded 
different mean free paths. 

In an attempt to determine whether the long Z> 10 
mean free path was really correct, we measured the 
mean free path in emulsion even though the statistics 
were very poor. It is to be noted that we followed many 
particles a short distance (horizontal plates) in order 
to get these results given in Table II. In the emulsion, 
also, the mean free path for the Z2 10 appears signifi- 
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Fic. 8. Azimuthal asymmetries obtained for Z > 6 by comparing 
intensities in opposite hemispheres for zenith angles between 30 
and 60°. 


cantly larger than the calculated value, while the 
CNOF value appears to agree with the calculated value. 

The scanning criteria was set so as to detect all nuclei 
with charge greater than or equal to 6. The zenith 
angle distribution shows that some CNOF nuclei were 
missed in the interval from 0-20°. A check of the 
scanning efficiency showed that about 10% of the 
CNOF group were missed and that all the missed ones 
had zenith angies less than 30°. 

Figure 2 shows that many particles with ionization 
less than that of carbon were also found in the scan. 
Most of these were followed and 6-ray counted over 
ranges long enough to rule out their being slow evapora- 
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tion alpha particles. These particles were analyzed by 
the same method used for the other charge groups. The 
flux at the top of the atmosphere was 0.4+0.1 par- 
ticles/m? sec sterad, while the corresponding mean free 
path was between 25-30 g/cm? of air. Thus, in spite of 
the fact that the scanning was inefficient for Be and B 
nuclei, an appreciable flux of these particles was 
observed. 

ASYMMETRIES 


Neither of the two flights was perfectly oriented. 
A detailed analysis showed that the second flight was 
the better oriented of the two. Although it is not 
rigorously correct to do so, each flight was analyzed 
into the percentage time-oriented and the percentage 
time-random. The percentages of time-oriented were 
38% for Flight 1 and 73% for Flight 2. 

Figure 6 shows the azimuthal entrance angle distri- 
bution for zenith angles from 30 to 59 degrees for 
Flight 2. In this graph the 27% randomness has been 
subtracted out. Figure 7 shows the same result for zenith 
angles greater than 60°. One can see that the distri- 
butions show an asymmetry, with the maximum number 
coming from the southwest rather than from the west 
as expected. To try to verify this unexpected asym- 
metry, Flight 1 was analyzed in the same manner as 
the other flight except that the particles were classified 
into charge groups by inspection rather than by delta- 
ray counting. In spite of the fact that 62% of the 
particles were subtracted away, this flight also shows 
the maximum from the same direction. 
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Fic. 9. Schematic sketch of the loci of the equators for the equivalent dipole field and the proposed cosmic-ray dipole field. 
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Fic. 10. Energy spectrum for the CNOF group. 


Another comparison of the two flights may be ob- 
tained by computing the ratios of the flux entering in 
opposite hemispheres as a function of azimuth angle. 
This is shown in Fig. 8, along with the ratios expected 
when one assumes power law spectra which fall off 
inversely as the 1.6 and 2.0 power of the total energy 
per nucleon and assuming isotropy of the primaries at 
infinity. 

By comparing the observed ratios with the predicted 
ratios, one can see that the observed asymmetry ratio 
is slightly larger than one would expect from geo- 
magnetic theory for an integral energy spectrum with 
an exponent of 1.6 and would be more in agreement with 
an exponent of about 2.0. 

The direction of the asymmetry corroborates some 
recent work of Simpson and Rose,*.’ indicating that the 
geomagnetic equator as determined by the minimum 
sea level neutron count does not coincide with the 
previously accepted geomagnetic equator. Their data 
indicate that the cosmic-ray dipole is tipped with 

*Simpson, Jory, and Pyka, J. Geophys. Research (to be 
published). 


7 Simpson, Fenton, Katzman, and Rose, Phys. Rev. 102, 1638 
(1956). 


respect to the surface dipole field in such a way that 
the geomagnetic latitude of England (0° longitude) is 
about 6° lower than had been previously assumed.® 

Figure 9 shows schematically the old geomagnetic 
equator along with Simpson’s proposed cosmic-ray 
equator.’ Since this experiment was performed at a 
longitude of 90°W, one can see that the geomagnetic 
latitude remains the same. The plates were oriented 
with respect to the surface field (which at this point 
coincides with the equivalent dipole field to within 4°), 
while the cosmic rays would be deflected by the “cosmic- 
ray dipole field.” Thus one can see that the asymmetry 
would be shifted such that the maximum number of 
particles entered from the southwest rather than from 
the west. However, our measured shift appears to be 
larger than the approximately 15° shift which the pro- 
posed dipole tip would require. 
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Fic. 11. Energy spectrum for the Z > 10 group. 


8C. J. Waddington, Nuovo cimento 3, 930 (1956). 
® We wish to thank Dr. Simpson’ for the use of this figure prior 
to his publication of it. 
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FLUX AND ENERGY SPECTRUM 


If the heavy component is not isotropic, then the flux 
values obtained by extrapolating to the top of the 
atmosphere using the mean free paths derived from the 
zenith angular distribution will not be correct. In this 
case one would have to specify the direction in quoting 
a flux. If one supposes, however, that the magnetic 
field which influences the cosmic rays is effectively a 
dipole field (which does not coincide with the previously 
accepted dipole field), then the fluxes obtained by 
extrapolating to the top of the atmosphere with the 
derived mean free path are valid. The fluxes obtained in 
this way are given in Table I. 

These flux values as well as others previously obtained 
have been pletted in Figs. 10 and 11 to form an integral 
energy spect.um. 

Table III gives the flux values plotted on the graph. 
We have included all the flux values we found in the 
literature, but we do not guarantee the completeness 
of the list. \ is the geomagnetic latitude, and the new 
value of \ is based on Simpson’s proposed cosmic-ray 
dipole. E, is the cutoff energy in Bev/nucleon. The ‘“‘a” 
after the value means that the cutoff energy is imposed 
by the air above the detector rather than by the earth’s 
magnetic field. The fluxes are divided into the CNOF 
group and the Z> 10 group, since we find a low abun- 
dance of fluorine and have used this as a natural place 
to divide the nuclei into two groups. If the quoted flux 
value included Z=10 with the CNOF group, we have 
corrected the quoted value using the average abundance 
of Z=10 we measured on two flights, one at \=55°N 
and one at \= 15°N. (This correction means multiplying 
the quoted 6<Z<10 flux by 0.95 to convert it to 
CNOF; and multiplying Z> 10 flux by 1.16 to convert 
it to Z> 10 flux.) 

It can be seen that for neither of the charge groups 
does a power law appear to represent the data well, 
although the data might be consistent with an exponent 
of 1.6. It is interesting to note that the curve drawn 
through the data appears to vary as 1/E at low energies 
(which is similar to the proton spectrum) while at high 
energies the data vary more like 1/E? or even steeper. 
This is consistent with the data in Fig. 8, which suggests 
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TABLE III. Flux values for heavy primaries.* Numbers under 
reference refer to corresponding numbers in Figs. 10 and 11. 








Flux in particles/m? 
Z210 New sterad sec 
Ee 


Ee CNOF 2210 





0.35a 11.5 +1.0 
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® The “‘a’’ after a value means that the cutoff energy is imposed by the 
air above the detector rather than by the earth's magnetic field. 

1J. E. Naugle et al. (unpublished), 

2.8.13 H, L. Bradt and B. Peters, Phys. Rev. 77, 62 (1950). 

39M. F,. Kaplon ef al., Phys. Rev. 85, 304 (1952). 

4A. D. Dainton et al., Phil. Mag. 43, 729 (1952). 

5.4 P, S, Freier et al., Phys. Rev. 84, 322 (1951). 

*G. W. Anderson et al., Phys. Rev. 94, 1317 (1954). 

7,10 M. F. Kaplon et al., Phys. Rev. 96, 1408 (1954). 

uP, S, Freier ef al. (unpublished). 

12H. Fay. Z. Naturforsch. 10a, 572 (1955). 

15 J, J. Lord et al. (private communication). 

1% R. E. Danielson ef al, (present work). 

1 —D. Lal et al., Phys. Rev. 86, 570 (1952). 


a power spectrum with an exponent of 2.0 or greater 
at A=10°N. 

It should be noted in Figs. 10 and 11 that the flux 
value No. 12 measured over Europe is brought into 
much better agreement with other flux measurements 
when it is plotted at the “new” cutoff energy. As far as 
possible it would be desirable in the future to have a 
direct measurement of the cutoff energy when measuring 
a flux value. This is not possible at high energies but is 
possible at energies below about 1.5 Bev/nucleon. 
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Measurements of the pion-proton total cross section over a range of kinetic energies from 0.45 to 1.9 Bev 
are described. Positive pions were distinguished from protons of the same momentum by a time-of-flight 
technique. A liquid hydrogen absorber was used for most of the measurements. Muons, the principal beam 
contamination, were approximately 10% of the pions. 

A pronounced maximum for o(x~,p) near 0.9 Bev, which had been noted in our preliminary measurements, 
is confirmed by data presented here. If this maximum is to be interpreted as a resonance in a single state of 
angular momentum, the analysis shows that, after subtracting a term which can reasonably be attributed to 
nonresonant states, the total angular momentum could be as low as 5/2 without serious disagreement with 
experimental data. The possibility of explaining this maximum with a resonant pion-pion interaction as 
conjectured by Dyson and Takeda is discussed. The measurements of o(x+,p) also give evidence for the 
existence of a maximum of relatively smaller amplitude at 1.35 Bev. 

The differential cross sections in the forward direction for elastic and charge-exchange scattering of pions 


by protons have been obtained by making use of the dispersion relations. 





I. INTRODUCTION 


HE energy dependence of the total cross section 
for pion-proton collisions below 400 Mev has 
proved to be a powerful clue to the understanding of 
meson physics.'? The pronounced maximum in the posi- 
tive pion total cross section at 195 Mev reaches a value 
of 200 mb, which for 7=% is very closely equal to 
2rk*(27+1), the maximum value of the cross section for 
an elastic process occurring in a state of total angular 
momentum j. This fact, by itself, strongly suggests a 
resonance-like interaction in a state with total angular 
momentum j=4. Moreover, at this energy the ratio of 
the total cross section o(x+,p) to o(x~,p) is quite close 
to 3 which is the ratio of the weight of the isotopic spin 
state § in the (x*+,p) system to that of the state $ in the 
(x~,p) system. Thusa second inference naturally follows ; 
the strong interaction, which peaks at 195 Mev, is 
characteristic of a state with total isotopic spin T=}. 
All this constructive evidence obtained with “low- 
energy” pions made it clear that measurements of the 
total cross sections of pions with hydrogen should be 
pursued to higher energies. 

Of course, one did not necessarily expect as suggestive 
information at very high energies as that obtained at low 
energies, since so many states of angular momentum are 
present that no one of them is likely to have a pre- 
ponderant effect on the probability of interaction. In 
this sense, at the beginning of the experiment, an energy 
of 1.5 Bev appeared to us to be high, and for this reason, 
after a first measurement was made at that energy to 
observe the high-energy trend of the curve, our atten- 


+ Under the auspices of the U. S. Atomic Energy Commission. 

* On leave of absence at Radiation Laboratory, University of 
California, Berkeley, California. 

t Present address: Cornell University, Ithaca, New York. 

1K. A. Brueckner, Phys. Rev. 86, 106 (1952). 

2 For a review of the low-energy results see for example, H. A. 
Bethe and F. de Hoffmann, Mesons (Row, Peterson and Company, 
White Plains, 1955), Vol. II; M. Gell-Mann and K. Watson in 
Ann. Revs. Nuclear Sci. 4, 219 (1954). 


tion was focused at energies of 1.0 Bev and lower. The 
cross section near 1.0 Bev for negative pions as measured 
by Shapiro et al.* and by us‘ turned out to be larger than 
at 0.45 Bev’ and 1.5 Bev.® Positive pions did not exhibit 
any such maximum in the total cross section. 

In the process of accumulating data at relatively 
small energy intervals in order to define the energy de- 
pendence of the cross sections, we observed that the 
o(r*,p) and o(x-,p) curves which cross at about 0.42 
Bev, appeared to cross again at an energy of about 1.1 
Bev. As a consequence, it was considered opportune to 
extend a careful study to energies above 1.1 Bev. It was 
also evident that the differences between the cross 
sections at different energies, as well as between o(x*t,p) 
and o(x~,p), would be rather small, so that we should 
measure directly the cross section of positive pions with 
hydrogen, rather than use the approximate and indirect 
method of measuring the difference between the nega- 
tive pion cross section with deuterium and with hydro- 
gen (see Secs. ITA and ITI for a discussion). Fortunately, 
at this time we could avail ourselves of the possibility 
offered by the deflection system developed to obtain an 
external proton beam.’ It could be used to make the 
proton beam strike a target close to the external wall of 
the vacuum chamber; from that target both positive 
and negative mesons could be obtained at a small 
angle with respect to the direction of the primary pro- 
ton beam. 

The first data taken by our group in collaboration 
with Professor L. Madansky at 1.5 and 1.0 Bev have 
already been published.*:* Subsequently, measurements 
at these energies have been repeated. Some new data 


3 Shapiro, Leavitt, and Chen, Phys. Rev. 92, 1072 (1953). 

‘Cool, Madansky, and Piccioni, Phys. Rev. 93, 637 (1954); 
Phys. Rev. 93, 918(A) (1954). 

5S. Lindenbaum and L. Yuan, Phys. Rev. 92, 1578 (1953) 

® Cool, Madansky, and Piccioni, Phys. Rev. 93, 249 (1954). 

7 Piccioni, Clark, Cool, Friedlander, and Kassner, Rev. Sci. 
Instr. 26, 232 (1955). 
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have been reported at the Rochester Conference.* In 
this article we report all the data between 0.45 and 1.9 
Bev and describe the experimental method in as much 
detail as may be of use. A careful study made at this 
laboratory in the energy range from 150 to 700 Mev has 
already been published by Lindenbaum and Yuan.° 


II. DESCRIPTION OF EXPERIMENT 
A. Pion Beams 


The total cross sections have been obtained from 
“good geometry” attenuation measurements. The beam, 
as defined by a scintillation counter telescope, impinges 
on an absorber. Behind the absorber is placed the final 
counter, larger than those of the telescope, which 
subtends a cone of semiaperture @. Those particles which 
are deviated in the absorber by an angle greater than 0 
fail to cross the final counter and are counted as having 
interacted. Since the semiaperture of the cone is not the 
same at each point of the absorber, owing to its finite 
length, each geometry is characterized by the average of 
® over the length of the absorber, which we call (6°). 
This choice is suggested by considering that do/dQ for 
the production of secondaries can be assumed to be 
constant over the angles subtended by the final counter. 
In this case, the error ¢ in the total cross section, as a 
result of secondaries which cross the final counter, is 
approximately 

&n(do/dQ\). 


In part, the pion-proton cross sections o(r*,p) were 
obtained from the difference in the attenuation in CH, 
and C, both absorbers containing an equal amount of C. 
For the remainder, a liquid hydrogen target was used. 
These measurements gave the same results as the 
CH.—C difference whenever both methods were used. 

Until recently, positive pions were available only up 
to about 1.0 Bev. This limitation results from the fact 
that high-energy pions are produced predominantly at 
forward angles and are deflected inward by the field of 
the Cosmotron if they are positive. The consequence is 
that there is no practical way to place the apparatus in 
such a beam. On the other hand, negative pions, which 
are deflected outward, can be readily collimated into a 
usable beam up to the highest energies. 

For high-energy pions whose wavelengths are short 
compared to the average distance between nucleons in 
the deuteron and whose elementary cross sections are 
not too large, the cross section o(*,d) should be close 
to the sum o(r*,p)+o(r+,n). Hence, we would expect 
the cross section o(#~, d— p), which is obtained from the 
attenuation difference of D,O and H,0, to be closely 
equal to o(x~,n). Moreover, by the well-accepted prin- 
ciple of charge symmetry, o(x~,n)=o(x*,p). For this 
reason, when positive pions were not available, we have 

8 Cool, Piccioni, and Clark, Proceedings of the Fourth Annual 
Rochester Conference (University of Rochester Press, Rochester, 
1954), p. 101; Proceedings of the Fifth Annual Conference on High. 


Energy Physics (Interscience Press, Inc., New York, 1955), p. 38. 
9S, Lindenbaum and L. Yuan, Phys. Rev. 100, 314 (1955). 
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Fic. 1. Schematic arrangement of apparatus, 40° direct beam. 


measured o(x~, d— p) in order to obtain an approximate 
value for o(x*,p). 

Either out of necessity in order to cover the range of 
energies from 0.45 to 1.9 Bev, or in order to be com- 
patible with other experiments being carried on simul- 
taneously, several beams have been used while per- 
forming this series of measurements. Targets can be 
placed in the field-free “straight sections” of the 
Cosmotron in such a position that pions, produced at 
angles greater than 32° with respect to the direction of 
the proton beam, pass out of the Cosmotron with negli- 
gible magnetic deflection. We have used two different 
such “direct beams,” one at 40°, the other at 32°. The 
40° beam was used between 0.45 and 0.80 Bev; the 32° 
beam between 0.80 and 1.08 Bev. Above 1.08 Bev the 
intensity of pions becomes too low for practical measure- 
ments in these beams. For lower energies, these direct 
beams have the advantage that both positive and 
negative pions are available. By simply adjusting the 
current in the external magnets and changing its direc- 
tion, all momenta and both charges of pions could be 
investlgated without moving the apparatus. Figure 1 
shows a typical arrangement of the apparatus. 

Negative pions, produced near the forward direction, 
are deflected outward by the magnetic field of the 
Cosmotron and pass through collimators in the concrete 
shield. The Cosmotron magnet thus provides a mo- 
mentum analysis of the pions and for suitable target 
positions there is a moderate focusing action in the 
horizontal plane. Usually, an external magnet is also 
required in order to sweep out of the beam secondary 
particles produced in the collimator and in the wall of 
the vacuum chamber. To optimize the intensity for a 
given target position and machine energy, the apparatus 
and collimator must be moved for each new momentum 
selected. One can, however, make a small change in the 
selected pion momentum by making a proportional 
change in the final primary proton beam momentum 
(i.e., in the final magnetic field of the Cosmotron) with- 
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Fic. 2. Schematic arrangement of apparatus for the negative pion deflected beams. 


out changing the trajectory as defined by the collimator 
and counters. This method is useful for only relatively 
small momentum changes because lowering the primary 
proton momentum also results in a decrease in pion 
production; further, the fringing field is not strictly 


proportional to the orbit field and will change somewhat 
the direction of the trajectory for the selected mo- 
mentum. Figure 2 shows schematically the trajectories 
and apparatus used in the course of experiments in the 
“deflected beams.” 

During the last stage of the experiment, the develop- 
ment of an ejection system for the proton beam allowed 


us to place a target at such a position that pions pro- 
duced at an angle of 5.5° to the forward direction could 
leave the Cosmotron without having crossed any ap- 
preciable magnetic field. This arrangement is illustrated 
in Fig. 3. This beam, although we have used it primarily 
to obtain high-energy pions, can be used universally for 
positive and negative pions of any desired energy. 
Clearly, all of our measurements could have been made 
in this beam. 

The circulating proton beam which enters the ejection 
magnet M1 (the ejection system is described in detail 
elsewhere)’ is deflected outward and strikes a Cu target 
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Fic. 3. Schematic arrangement of apparatus in 5.5° direct beam using magnetic focusing. 
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which is placed at the outer edge of the magnetic-field- 
free “straight section.” The efficiency of the ejection 
system is such that about one-half of the circulating 
proton beam strikes the target. The circulating beam is 
also somewhat reduced, perhaps by as much as a factor 
of 2, by the presence of the magnet inside the evacuated 
volume of the Cosmotron. Pions, which are produced in 
a small cone near 5.5° to the forward direction of the 
protons, pass through a magnetic shield which reduces 
the fringing field of the Cosmotron to a value less than 
50 gauss, so that the deflection of the pions within the 
magnetic shield is small. The large (12 in.) quadrupole 
strong-focusing lens (shown as H and J in Fig. 3) 
focuses an image of the target outside the concrete 
shield. The position of the image can be varied by 
adjusting the currents in the magnets. The focusing 
action of the magnetic lens increases the solid angle of 
acceptance for the pions and, therefore, increases the 
intensity of pions per unit momentum interval by 
perhaps more than a factor of ten. The counting rate in 
our telescope was about 140 positive pions of 1.0-Bev 
kinetic energy per 10" circulating 3-Bev protons. For 
1.67-Bev kinetic energy, there were 90 positive pions per 
10° protons. The momentum spread, as computed, was 
+2.0% and the diameter of the counter telescope was 
3 inches. 


B. Counters 


The telescope that defines the beam of pions consisted 
of plastic scintillators one-half inch thick, either three 
or three and one-half inches in diameter. Each scintil- 
lator was viewed by two RCA 1P21 photomultipliers 
with their plates simply connected together. A germa- 
nium diode G7A was also shunt-connected to the plates 
to limit the output pulse at approximately 1 volt. 
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The final counter, which detects the particles that 
have not interacted, was of a large diameter, so that the 
cross-sectional area of the beam, with no absorber, was 
appreciably less than the area of the counter. This 
arrangement results in a good definition of the geometry, 
in the sense that the angle by which a particle must 
scatter in the absorber to miss the final counter is not 
much different for any particle in the beam. It is also of 
great importance that the final counter have high effi- 
ciency when small attenuations are to be measured. We 
have used with good results a cylindrical vessel 2? inches 
thick, with a diameter of either 9} or 14 inches, filled 
with a xylene and terphenyl mixture. The sensitive 
volume is viewed by four RCA 6342 photomultipliers, 
immersed in the liquid. With a mixer circuit using four 
6AKS5’s and no differentiating cable (“shorting stub’’) 
in the circuit, the 9}-in. counter proved to be more than 
99% efficient. 
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Fic. 5. Fast triple-coincidence circuit using grid clipping lines and 
a Garwin-type diode. 
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Fic. 6. Typical block diagram of the electronics used in the 40° direct beam and negative pion deflected 
beams using the circuit of Fig. 4. 


C. Electronics 


The repetition rate of the acceleration cycle of the 
Cosmotron is relatively slow (12-20 pulses per minute), 
and the time length of the burst which contains the 
particles of interest is short. By a suitable adjustment of 
the rate at which the rf accelerating voltage is turned 
off, this burst length can be varied from about two to 
twenty milliseconds. The counting rate of the circuits 
during a pulse is thus 100-1000 times greater than the 
total number of counts registered in one pulse. The 
counting rate for particles which cross the telescope has 
sometimes been as high as 10° sec, and the counting 
rate in a single counter has been as high as a few times 
10° sec. For this reason coincidence circuits and their 
associated amplifiers and discriminators must have 
short resolving times and a minimum of dead time while 
maintaining a high efficiency. 

Moreover, magnetically analyzed positive pion beams 
include protons of the same momentum. The ratio of 
protons to pions, which, of course, varies with the 
momentum and geometrical arrangement of the appa- 
ratus, is usually greater than one and has been as high as 
twenty-five. Since pions and protons of the same mo- 
mentum differ in velocity, we can make use of the 
resulting difference in flight time through the defining 
telescope to separate the protons from the pions; that is, 
the resolving time and length of the telescope are so 
adjusted, for a given momentum, that the coincidence 
circuit records only the pions of the beam. 

During the early phases of the work with negative 
pions, and positive pions below 1 Bev, coincidence 
circuits of the type shown in Figs. 4 and 5 were em- 
ployed; a typical arrangement is shown in the block 
diagram of Fig. 6. The distributed constant amplifiers 
which precede the fast coincidence circuits have a rise 
time of 3 musec. The resolving time of the fast coinci- 
dence circuits, defined as the half-width at half- 
maximum, is approximately 4 mysec. The amplifiers 
which follow the fast coincidence have a rise time of 
0.03 usec, the associated slow discriminators have a dead 
time of roughly 0.2 usec. The fast scalers have a dead 
time of about 0.1 usec. 

In order to extend the range of positive pion measure- 
ments above 1 Bev using the 5.5° focused direct beam 
(Fig. 3), a more elaborate electronics arrangement was 
required. As the pion energy is increased, the time 
difference between the time of flight of a pion and a 
proton rapidly decreases. For example, with a counter 


separation of 35 ft as shown in Fig. 3, it decreases from 
10.7 mysec at 1 Bev to 3.8 musec at 1.80 Bev. At the 
same time, the ratio of protons to pions increases from 
about 5 to 25. Although the time difference could be 
increased by lengthening the telescope, two factors 
strongly favor keeping this length as short as possible. 
The first is the increase in muon contamination and the 
second is the decrease in total intensity which would 
result from lengthening the telescope. One wishes, 
therefore, to use the minimum length consistent with a 
clean separation of protons and pions. 

The minimum difference of flight time necessary to 
distinguish pions from protons depends upon the time 
At in which the resolution curve of the coincidence 
circuit falls from an efficiency near unity to a sufficiently 
small value. In our beam, where the ratio of protons to 
positive pions R is about 10, the factor of decrease in 
efficiency, which we call the rejection ratio ¢, must be 
~10* in order that the fraction of protons recorded, 
R/e, be ~10-*. The resolution curve of a single pair of 
counters in a circuit of the type shown in Fig. 4 or 5 has 
a rejection ratio of only ~10 in a time At=4 muysec. In 
order to obtain the larger rejection ratio which we re- 
quire in the same time, At=4 mysec, we make use of the 
following fact. The time required for a particle to cross a 
pair of counters is well defined by the momentum 
selection. We put into the beam (Fig. 3) three pairs of 
counters with each pair individually connected in coinci- 
dence using the circuit of Fig. 5. The outputs of the 
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Fic. 8. Typical block diagram of the electronics for the 5.5° direct beam using the circuits of Figs. 5 and 7. 


three separate pair coincidence circuits are then again 
placed in coincidence using the circuit of Fig. 7. Since 
each of the pairs of counters is independent, the rejec- 
tion ratio of the combined system is the product of the 
rejection ratios of the separate pairs. We thus obtain a 
combined ratio of ~10* in A‘=4 musec. A block diagram 
of the circuit arrangement is shown in Fig. 8. Typical 
resolution curves of the system, made by simultaneously 
delaying one counter of each pair, are illustrated in 
Fig. 9 for a beam momentum of 1.80 Bev/c. One curve 
is for a beam of pure pions, made by magnetically 
selecting negative pions; the other for a pure proton 
beam. The pure proton beam is obtained by lowering 
the energy of the primary protons which strike the target 
to 1.80 Bev. At this energy, the production of pions of 
momentum 1.80 Bev/c is not energetically possible; 
however, protons of this momentum are still present in 
the beam. If we arrange the cables to count pions at the 
point on the abscissa marked zero, the measured rejec- 
tion ratio for protons is 0.34/1.5X 10~*= 2.3 X 10°. 

For all our measurements, the recorded protons 
represent less than 1% of the pions. The magnitude of 
the correction for this contamination effect is too small 
to be important and it has therefore been neglected. 

Since, in the 5.5° focused beam, the total intensity of 
pions plus protons is roughly 3X 10° sec~, the circuits 
have been designed to minimize dead time; this is 
especially important in the channel which receives the 
pulses from the final counter. At these counting rates 


appreciable dead time would make the efficiency of the 
final counter rate dependent. Beam intensity fluctua- 
tions can then introduce a spurious effect. We have, 
therefore, avoided differentiation of the pulses in this 
channel. Tests at different beam intensities have shown 
that this effect with our arrangement is negligible. 


D. Muon Contamination 


Measurements of the muon contamination have been 
made for some of the beams used during the experiment. 
The origin of the muon is, for the most part at least, the 
pion decay, and this process is sufficiently well known 
that it is not necessary to repeat the measurement for 
each energy and position of the counter telescope. For 
one of the beams, we have also made detailed numerical 
computations using the UNIVAC computing machine of 
New York University. As examples of the measurements 
of the muon contamination, we describe the procedure 
followed for 0.55-Bev negative pions, 40° direct beam 
(Fig. 1) and for 1.5-Bev negative pions, deflected beam 
(Fig. 2). 

We consider first the measurement at 0.55 Bev in the 
40° direct beam. For purposes of discussion, it is con- 
venient to divide the muons into two categories, (1) 
those which arise from pions decaying between the tar- 
get and magnet M2, and (2) those which decay between 
M2 and the absorber. Muons in class (1) are subject to 
the same magnetic selection as the pions and have, 
therefore, the same momentum distribution as the 
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Fic. 9. Coincidence resolution curve for 1.80-Bev pions and 
protons in the 5.5° direct beam using the circuits of Figs. 5 and 7 
and arrangement of Fig. 8. 


selected pions. For muons in class (2), the parent pions 
have only a small momentum spread (+4%) around the 
selected momentum fo, but the muons which result 
from their decay are spread uniformly in momentum 
between 0.57 and po. An experimental measure of the 
muons in category (1) and a fraction of those in 
category (2) can be made as follows. 

The pions are strongly absorbed by nuclei, whereas 
muons are not. Therefore, if in the telescope which 
detects particles of one given momentum, an absorber 
almost as thick as the muon range is inserted, most of 
the pions, but none of the muons, will be removed from 
the beam by virtue of the strong pion-nucleon inter- 
action. The ionization range of the muons is also larger 
than the range of the pions, but this is not of great help, 
because the telescope selects particles having a mo- 
mentum spread of +4%. The corresponding spread of 
ranges for each of the two particles then leads to a large 
overlap. The momentum spread is necessary to attain 
reasonable intensities. Therefore, one must be careful to 
choose the maximum absorber thickness that does not 
stop the muons. We determined an absorption-range 
curve in iron for the pion-muon mixture, and plotted the 
coefficient of absorption —dV/NdR (N =coincidence 
rate; R=absorber thickness). The curve in Fig. 10 
shows an almost constant coefficient of absorption, due 
to the pion interaction, but at the absorber thickness 
equal to the minimum ionization range of the pions, the 
absorption coefficient shows a sharp rise. Once this 
point R, is determined (Fig. 10), we can confidently 
decide at which thickness R, the muons will begin to be 
stopped by ionization. For this, we read from the known 
momentum-range curves the difference between the 
range of the pions and the range of the muons. If the 
absorption curve had been obtained with higher accu- 
racy, it could actually have been “unfolded” and a more 
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precise measurement of the muon contamination derived 
from it. For the present measurement, we take the rate 
of R, as an upper limit. The result for the curve of 
Fig. 10 is that the muons represent 6.5% of the beam. 
This measured number also contains a fraction of the 
muons which originated after the magnet (category 2). 
By using the known (rectangular) decay spectrum of the 
muon from pion-decay, this fraction can be computed. 
The total number of muons in category 2 (which 
originate after the magnet and cross our last counter) is 
then approximately computed, and the fraction of them 
which had already been counted is subtracted. The sum 
of the two categories gives the muon contamination, 
which is 12%. Because the computation tends to give 
too high a value, the assumed fraction is 10+5%. That 
the break in Fig. 10 occurs at the correct range, within 
the estimated experimental error, can be checked from 
the momentum of the beam and from the available 
range-momentum curves. The momentum of the par- 
ticles detected by the telescope was determined by the 
floating-wire method and by a range curve for the 
protons at the same magnet setting. 

When the pion energy is high, for example, 1.5 Bev, 
the pion range is sufficiently large that almost all of 
them can be filtered out in an absorber before they reach 
the end of their range. That is to say, those particles 
which emerge from a suitably chosen absorber are, for 
the most part, only muons. The geometrical arrange- 
ment of absorber and final counter must be chosen in 
such a way as to minimize the number of muons 
scattered out of the final counter by multiple Coulomb 
scattering, so that the correction for this loss is not 
large. For the absorption curve of Fig. 11, taken with 
particles of momentum 1.63 Bev/c, the range of the 
least energetic muons from the decay of pions of that 
momentum is greater than 25 inches of iron. So, after 25 
inches, all muons originally in the beam are still counted. 
The rate at 25 inches is 5.9% of the beam with no 
absorber. A correction for multiple Coulomb scattering 
raises this residue to 7.2%. A rough estimate of the 
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Fic. 10. The absorption coefficient —dN/NdR as a function of 
range in iron for positive pions of kinetic energy 0.55 Bev (40° 
direct beam). 
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residual pions can be made, though it has little im- 
portance (2%). The muon contamination is then fixed 
at 543%. 

For the 32° beam, we have made a numerical compu- 
tation of the relative number of muons counted by the 
telescope. The digital UNIVAC computer of New York 
University was used, under the guidance of Dr. E. 
Courant who, together with H. Goertzel, coded the 
problem. The mean life and decay scheme of the pion 
are well known, as are the geometrical configuration of 
target, collimators, counters, and magnet. The pion 
production spectrum can be measured and, as the re- 
sults show, need not be accurately known. Although the 
angular distribution of production is at present not 
known, one need only assume that it is isotropic over 
angles which differ by less than +0.04 radian, an as- 
sumption which appears entirely reasonable. The prob- 
lem was computed by using a Monte Carlo technique. 
In brief, the computation proceeds as follows: to each 
pion leaving the target five random numbers are as- 
signed ; four to the coordinates and initial angles at the 
target, and one, Z, which determines the point of decay, 
suitably weighted for the pion mean life. Each pion 
leaving the target is then followed either until it reaches 
the last counter as a pion or muon, or until it fails to 
stay within the required geometrical limitations at one 
of the constrictions representing collimators and 
counters. 

Since the over-all probability that a pion decays is 
much smaller than one, the digital computer has to 
follow the trajectories of many pions in order to find one 
muon. A method is thus desirable to accelerate the 
decay. This objective cannot be reached by decreasing 
the pion mean life in the computation, since this method 
would change the distribution of decays along the path 
of the pions. The purpose is, however, achieved by 
taking, at the beginning, a random number as the value 
of the expression Z=exp(—<x/vl), where x is the path 
length of the pion before decay, ¢ the pion mean life in 
the laboratory system, and » the pion velocity. If Z is 
then required to fall within a smaller interval than from 
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Fic. 11. The intensity of negative pions of kinetic energy 1.5 Bev 
as a function of range in iron (deflected beam). 
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zero to one, the pion is “forced” to decay in a corre- 
sponding interval of x, without altering the natural 
distribution of decay points. For a given selection of 
magnet current (i.e., pion beam mean momentum), the 
initial energy of the pions leaving the target is varied 
stepwise to cover the entire range in which it is possible 
for a pion or muon to be accepted by the apparatus. In 
this way, we obtain curves of the probability of ac- 
cepting a pion or a muon as a function of the initial 
energy of the pion. The muons are separated into two 
classes; those which arise from decays in front of the 
magnet, and those which decay after. The results of the 
Monte Carlo method are subject to a purely statistical 
error which depends on the total number of muons 
“detected.”” These errors are probably greater than 
those introduced by the assumptions and approxima- 
tions involved. The contaminations so computed lie in 
the range 6-8% of the pion beams. 

For the 5.5° beam (Fig. 3) the muon contamination 
was computed approximately. The UNIVAC computa- 
tion which had been made for three geometry-energy 
combinations served as a guide. 


E. Electron Contamination 


Electrons of the same momentum as the selected 
pions can constitute a contamination of the beam. The 
predominant origin of the electrons is the decay of 
neutral pions; they should thus be in equal numbers 
positive and negative and proportional to the intensity 
of the proton beam striking the target. Since the produc- 
tion ratio of positive to negative pions is greater than 
one, the percent of electrons in a negative beam is 
greater than that of positrons in a positive beam of the 
same energy. Hence, it is convenient to measure the 
contamination in the negative beams. 

It was unnecessary to measure the electron contami- 
nation for all different beams that we used, especially 
since the measurements always showed that the con- 
tamination was of little importance. We thus made the 
measurement in the deflected beams of 1.0- and 1.5-Bev 
negative pions and in the 0.80-, 0.55-, and 0.45-Bev 
direct beams of positive and negative pions. It should be 
noticed that the 1.0- and 1.5-Bev beams are produced at 
0° with respect to the primary protons, whereas the 
0.80-, 0.55-, and 0.45-Bev beams are produced at 40°. 
The latter beams are thus expected to be contaminated 
most by electrons as well as muons. 

The measurement was made in the following fashion : 
a lead radiator was inserted in the beam, and behind it 
two counters were placed, approximately side by side, to 
detect the electron showers produced in the lead. The 
efficiency of this shower detector can be approximately 
computed from the energy of the electrons and the 
thickness of the lead plate. For example, 0.94-Bev 
electrons, which are present in the beam of 0.80-Bev 
pions, produce in the radiator, on the average, eight 
electrons of energy larger than 8 Mev. Taking into ac- 
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TABLE I. Electron contaminations per unit negative pion beam 
as measured with an electron shower technique (Sec. ITE). Column 
3 indicates the coincidence rate with lead radiator minus the rate 
with no radiator. Column 4, N, is the average number of electrons 
at shower maximum having an energy greater than 7.8 Mev. 
Column 5 is the calculated efficiency of the shower detector. The 
measurements indicated by an asterisk in Column 1 were obtained 
by the method described in Sec. ITE. 








Electron 
kinetic 
ener; 

(Bev 


1.63 
1.13 
0.93 
0.68 
0.57 
0.57 


Pion 
kinetic 
ener; 

(Bev 


Coincidence rate 
per unit beam 


0.0008+0.0003 12 
0.0010+0.0005 8 
0.0015+0.0022 8 
0.0027+0.0010 7.5 


Electrons per 


N Efficiency unit beam 


0.23 
0.15 
0.27 
0.24 





< 0.0035+0.0013 
<0.007 +0.004 
< 0.0055+0.008 j 
<0.011 +0.004 
0.034 +0.012 | 
0.020 +0.007 


0.55 
*0.450- 
*0.4527 








count the angular distribution, this leads to an efficiency 
of 27% for the shower detector. The computation of the 
efficiency is certainly not accurate, but the electron 
contamination turned out to be less than 1%, so that a 
more accurate determination was not needed. Table I 
gives the results of all the measurements. 

At 0.45 Bev, the lowest energy for which we have 
cross-section measurements, the efficiency of the shower 
detector becomes rather low. For this reason, we have 
adopted a different technique. As we have already re- 
marked, a direct beam such as the 40° beam must 
contain both positive and negative electrons in equal 
number. On the other hand, at 0.45 Bev the number of 
positive pions is 1.70 times the number of negative 
pions. The muons can be taken as proportional to the 
pions to an approximation good enough for the present 
purpose. If we then measure the ratio r of the number of 
positive to negative particles in the beam, including 
electrons and muons (not protons) and if, at the same 
time, we measure the ratio p of positive to negative 
pions, we can compute the relative number of electrons 
in the beam. p can be obtained by measuring the ratio of 
the rate of absorption of the positive beam (excluding 
protons) to that of the negative in a thin layer of carbon. 
In 40 g cm™ carbon, only pions will be absorbed, while 
the electrons and muons are not much attenuated. 
Furthermore, charge symmetry requires that the ab- 
sorption cross section in carbon for positive and negative 
pions be equal. The Coulomb field and inhomogeneity in 
the neutron-proton distribution cannot make important 
differences. The electron contamination a can then be 
obtained from p and r as follows. We have 


p=at/x-=(rt+ut)/(r +4), 
r= (att+putt+et)/ (a +u te). 
We define 
atset/(at+yt), a =e/(9 +1). 
Since e*=e-, it follows that 


r= (p+a7)/(1+a7), 


and 


a~=(p—1)/(r—1), at =(1/p)[(o—1)/(r—1)]. 
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The result at 0.45 Bev is 


a*=0.020+0.007, a~=0.034+0.012. 


F. Coulomb Scattering in Hydrogen 


The probability for the pions to be scattered out of 
the last counter by the hydrogen absorber is small for 
the measurements made with liquid hydrogen. Indeed, 
we derive” that one in a thousand mesons of 1.0-Bev/c 
momentum are scattered by more than 1° in the 
2-g/cm™~ liquid hydrogen absorber. On the other hand, 
the rms angle for multiple scattering in the hydrogen is, 
for the same momentum, 0.17°. Our measurements were 
taken with a geometry (see Sec. IIA and IIB, also 
Fig. 3) such as to be unaffected by a scattering less than 
3°. Hence we have applied no correction for Coulomb 
scattering in the cross sections determined with liquid 
hydrogen. 

The measurements taken by C— CH, difference were, 
however, more affected by the Coulomb scattering for 
two reasons: first, the amount of hydrogen in the ab- 
sorber sometimes reached 12 g cm™, and second, the 
multiple scattering in the carbon caused the beam to be 
less well defined at the last counter. In order to evaluate 
empirically an approximate Coulomb scattering correc- 
tion, we insert small thicknesses of Pb scatterer inter- 
spersed with the C absorber, which is located in the 
same position as for the attenuation measurement. The 
Coulomb scattering effect introduced by the Pb should 
be very nearly the same as that of an equivalent number 
of radiation lengths of hydrogen." Besides the Coulomb 
scattering effect, the Pb will introduce an attenuation 
due to nuclear interaction. For these small Pb thick- 
nesses, the nuclear attenuation is considerably smaller 
than the attenuation due to Coulomb scattering and a 
corresponding correction can be applied. From the curve 


TABLE IT. Corrections to the cross sections for multiple Coulomb 
scattering in hydrogen which have been applied to the CH2—C 
difference measurements. For the liquid hydrogen measurements, 
the correction for this effect is negligible. 








Coulomb 

scattering 

correction 
in mb 


—13 
—0.3 
—2.4 
—1.7 
—1.2 
—0.3 
—1.0 
—2.0 
—2.0 
—2.9 


Anticoincidence 
angle @rms in 
degrees 


Pion kinetic 
energy Tx 
in Bev (lab) 


0.45 3.9 6.3 
3.9 
3.9 
3.9 
3.9 
3.9 

12.17 

12.17 


12.16 


g cm~? 
hydrogen 
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1B. Rossi, High-Energy Particles (Prentice-Hall, Inc., New 
York, 1952), p. 68. 

1 It is, of course, to be expected that, for angles large compared 
to the rms angle of scattering, the distribution for Pb and H will 
differ due to the different size of the nuclei. See S. Olbert, Phys. 
Rev. 87, 319 (1952). An approximate calculation for the difference 
indicates that it is always less than 0.7 mb. The hydrogen scatters 
more. 
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TABLE ITI. Summary of the total cross-section data. 








Kinetic 
energy 
® Tr Tr t+Tpt+uct 
Bev Bev Bev 
(lab) (c.m.) (c.m.) 


Kinetic 
energy 


Ayailable 
energy 
2a? 


Reaction 





0.264 0.48 
0.287 0.51 
0.309 0.54 
0.336 0.58 
0.362 0.62 
0.408 0.69 
0.435 0.73 
0.449 0.75 
0.474 0.78 
0.484 0.80 
0.510 0.85 
0.566 0.93 
0.597 0.98 
0.605 0.99 
0.632 1.04 
0.641 1.05 
0.687 1.13 
0.748 1.24 


0.48 
0.54 
0.62 
0.69 
0.80 
0.84 
0.88 
0.93 
0.99 
1.05 
1.13 
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of attenuation due to Coulomb scattering against 
thickness in radiation lengths, the effect of the number 
of radiation lengths of H introduced can be obtained 
directly. Such curves have been made for several perti- 
nent energies and geometries. The resulting corrections 
are shown in Table II. Clearly, no such correction need 
be made to the measurements of the D,O—H.O 
difference. 


Ill. RESULTS AND DISCUSSION 


Table III summarizes our results for the cross section 
at each energy. Table IV is a compilation of the results 
of other authors in this energy range. At three energies 
[1.25 Bev, 1.38 Bev, and 1.67 Bev] a deviation in the 
(x-,p) cross section appreciably more than the rms 
statistical error is present among the separate runs. 
While it is still possible that these deviations are due 
just to statistical fluctuations, considering the large 
number of individual measurements; nevertheless, for 
these cases the error we quote in Table III is the 
standard deviation computed from the deviations of the 


individual measurements. Figure 12 is a graphical plot 
of our data. Figure 13 shows the curves o(x*,p) and 
a(x~,p) as deduced from all of the available data. 
Assuming conservation of isotopic spin, the independent 
charge states of the pion-proton system are the two 
states having a total isotopic spin 7=} and T=}. The 
state (T=) coincides with the state (x+,p) so that 
oy=0(nx*,p). The cross section in the state (T=}4) is 
TABLE IV. Values of the total cross section above 0.45 Bev 
obtained by other authors. 





Total x~ 
cross section 


Mean pion Total x* 
energy cross section 
Bev in mb 


0.45 27.5+6 5 LY 
0.47 SLC 
0.51 LY 
0.60 [ 
0.70 

0.84 

44 


Author* 











* LY—S. Lindenbaum and L. Yuan?; SLC—Shapiro, Leavitt, and Chen?; 
BBMWW-— Bandtel et al.'s 
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given® by o5=3[30(x-,p)—o(x*,p) |. The curve of oj as 
a function of laboratory energy is also plotted in 
Fig. 13. 

The minimum in the curve o; at 1.38 Bev is, of course, 
a consequence of having drawn the curve o(~,p) as a 
line of constant cross section above 1.2 Bev. A curve 
o(x~,p) having a small maximum at 1.38 Bev could also 
have been drawn through the experimental points, 
within their error, is such a way that o; curve would 
indicate a substantially constant cross section for this 
state above 1.2 Bev. 

Figure 14 shows the same curves plotted as a function 
of the total available energy (uc? included) in the 
center-of-mass system of the pion and proton. The 
curves of Fig. 14 can be used to derive other interesting 
quantities. 

Recent theories which apply the causality principle to 
the scattering of particles with finite mass!? have re- 
sulted in dispersion relations which make it possible to 
compute the forward scattering amplitude if the total 
cross section is known at all energies. For practical 
purposes, it appears sufficient to know the total cross 
section at energies only somewhat larger than the value 
at which the forward scattering amplitude is to be 
computed. Figure 15 reproduces the values of the real 
part (D) and Fig. 16 the imaginary part (J) of the 
forward amplitude in the laboratory frame of reference. 
D was computed by Sternheimer,” using the current 
values for the total cross sections," including the result 

%M. L. Goldberger, Phys. Rev. 99, 979 (1955); Goldberger, 
Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955) ; R. Karplus and 
M. A. Ruderman, Phys. Rev. 98, 771 (1955). 

3 R. M. Sternheimer, Phys. Rev. 101, 384 (1956). 

4 We are grateful to Dr. R. M. Sternheimer for making these 


computations available to us. The curves published in reference 13 
were based on our earlier data before ++ measurements were made 
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¢ o(7m~,p) 
$ o(1* ,p) 
o (m3 ,d-p)+4 mb 


Fic. 12. Our results for 
the cross sections o(z~,p), 
o(x*,p), and a(x, d—p)+4 
mb. The addition of 4 mb 
to o(m~, d—p) is a correc- 
tion for the ‘shadow effect”’ 
in the deuteron. (See dis- 
cussion at the end of Sec. 
III.) 


14 1.6 1.8 


(LAB) IN Bev 


obtained at the Berkeley Bevatron,'® o(x~,p)=3045 
mb at 4.4 Bev. The imaginary part /(0°) of the forward 
scattering amplitude can be readily obtained from the 
relation 1(0°)=0/4ni, all three quantities o, A, and 
I(0°) are, of course, to be computed or measured at the 
same energy. As expected, the forward amplitudes re- 
flect the oscillatory behavior of the total cross-section 
curves. 

The curves for the real and imaginary parts of the 
forward amplitude allow us to compute, in principle 
with exactness, the differential cross section in the 


TOTAL CROSS SECTION IN mb 


op tO 12 
KINETIC ENERGY (LAB) IN Bev 


Fic. 13. The total cross sections o(*,p) and o(x~,p) as a func- 
tion of laboratory kinetic energy deduced from all experimental 
data. oj is obtained on the assumption of charge independence. 


above 1.0 Bev. Compare Anderson, Davidson, and Kruse, Phys. 
Rev. 100, 339 (1955). 

16 Bandtel, Bostick, Moyer, Wallace, and Wikner, Phys. Rev. 
99, 673 (1955). 
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forward direction for elastic scattering and for charge 
exchange for all combinations of charge signs of the 
nucleon and the pions. Figures 17, 18, and 19 show these 
differential cross sections. In the figures, the contribu- 
tion of the real part of the respective amplitudes to the 
cross section is separately indicated ; the contribution of 
the imaginary part can obviously be obtained by differ- 
ence. One sees that the forward scattering is pre- 
ponderently due to the imaginary part at energies above 
0.8 Bev for dot (0°)/dQ and above 0.4 Bev for do~ (0°) /dQ. 
At 1.37 Bev we can compare the forward differential 
scattering do~(0°)/dQ given by the curve of Fig. 18 
with the experimental value obtained by the Brookhaven 
Cloud Chamber Group.'* A conversion to the center-of- 
mass system is most easily accomplished by noting that 
the quantity \7do/dQ is invariant. Curve 18 gives do/dQ 
=35 mb/sterad in the laboratory system, therefore 
do/dQ2=9 mb/sterad in the c.m. system. The experi- 
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Fic. 14. The total cross sections o(x*,p), o(a~,p), and o4 as a 
function of the total energy available in the center-of-mass system 
(less the rest energy of the nucleon). oj is obtained on the assump- 
tion of charge independence. 


mental value is 13 mb/sterad. The difference between 
these two numbers is no larger than the error. 

In the same way, the data of Walker’ at 1.0 Bev, 
which gives do~ (0°)/dQ=14+2 mb/sterad c.m., is to be 
compared to the computed value of 13 mb/sterad. A 
phase shift analysis of the recent data of Margulies!® 
allows the real part of the forward amplitude Dt to be 
obtained directly from the experiment. His values for 
Dit are (—1.05+0.22)X10-" cm at 0.258 Bev, 
(—1.32+0.22)X10-" cm at 0.294 Bev, and (—1.41 
+0.37)X10-" cm at 0.395 Bev. These values are all in 
excellent agreement with the computed values of Fig. 
15. 

The charge exchange scattering of Fig. 19 is of 
particular interest. For this type of scattering, the real 

16 Eisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955). 


17 W. D. Walker (private communication). 
18 R. Margulies (private communication). 
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Fic. 15. The real part of the forward amplitude for elastic 
scattering of positive and negative pions as a function of labora- 
tory kinetic energy. 


part plays an important role up to high kinetic energies. 
An experimental check on the amount of the “elastic” 
charge exchange scattering at 1.0 and at 1.4 Bev would 
constitute an important check on the dispersion rela- 
tions and on the validity of the charge independence 
principle at this energy. It is indeed quite obvious that 
if the (r*+,p) system were independent of the (x~,p) 
system, contrary to the implication of charge inde- 
pendence, then our prediction for the amount of charge 
exchange scattering would be entirely groundless. It 
should be noticed that, unfortunately, the predicted 
differential cross section for charge exchange is quite 
small, probably smaller than the differential cross 
section for the production of neutral pions in the 
inelastic collisions. An experimental check would, there- 
fore, require some determination of the spectrum of the 
secondary gamma rays. 

Returning to the curves of Figs. 13 and 14, one sees 
that, in addition to the well-known first maximum at 
190 Mev for oj, a second maximum is unquestionably 
shown. The maximum occurs for o; at an energy in the 
vicinity of 0.9 Bev. The curve is asymmetrical with re- 
spect to the 0.9-Bev abscissa in the plot of o versus 
kinetic energy in the laboratory system; this behavior is 
quite different from that of the first maximum. At an 
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Fic. 16. The imaginary part of the forward amplitude for elastic 
scattering of positive and negative pions as a function of laboratory 
kinetic energy. 
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Fic. 17. The differential cross section for elastic scattering at 
zero degrees of positive pions (r++ p—x*++p) as a function of 
laboratory kinetic energy. The curve marked (D*)? is the contribu- 
tion to the differential cross section from the real part of the 
forward amplitude alone. 


even larger energy, namely at 1.38 Bev, a third maxi- 
mum seems to occur for o, and this time the curve again 
shows a good measure of symmetry. Since the com- 
munication of our preliminary results, some attempts 
have been reported by Mitra,’ Dyson,” Takeda,” and 
Feld” to fit the curves of Fig. 13, and especially the 
second maximum, into the current ideas about the 
interaction between pions and nucleons. The problem 
still remains substantially unsolved. The curves them- 
selves do not furnish such convenient clues for the 
explanation of the second maximum, as they do for the 
maximum in oj at 190 Mev. There, as we have already 
mentioned, the cross section reaches almost exactly the 
value expected for a resonance in a state of total angular 
momentum j=4. Such a fortunate situation does not 
exist at 0.9 Bev, and, of course, it is a priori improbable 
at that energy to have an extreme preponderance of the 
interaction in one single state of angular momentum. 
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Fic. 18. The differential cross section for elastic scattering of 
negative pions at zero degrees (x~+p—x~+ >) as a function of 
laboratory kinetic energy. The curve marked (D7)? is the contribu- 
tion to this process from the real part of the forward amplitude 
alone. 


% A. N. Mitra, Phys. Rev. 99, 957 (1955). 

*F. J. Dyson, Phys. Rev. 99, 1037 (1955). 

1G. Takeda, Phys. Rev. 100, 440 (1955). 

* 8B. T. Feld, Bull. Am. Phys. Soc. Ser. II, 1, 72 (1956). 
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One can only obtain a minimum value for j such that a 
resonance in that state alone, plus a nonresonant inter- 
action in other states, could together add up to the 
experimental value. An appreciable amount of esti- 
mating is necessary even for this limited aim. First of 
all, at this energy one is inclined to assume the validity 
of the principle of the conservation of isotopic spin. 
Strong evidence for this principle exists at energies 
around 200 Mev, but none at 1 Bev. A consequence of 
the assumption that the principle is valid is that a 
maximum value of about 60 mb, instead of 40 mb, must 
be explained. This follows immediately from inspection 
of Figs. 13 and 14. Another rather arbitrary decision 
must be made in order to subtract the contribution of 
the nonresonant states from the total cross section near 
0.9 Bev. One might take the contribution to be equal 
either to the value of o, beyond the maximum at 1.2 
Bev, or to 0; at 1 Bev. Lacking good theoretical criteria, 
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Fic. 19. The differential cross section for charge exchange scat- 
tering of negative pions at zero degrees (x~+ p—n-+7°) as a func- 
tion of laboratory kinetic energy. The curve marked 3(D*+*—D~)? 
is the contribution to this process from the real part of the forward 
amplitude alone. 


we tend to favor the following argument. The curves 
seem to show oscillations superimposed on a nonreso- 
nant cross-section term which is very low at about 0.4 
Bev and which reaches a constant value equal to 30 mb 
at energies higher than 1.2 Bev. Figure 20 shows the 
result of subtracting such a term (curve marked A in 
Fig. 20) from o; and oj. The curve o; then appears less 
asymmetric, and the second maximum is slightly dis- 
placed to a lower energy, about 0.77 Bev. On the basis 
of Fig. 20, we must attribute to the resonant state a 
cross section of about 42 mb. It would not make much 
difference if we had taken the value at an energy higher 
than 1.2 Bev. 

Now, the maximum cross section ¢ ,,(7) for a state of 
orbital anguiar momentum / and total angular mo- 
mentum j=/+}3 can easily be determined, given the 
energy at which the maximum occurs, if the reaction 
responsible for the resonance is pure elastic scattering. 
For an inelastic reaction, the maximum cross section 
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cannot be a@ priori determined. Yang,” however, has 
pointed out an inequality which allows us to determine 
a (j) if the ratio between the cross section for elastic 
scattering o, and the total cross section o; is known for 
the same state of angular momentum 7: 


0 yy (j) =24h*(27+1)0./or. 


No determination of ¢,/o; is available at 0.77 Bev. The 
closest energy at which such a ratio has been measured 
is 1.0 Bev, in the hydrogen diffusion cloud chamber of 
the Brookhaven group. Walker’? has analyzed the 
photographs and found o,/o0.5. This value refers to 
all events occurring at 1.0 Bev, and not just to the one 
angular momentum state responsible for the second 
maximum. 

If we use the ratio o,/o,=0.5, keeping in view that it 
has not been obtained at the correct energy and that it 
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Fic. 20. The cross sections oj and oj as a function of laboratory 
kinetic energy after the subtraction of a contribution from 
nonresonant angular momentum states which has been assumed 
to take the form of the curve marked A. 


is not for a single 7 value, one determines j from the 
relation : 42 mb < 274*(27+1) (0.5). Since 24A?= 9 mb at 
0.8 Bev, one obtains j728.3/2. A change in the ratio 
a,/o, from 0.5 to 0.78 would, however, change this 
inequality into 725/2. Considering that the relative 
contribution of the various states at 1.0 Bev may not be 
the same as at 0.77 Bev, we conclude that the assign- 
ment j=5/2 is quite compatible with the experimental 
data. An attractive suggestion which would not require 
that a single state produce the second maximum has 
been advanced by Feld.” He considers the possibility 
that more than one angular momentum state passes 
through a maximum so that an overlapping of these 
resonances could account for the observed effect. All of 
the states would have T=} but different 7 values (e.g., 
three states with j=}, 3, %, respectively), each 

2%C. N. Yang, Proceedings of the Fifth Annual Rochester Confer- 


ence on High Energy Physics (Interscience Press, Inc., New York, 
1955), p. 37. 
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leading to a final state consisting of a nucleon isobar 
(j=T=3, total energy Mc?+yue?+150 Mev) plus a p- 
wave pion. In this way it seems possible to explain a 
curve having the asymmetrical shape indicated by the 
experiment, while the need for a high-7 state would 
disappear entirely. 

Another approach to the problem of the second 
maximum has been reported by Dyson” and Takeda.” 
We had, independently, also started to think along the 
same line, but had been discouraged by a difficulty 
which will be mentioned in what follows. 

The approach consists in imagining that the inter- 
action between a pion and a proton occurs mainly via an 
interaction of the bombarding pion, 7», with a virtual 
pion, 7,, emitted by the proton. The idea stems from the 
analogy with the collision of high-energy protons with 
nuclei. In that case, we know that it is quite fruitful to 
think of the reaction as a collision between the bom- 
barding proton and one of the nucleons contained in the 
nucleus. Clearly enough, the model loses its definition 
when extended to the pion-proton collision. Whether the 
model can be of any use depends entirely on the range, 
strength, and nature of the interactions involved. How- 
ever, if one accepts the model, an advantageous point is 
that the maximum cross section for a state of angular 
momentum j in the center-of-mass system of 7, and z, 
is much larger than for a state of angular momentum j 
in the center-of-mass system of the pion and the proton. 
In order to obtain an effect in the state 7=}4 for the 
pion-proton system, and no effect for T= $, Dyson 
chooses to assume that the pion-pion interaction occurs, 
at least preponderantly, in the 7=0 state for the pion- 
pion system. Because the pion is a boson, only even 
values for 7 are then allowed. The maximum cross 
section for the pion-pion interaction in a state 7=0 and 
even / is given by (8/3)A?(2/+-1)o./or. The quantity 
a,/or can be put equal to one, since most of the inelastic 
pion-proton collisions resulting in two secondary pions 
could be interpreted as 7, being knocked out of the 
nucleon structure. For a bombarding energy of 0.77 Bev 
in the center-of-mass system of the two pions (7, 
considered at rest), the whole system has a total energy 
of about 4uc*, each meson has a kinetic energy of 0.130 
Bev, a momentum of 0.23 Bev/c, and A=0.86X 10-" 
cm. The quantity (8/3)A*(2/+1) equals 62 mb for 
1=0, and 310 mb for /=2. As already stated, the large 
values for the cross section which are possible for a pion- 
pion collision constitute the main attractive feature of 
the model. An unattractive side of it is that the virtual 
meson has a finite momentum of its own. If m, has a 
momentum q, and a corresponding total energy w, the 
impinging meson 7, with a momentum p (pc&total 
energy for a pion of energy ~1 Bev) is seen by 7, as 
having any energy with equal probability in the interval 
with end points at (w-tgc)p/uc. This interval is 2gp/u 
wide, and if g/uc~1 and pe~!1 Bev, the spread measures 
~2 Bev. When the momentum ? is varied, the aver- 
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Fic. 21. The effective energy spectrum in a pion-pion collision 

for a bombarding pion of total energy U (lab) and a virtual pion 

spectrum which is constant from k=0 to k=0.5 yc. The energy is 
plotted on the abscissa in units of the total energy U. 


aging over such a large interval would have the effect of 
smoothing out any resonance that the pion-pion system 
might have. Therefore, the success of the model depends 
on the spectrum S(q) that should be attributed to the 
virtual pions. For example, Fig. 21 shows the energy 
spectrum of the bombarding pions of total energy U as 
seen by the virtual pions, when S(q) is equal to a con- 
stant from g/uc=0 to g/uc=0.5. For such a spectrum, it 
would be possible for the o(x~,p) curve to show marked 
effects due to pion-pion resonances. 

If the pion-pion interaction has an appreciable im- 
portance in pion-proton collisions, one could perhaps 
detect its effect in the distribution among the possible 
final states of an interaction when two or more mesons 
are produced. Consider the case r-+p—p+7°+r-. If 
the two-pion system has a resonance when the total 
energy W in their center-of-mass system equals a certain 
value W,, then the states for which W=W, should be 
relatively preponderant. One can see that the vector 
momentum of the outgoing proton alone determines W 
if the bombarding pion momentum is known. This 
latter need not, in principle, have any particular value. 
We have, therefore, tried to see whether any evidence 
for the pion-pion model could be found in the cloud 
chamber results of Eisberg ef a/.'* These authors plot the 
momentum distribution (c.m.) of the protons and of the 
neutrons, produced respectively in the reactions 

rt potter, 

a +pontart+r, 
obtained with pions of kinetic energy = 1.37 Bev. The 
neutron spectrum has a maximum at p=0.55 Bev/c 
while the proton spectrum probably does not. The 
neutron momentum at the maximum would give 
W,=0.6 Bev, while interpreting our o(~,p) with the 
pion-pion model, we would obtain W,=0.56 Bev. The 
possible absence of the maximum for the protons would 
agree with Dyson’s choice that the pion-pion system 
interacts strongly for the above value of W, and total 
isotopic spin =0. This little encouragement is reduced if 
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one computes the expected distribution for the neutron 
momentum in these events on the simple basis of state 
density in phase space as a function of neutron mo- 
mentum. The spectrum computed in this way also has 
a maximum at a momentum not much higher than 
observed experimentally. Of course, the actual spec- 
trum does not need to follow the phase space distribu- 
tion, and the comparison with the momentum spectrum 
for the outgoing protons (in the reactions that produce 
w”’s) could be illuminating if the statistical uncertainty 
were reduced. Thus the available cloud-chamber data 
are not conclusive, but perhaps more systematic re- 
search on this line might be justified. The curves of 
Figs. 12, 13, 14, and 20 show the presence of a third 
maximum, which seems to be present for the T= $ wave 
only. The ratio of the amplitude of the oscillation to the 
statistical and systematic error is here less favorable 
than at the second maximum. However, if we take into 
account that, for the purpose of comparing adjacent 
points, the errors should be somewhat reduced, we must 
conclude that the third maximum very likely exists. 

The shape of the curve at the third maximum is 
reminiscent of the first, except for the amplitude of the 
oscillation. The value of o(x+,p) at the maximum is 
41 mb which is small enough that even a j=} wave 
could account for it, if we again subtract the contribu- 
tion of the nonresonant states as in Fig. 20. 

The data for o(x-, d— p), obtained from the difference 
in the attenuation of water and heavy water, were taken 
for the purpose of measuring approximately the cross 
section o(x*,p) at a time when a positive pion beam was 
not available at high energies (see discussion in Sec. 
ITA). In the last stage of this work, positive-pion beams 
were obtained, and therefore, we can now use the 
deuterium data to determine the magnitude of the 
“shadow effect,” which is the term commonly applied 
to the fact that the total cross section of deuterons is 
less than the sum of the total cross sections of free 
neutrons and protons. The analogy with geometrical 
optics, which obviously suggests that name, is of course 
rather crude. In fact, if we compute the light intercepted 
by two spheres of radii r; and r2, separated by a distance 
R, larger than 1, and re, then we find o=0;+0, 
—0102/2rR? where o;=297?; o2=77927. 

Instead, Glauber,”* using wave mechanics, finds that 
o=01+02—0302/4R* when the spheres have no re- 
fractive properties, which indicates a shadow effect one- 
half as large as that suggested by the classical computa- 
tion. The difference can be seen to originate from the 
coherent diffraction scattering of the two spheres, and 
it is independent of the ratios 0} elastic/01 absorption and 
®2 elastic/@2 absorption Which are determined by the trans- 
parencies of the particles 1 and 2, if both are nonre- 
fractive. Furthermore, as Glauber points out, if 01, 02, 


*% We thank Dr. C. J. Goebel for his kind help in connection with 
this computation. 
28 R. J. Glauber, Phys. Rev. 100, 242 (1955). 
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and o are absorption cross sections only, with neg- 
lect of elastic events, then the classical expression 
is correct. Including the refractive properties of the 
neutrons and proton, Glauber obtains o=0,+0¢, 
+4rh? Re[f,(0) f,(0) ra in the limiting case when 
the two nucleons are at large distances apart. A is the 
wavelength of the meson in the laboratory system, /, (4) 
and f,(6) are the forward scattering amplitudes, and o, 
and g, are the total cross sections of the neutron and 
proton for (,) and (7,p) collisions. r is the distance 
between the two nucleons, and the symbol ( )4 indicates 
the operation of averaging according to the deuteron 
wave function. Glauber has checked that the above 
expression gives a 60 =04—0,—@,» which differs by only 
20% from a more exact relation that is valid at small 
separations. From the simple expression above, and 
from Figs. 15 and 16, we can see that for the energies of 
interest to us the forward amplitudes can be replaced 
by their imaginary parts. We can then use the computa- 
tion of Glauber, who has computed the shadow effect, 
using three different choices for the wave function of the 
deuteron. We thus find that the wave function corre- 
sponding to a square well potential gives 5s =4.2 mb, the 
Hulthen function gives 5.3 mb, and a potential which 
includes a hard core of radius r-=0.531X 10—" cm gives 
3.3 mb. All three values are substantially unchanged for 
energies above 0.8 Bev. Our best value for this effect is 
for 0.79 Bev, where all the necessary measurements 
were taken under the same conditions so that the error 
due to the contaminations is reduced. We obtained the 
difference o(x-,p)—o(x*, d— p) which by charge sym- 
metry is equal to do for negative pions. Inverting the 
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charge of the pions, we also obtained do for positive 
pions. The result was d0(x+)=3.4 mb; do(x~)=4.7 mb. 
Their average is 4+2 mb. Moreover, the smallness of 
the difference, d0(x-)—é0(r*+)=1.343.5 mb, consti- 
tutes a check on the principle of charge symmetry. The 
deuteron cross sections obtained by the addition o(r*,p) 
+o(r+,d— ) turned out to be o(xt+,d)=60 mb and 
o(x~,d)=62 mb for a pion kinetic energy equal to 
0.79 Bev. 

If we use all the independent measurements (see 
Table IV) from which we can derive a value for 6c, and 
we average them all irrespective of their energies, which 
are distributed between 0.79 and 1.5 Bev, we obtain 
9o=6+2 mb. Substantially all three theoretical values 
can be considered in agreement with both of the experi- 
mental effects we have quoted. 
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Approximate phase shifts for the pion-nucleon system are obtained from the Chew-Low-Wick equations. 
At 40 Mev, the set of phases: 6;=6.26°, 6:= —4.2°, 5::= —2.05°, 513=53:= —0.82°, and 53;=4.1°, has the 
properties: (i) it satisfies the first iteration and the effective-range approximations of the Chew-Low-Wick 
equations, (ii) it satisfies the dispersion relations, (iii) it gives good over-all agreement with the experimental 
data within the experimental errors. Iteration of the effective-range approximation, for energies up to 200 
Mev, gives good agreement for the 6:3 and 433 phases but not for the 51: phase shifts. 





INTRODUCTION 


OW, Chew, and Wick! have recently given a very 
interesting new formulation of the pion-nucleon 
scattering problem. The main advantage of this theory 
is that one deals with a finite renormalized theory. On 
the other hand, in going to the nonrelativistic limit one 
neglects nucleon recoil and pair formation and, in order 
to reduce the problem to manageable size, one must use 
the so-called one-meson approximation. The validity of 
these approximations is not clear, since the solution of 
the Chew-Low-Wick equations, even for nonrelativistic 
energies, involves energy integrals over all energies. For 
these reasons a knowledge of the solutions of these 
equations, and comparison with the experimental! data, 
is of great interest. 

Unfortunately, the Chew-Low-Wick theory gives a 
system of coupled nonlinear integral equations for the 
p-waves which is very difficult to solve. A numerical 
solution is at present being investigated by Salzman.’ 
Meanwhile, it seemed very desirable to obtain a pre- 
liminary orientation as to the character of these solu- 
tions and to compare them with experiment. For this 
purpose we have obtained two approximate solutions 
of the equations. The two available parameters of the 
theory were fitted by means of the experimentally 
determined 63; phases, and to carry out a comparison 
with experimental data, we also needed the s-phases. 
For these the linear extrapolations of Orear* were used. 
Comparison of the cross sections so obtained in the 
energy region of 40 Mev, the energy chosen for the 
comparison, shows a quite surprising agreement with 
the available experimental data. It should of course be 
noted that this agreement may no longer persist when 
accurate solutions of the Chew-Low-Wick equations or 
better experimental data become available 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

On leave of absence from the Atomic Energy Research 
Establishment, Harwell, England. 

1F, E. Low, Phys. Rev. 97, 1392 (1955) ; G. F. Chew and F. E. 
Low, Phys. Rev. 101, 1570 (1956); G. C. Wick, Revs. Modern 
Phys. 27, 339 (1955). 

2G. Salzman (private communication). 

*J. Orear, Phys. Rev. 96, 176 (1954). 


P-WAVE PHASES 


We shall use the subscripts 1, 2, 3 to denote the 
T=J=} state, the T=}, J=§ or T=3, J=} states, 
and the T=J= 4 state of the pion-nucleon system, 
respectively. The Chew-Low-Wick! equations are then 
given by 


« pht(p) pone 
ga(e)=1-- f é desl ¥ ; (1) 


ry 
cs wy? wWp—(z+ie) wytz 





where 


3 a( —Wp— ie) |? 
Ha(w») = z Cas ———_—— ’ 
vn 8a (wp+ie) 


and Cag is the matrix 


—4 2 


(2/27) P| 32 
L 32 


Here f is the renormalized unrationalized ps(pv) 
coupling constant, v(p) is the cutoff factor, to be speci- 
fied below, for a meson of momentum # and energy wp, 
¢ is a positive infinitesimal to define the integral in (1), 
and ga(w,) is related to the scattering phase-shift 
5a(wp) by 


—16) 
-16). (4) 
2 


—7 
2 


1 pir” 
—Re[ ga (w,) |= cotb, (w»), (5) 
Ne 


Wp 


for wp2 1. 
Two approximate solutions of the Chew-Low-Wick 
equations were obtained : 


(i) the first iteration solution, obtained by putting the 


unknown functions in the integrands in Eq. (1) equal 
to unity; i.e., for H, we use, instead of Eq. (3), 


3 
H.a= > Cas. (6) 
b=1 


(ii) the effective range approximation (ERA) in 
which, in addition to the above approximation [i.e., 


1098 





PION-NUCLEON SCATTERING AT 


40 MEV 1099 


TABLE I. Pion-nucleon scattering phase-shifts (in degrees) at 40 Mev. The s-wave phases of sets (A) to (C) are those of Orear. 








Set 53 


bu bis ba 533 Di Ds; 





(A) ERA (effective range approx) 
(B) First iteration solution 

(C) ERA with w,* 

(D) Bethe-deHoffmann 


42 
—5.0 








defining H, by Eq. (6) ], the dependence on energy, 
i.e., on 2, of the integrals in Eq. (1) is neglected, giving 


1 1 —1 
—ReLea(o4) =| 1—o4( 0 |. 
r r +1 


a a 


i] 


3 WW 
A = f —h'y?(k). 
Pa g w,? 


In both cases, we took for the cutoff function (which 
seems to be arbitrarily at our disposal, apart from some 
mild restrictions) 0(p) =8°/(p~’+"). 8 and the coupling 
constant f were determined by fitting our solutions to 
the 63; phases obtained from phase-shift analyses of 
pion-nucleon scattering experiments.‘ In this way we 
found the values 8=8.56 (all momenta and energies in 
units of uc and yuc?; «= meson mass) and f*=0.081. The 
value of f? is that proposed by Chew and Low.! It 
agrees tolerably well with the experimental value of 
f?=0.066, of Bernardini and Goldwasser.*® 
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14 16 182.0 
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Fic. 1. 6;; and 5;3=63; vs energy. E=meson kinetic energy in 
laboratory system, w)= meson total energy in c.m. system (rest 
mass=1), Curves A and B are the ERA and first-iteration solu- 
tions respectively. (A) =first iteration to ERA for 61. 


4H. A. Bethe and F. deHoffmann, Mesons and Fields (Row, 
Peterson, & Company, Evanston, 1955), Vol. 2. This book contains 
a comprehensive review of experimental data and references to 
their sources. Unless otherwise stated, experimental data quoted 
by us are taken from this book. 

5G. Bernardini and E, L. Goldwasser, Phys. Rev. 95, 857 
(1954). 





—205 -082 —0.82 0.09 0.11 
-183 <=<076 -0.76 0.10 0.14 
~1.96 ~0.77 0.005 0.087 


—0.77 
—17 —1.1 0.3 0.051 0.13 


TABLE II. Cross sections given by set (A) (Table I) of phase- 
shifts for pion-proton scattering at 40 Mev. Total (differential) 
cross sections are expressed in mb (mb per unit solid angle). All 
angles are measured in the center-of-mass system. 


(A) wtscattering 
1. Differential cross section at 38° 
ya Differential cross section at 100° 
3. (i) Total cross section (30° to 180°) 
(ii) Total cross section (60°— 180°) 
) x7 scattering 
4. Differential cross section at 38° 
5. (i) Total cross section (30° to 180°) 
(ii) Total cross section (60° to 180°) 
(C) Charge-exchange scattering 
Angular distribution A+B cos6+C cos’ A 
B —0.71 
Cc 0.33 
Total cross section (0O— 180°) 5.72 
m~ scattering, total cross section (50°— 180°) 
given by Set (D) 1.2 


It has been proposed® to replace the linear ERA by a 
more general empirical relation, of the form 


p*v”(p) 1 
—— cotda=—+F a(wp), (9) 


Wp Wp 


where F,(w,) are unknown functions, with F,(0)=1/Aa. 
On account of the experimental errors, the linear ERA 
for 533 seems to fit the experimentally derived phases 
as well as is to be expected. Hence from this viewpoint 
the more general relation (9) is not needed. Nor does 
it appear to us that there is any basic reason for 
separating out a 1/w, term. Equation (5) is true only 
for w,> 1, the general relation being 


p*r?(p) 37? ( p) 
COtba (Wp) = Fa(0) ga(wp) +i— 


Wp Wp 


(10) 


Since ga(0)=1, and we can take v*(i)=1 (for w,=0, 
p=i), Eq. (10) indeed gives a 1/w, term which domi- 
nates at w,=0. However, to determine the coupling 
constant f by fitting the experimental 5;3;-phases, we 
have certain experimental points in the range w,21 
and we want to determine the parameters associated 
with the curve in this range. If, for example, the curve 
in this range is a straight line, then the correct value of 
f? is obtained by extrapolating this straight line back 
to zero, without subtracting a 1/w, term. Furthermore, 


Friedman, Lee, and Christian, Phys. Rev. 100, 1494 (1955) ; 
S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 306 (1955). 
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Fic. 2. 533 vs 
energy. £=meson 
kinetic energy in lab- 
oratory system, wp 
=meson total en- 
ergy in c.m. system 
(rest mass = 1). 
Curves A and B are 
the ERA and the 
first-iteration solu- 
tions, respectively. 
(A)=first iteration 
to ERA. 











except near w,=0, a 1/w, term is not necessarily 
dominating.’ 

Chew and Low! have proposed taking kinematical 
effects of the nucleon recoil into account in the ERA 
by replacing w, by 


Wp*= wt (p?/2M). (11) 


This seems to give a somewhat better fit for 53; above 
the resonance energy, but on account of the experi- 
mental errors it is not clear whether this is significant. 

The p-wave phase shifts as a function of energy are 
given in Figs. 1 and 2. Curves A and B show the ERA 
and first-iteration solutions. They are seen to agree 
well and their differences presumably represent a lower 
limit to the accuracy which can be ascribed to these 
phases. We also calculated the first iteration of the 
ERA. These are shown for 6;;=63, and 63; by the 
triangles (A) in Figs. 1 and 2; these also agree. For 611, 
however, there is violent disagreement (6::=+4° at 
wp= 1.5 and 6::=+8.8° at w= 2.0). Of course one does 
not expect the ERA to hold at all energies. If this 
iteration had agreed well, up to, say, 200 Mev, with the 
ERA, then one could have argued that it is a good 
approximation in this energy range and that the con- 
tributions from higher energies do not introduce errors, 


co. 





Fic. 3. Differential cross 
section (c.m.) for «t—p 
scattering at 40 Mev in mb 
per steradian. (A) ERA; 
(B) first-iteration solution ; 
(C) ERA using w,* instead 
of wp; (D) Bethe-deHoff- 
mann phases. 
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7 The same conclusion has been reached independently by M. 
Friedman (private communication). 


because of accidental cancellations and the cutoff factor. 
On account of the coupling of the phases, no conclusions 
can be drawn from the close agreement in the case of 
613 and 33. 

The phases at 40 Mev are shown in Table I. Set (A) 
represents the ERA; set (B), the first iteration solution 
of the integral equations; set (C) the ERA, using w,* 
instead of wy. The s-phases in sets (A) to (C) are those 
of Orear® and should be fairly reliable at 40 Mev. Set 
(D), in Table I, is the set of phases preferred by 
Bethe ef al.* It does not satisfy 5:;=45:, but is “qualita- 
tively similar” to the other sets. 

Some indication of the consistency of our approximate 
phases with the Chew-Low-Wick equations is obtained 


TABLE III. Experimentally observed pion-proton scattering 
cross sections (mb or mb per sterad) in the neighborhood of 40 
Mev. Angles in laboratory and center-of-mass frames are labeled 
(lab) and (c.m.) respectively. The lines are numbered as in Table 
II. 








(A) xt scattering 


Differential cross section at 4344 Mev at 
38+7.5° (c.m.)* 

Differential cross section at 4344 Mev at 
100+10° (c.m.)* 

Total cross section at 40+3 Mev, 53°—180° 
(c.m.) ; obtained from integration of differ- 
ential cross section of Perry and Angell> 

Total cross section at 3746 Mev, 50°—180° 
(lab); transmission measurement by 
Angell> 


0.36+0.04 
0.71+0.05 


10.943 


11.8+1 
(B) x~ scattering 


Differential cross section at 43+4 Mev at 
38+7.5° (c.m.)* 

Total cross section at 37 Mev, as deduced by 
Bethe ef al.* from all available data, for the 
range 50°—180° (lab) 

Total cross section at 65 Mev, 42° to 180° 
(c.m.); (Bodansky et al.) 

(C) Charge-exchange scattering 
Angular distribution A+B cos#+C cos’? (A) 0.45+0.07 
at 40 Mev; (Roberts and Tinlot»)4 (B) —0.98+0.13 
(C) 0.54+0.21 
7. (i) Total cross section (0°—180°) at 37 Mev; 
(Spry?) 6.4+1.0 
(ii) Total cross section at 40 Mev; (Roberts and 
Tinlot>)4@ 79+1.8 


0.61+0.08 


3 to9 


2.6+0.3 








*S. W. Barnes (private communication). The values given are those 
available at the time of writing of this paper, but they do not yet represent 
the final values. 

b See reference 4. 

© See reference 8. 

4 These measurements probably give very good relative values, i.e., the 
ratios A: B:C, but not the absolute values. 


by seeing whether they satisfy the dispersion relations.® 
At 40 Mev, these read: 
D,;= sin26,+2 sin26,3;+sin26;,;=0.05+0.05, 
D;= sin263;+2 sin2633-+sin263;=0.15+0.05. 


The right-hand sides of these equations are certain 
energy integrals over total cross sections, calculated by 
Anderson ef al.® and the +0.05 represents our rough 


(12) 


8 See reference 4, p. 96. 
® Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955). 
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estimate of the errors. In the last column of Table I the 
values of D, and D; for those sets of phases are given, 
showing that all the sets [with the possible exception 
of (C)] are consistent with the dispersion relations. 


COMPARISON WITH EXPERIMENT 


In Table II, the pion-proton cross sections at 40 Mev, 
predicted by set (A) in Table I, are given. On account 
of the errors in the experimental data it did not seem 
worth while to consider the other sets. In addition, line 
8 gives the x~ total cross section predicted by Set (D). 
Comparison with lines 5(i) and (ii) shows that “quali- 
tatively similar’’ sets of phases can lead to very different 
results, even for total cross sections. 

To compare the different sets of phases, we have 
plotted in Figs. 3 and 4 the differential cross sections 
for sets (A) to (D) for r+ and x~ (direct and exchange) 
scattering. 

In Table III corresponding experimentally deter- 
mined quantities are given. Comparison of Tables II 
and III shows a rather remarkable over-all agreement. 
This agreement is not so good for the preliminary 
results on w+ differential cross sections at 38° (c.m.) 
(lines 1 and 4 of Tables II and III). However, these 
points should be noted. As far as the x cross section is 
concerned one is here in a region where the Coulomb 
interference plays an important role and the cross 
section is very sensitive to changes in phases or angle 


(compare Fig. 4). Thus set (B) of the phases at the 
same angle gives a differential cross section of 0.57 mb 


40 MEV 
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steradion 
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Fic. 4. Differential cross section (c.m.) for *~— scattering 
(direct and exchange) at 40 Mev in mb per steradian. (A) ERA; 
(B) first-iteration solution; (D) Bethe-deHoffmann phases. 
Curve (C), the ERA using w,*, is not shown as it is‘indistin 
guishable from (B). 


per steradian. Accurate experiments in this region may 
ultimately provide a very sensitive test of accurately 
calculated phases. As for the + cross section, where the 
disagreement is most serious, one is here also in the 
region where Coulomb interference effects are impor- 
tant. However, it so happens that for this choice of 
angle and energy the cross section is very insensitive 
to changes of the phases and it seems difficult to obtain 
such a large cross section with any set of phases which 
would appear reasonable. Finally, it should be remarked 
that the over-all agreement of calculated and measured 
data may not persist when accurate calculations or 
further measurements become available. 
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A calculation of meson production in a meson-nucleon collision has been carried out for the processes 
at +p—rt+nt-+n and r++p—2++7°+> , by means of the method of Low. Use has been made of an ap- 
proximate form of the Chew-Low transition matrix for scattering off the energy shell. This matrix exhibits 
explicitly the resonance behavior of the isotopic spin 3/2, angular momentum 3/2 scattering state. At 350- 
Mev incident-meson kinetic energy, the cross section for x* production is 0.86 mb and that for ° production 
is 5.5 mb. The angular distribution of each final state meson is of the form A +cos*#. For x* production, at 
250-Mev incident-meson kinetic energy, A =0.64. The two final-state pions seem to share the available ki- 
netic energy. The probability for a spin flip of the nucleon in the process is about 1.5 times the probability for 


no spin flip. 





INTRODUCTION 


HERE has been increasing interest in the produc- 

tion of mesons in meson-nucleon collisions at high 
energies. We have felt that it would be of interest to 
calculate the production cross section for energies near 
threshold. There is evidence indicating strong P-wave 
production of mesons. Such evidence consists of the 
small cross section for ° production in -p collisions, 
the rapid increase with energy of the total cross section 
for x* production in these collisions, and the center-of- 
mass angular distribution for the r* of 0.29+cos*6.!? 
The (3/2, 3/2) resonant state in meson-nucleon scatter- 
ing appears to be of importance in the production 
process. The hypothesis that meson production takes 
place through excitation of a nucleon into the (3/2, 3/2) 
resonant state is capable of explaining the small cross 
section for x*+ production in n-p collisions relative to 
that in p-p collisions.* The hypothesis has also been 
used to explain the x*+/x~ production ratio in nucleon- 
nucleus collisions. We have assumed production from 





the (3/2, 3/2) state and have investigated the processes 
a+ pont+at+n and r++ p79 +-2t+ p. 

The procedure has been to derive the amplitude 
describing the process by the method of Low.’ The 
method deals with a perturbation-like expansion in 
terms of exact eigenstates of the total Hamiltonian. 
This feature makes possible an improvement of the 
ordinary perturbation-theory treatment, since it is 
possible to describe part of the process as meson-nucleon 
scattering and to use here the scattering transition 
matrix developed by Chew and Low.*’? We will be 
dealing with a transition matrix for scattering off the 
energy shell. Chew and Low have derived an approxi- 
mate expression for this matrix in a form that exhibits 
the resonant behavior of its (3/2, 3/2) part. It was this 
possibility which led to the calculation presented here, 
in the hope that, in spite of the approximations, the 
form of this matrix off the energy shell would give 
reasonable results in the computation of a cross section 
for meson production. Chew and Low have shown that, 
on the energy shell, their matrix gives a good descrip- 
tion of low-energy scattering.® 


CALCULATIONS 


Following Low,’ one starts with Dyson’s S-matrix between initial and final bare-particle states, 


co —i)" 
(f[S])=d 


n= mn! 


J dty- + -dty(® | a5(hr)ar(k)PLHr (th) - - - Hr (tn) Ja.*(k) | ®5), (1) 


—oO 


where h=c=1, x= (x,x), and k=(k,w). H, is the usual interaction Hamiltonian for pseudoscalar meson theory.® 
Assume k# ki~ ko; p~* p’. The a,*(k) is commuted through the P-bracket to the left and the a;(k2) and a,(k1) are 


commuted through to the right, making use of 


(©y | a,*(k) = ai(ke) |) =a;(R1) | by) =0. (2) 


* This work was performed under the auspices of the U. S. Atomic Energy Commission. 


1A. H. Rosenfeld, Phys. Rev. 96, 130 (1954). 


* Frank S. Crawford, University of California Radiation Laboratory Report UCRL-2187, 1953 (unpublished), and M. Lynn 
Stevenson, University of California Radiation Laboratory Report UCRL-2188, 1953 (unpublished). 


3G. B. Yodh, Phys. Rev. 98, 268(A) (1955). 

‘D.C. Peaslee, Phys. Rev. 94, 1085 (1954) ; 95, 1580 (1954). 
5 F. Low, Phys. Rev. 97, 1392 (1955). 

6G. F. Chew and F. E. Low (to be published). 

7G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 
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The resulting expression is transformed by making use of the identity 
C) (—1)" e - 
(2/5 L : f diy: - “dt aPLAr(t)-: *Hr(tn)A; (x) A ; (y)> Jos) =r | P[A,(x)A;(y) iv JY); (3) 
n! 


where on the left side all operators are in the interaction representation and on the right side A;(x) has the Heisen- 
berg time dependence, 


A;(x,%) = e'# 0A ,(x,0)e-*# 0, (4) 


and the | ¥,) are exact single-nucleon eigenstates of the total Hamiltonian (free-field plus interaction). The S-matrix 
is then 


(—#)* «gh ee 
(f|S| Daa, | tatnateete te tay | PLA,(x)A ;(y)Ai(z) ]| Vp) 


=f) 
ee, aedtye*(e- OY y | PL(2G,(9) (9) +8396 m(9)4m(9)) Aaa) IVs) 
ether ibs | PLA jy) (2G4(x)b1(x) +5: m(x)bm(x))]| ¥p) 
pe-ihie—iheu( | PLA r(y)(26:(x)b;(x) +8:4}m(%)bm(*))]|¥,)} 
(—i)A 


(Scawoyco2)! 


er facet ko jl| A.(x)| p), 6) 


dixei(k-hi—ke) 20 | 261 (x)5;;| Vp) 


where A(x) is given by Low’s quantity O,(x).5 The quantity (p’k:k2jl| Ai(x)|p) is defined by the above equation 
for all values of ~, p’, 1, and ke. By the commutation process, it may be shown to be identical with 


« (—i)" ‘: 
(e, a;(k1)ax(ke) +. — fat . ‘dtn»PLH1(ts)- . ‘Hr(tn)Ai(x) ] = (UO vats Aa() |W,). (6) 
n=O nN! 


On the energy shell, p’+4:+hk.=p+h, this quantity is the S matrix with the delta function of energy and 
momentum left out. However, off the energy shell, the S-matrix is not defined, whereas (p’kikejl| Ai(x)| p) is de- 
fined by the integrand on the left side of Eq. (6). 

We will be interested in the static limit. We therefore drop terms in A and consider 
(p’kikejl| Ai(x)| p) 

(—i)? 
(4cyw2)! 
Xexp[—1(H2o— P-z) | expli(Hyo—P-y) JA ;(0) exp[—i(Hyo— P-y) ] exp[i(Hxo-- P- x) ]A;(0) 

Xexp[—i(Hxo—P-x)]]|¥,), (7) 
where we have utilized invariance under the translation (momentum) operator P, 
A(x) =e? A ;(O)e*P**, (8) 


We now perform the indicated space and time integrations, setting x= x9=0 in the final result. This is best done 
as in the following example: Introducing complete sets of exact eigenstates |W,) and |¥,,), and considering a 
particular time ordering zo>yo> xo, we have 


— (dese) p’kikejl| A(x) | p) 


[erasatydy expl —i(wiyo— kj: y+weto— ke: z) (Vy | PLexp[i(H2o— P-z) JA 1(0) 


= L | @ad*y expl—iki-y—ike-z] f dans (zo— yo)e,*? f dyons (Yo— xo)ete9 


X (Wp |expli(H20— P-2) ]A1(0) exp[—i(H2o— P-2) | ¥,) 


X(Wn|expli(Hyo— P-y) JA ;(0) expl—i(Hyo— P-y) ]| Vn) 
X (Wn | exp[i(Hxo— P-x) ]A,(0) exp[—7(Ha— P-x) ]| ¥,) 
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1 2 ra © daet*(z0—vo) «© © dbei>(vo—z0) 
=r) (— f dageionen'—tom f ——— f dyeiort insane f mi 
nm\2ni cies _». a—t —» b—t 


—o 


x f @2d*y exp[i(—ki—p.r—pm)-y] expli(—ke—p’+p,)-2 (¥»| A1(0)|¥,) 


X(Wn| A 5(0) | Ym)(¥m| A (0) | ¥,) 


(Wy | A 1(0) |WaXWn | A 3(0) | Wn )XYm | A i(0)¥ »)5(Pm— p»—k,)5(p.—p’ —kz) 





et (~~~ tenet ~ yp — be) 


Here we have used 
1 


n+(x)= ity 
2m 


=1, 
=0, 


f dae*** 
—« a—te 


xy>0 
Xo <0. 


This procedure is carried out for each time-ordering. The full amplitude is then given by 


(Wy | A 10) |WnXWn| A j(0) | Wm )(Ym| A (0) | ¥)5(Pn—p’— k2)5 (Pm —Pn— kx) 





1 
'kykoil| A (0 = 
(p’kikejl| A :(0)| p) = y 


( yw»)! n,m 


(E,—w2— wy — te) (Em—we—wi— wp — ie) 





Pac | A ;(0) |WaXWn | A,(0) | VnXYmn | A,(0) |Vp)5(Pa—p’—k2)5(Pm—P+ki) 
Py (E,—o1—wp — te) (Em+w2—wy— ie) 





‘ (Wp | Ac(0) | WnXWn| A 50) | Wm Ym! A 1(0) | ¥p)5 (Pm—Pa—ki)5 (Dn—p— ke) 


» (10) 


(E,+-w1+w2—wy— te) (Em—wptwotie) 


plus three additional terms obtained by interchanging 
the subscripts j and / and 1 and 2. 

If the |W,), |W’), |W), and |W,,) were replaced by 
bare-nucleon spinors, the above equation would yield 
lowest-order perturbation theory for the six diagrams 
shown in Fig. 1. In this case, although |¥,) and |¥,,) 
represent physical nucleon states, the |W,) and |V,,) 
may be any members of a complete orthonormal set of 
eigenstates of H, a physical nucleon, or a physical 
nucleon plus any number of real mesons. Another 
interesting feature is that although |W,) is to represent 
the initial physical proton in our process, and although 
A,(0)—-since it is derived from an interaction which 
represents the absorption of a #+ by a neutron—con- 


Se, 
SM) 
et 8. 


Fic. 1. Feynman diagrams for meson production 
in the Born approximation. 




















tains the operator 74=7:+i72, yet A,(0)|¥,)¥0. 
Operation on a bare proton with 7, yields zero, but the 
physical proton is a superposition of a bare-proton 
amplitude, a bare-neutron-plus-meson amplitude, etc. 
Equation (11) contains only energy denominators of 
the form (Eintermediate~Etinai). Since the physical- 
nucleon self-energy appears in both states, this un- 
observable quantity does not appear in the equation. 

We wish to treat the equation for (p’kik2jl| A;(0)| p) 
in the static limit: a 

(4m)! fo- kr; 
A,(0) > ( vs =A,, 
u(2w)! 


A,(0) —t(4n)* fo kar; 
He: (2)! 


—i(dn)'fo-kers 
u(2w2)? 


Here f is the unrenormalized, unrationalized pseudo- 
vector coupling constant. r;=(v27,, V27r_, 73). In the 
double sum over the two intermediate states, we keep 
those terms in which both intermediate states contain 
only a physical nucleon, and those terms in which one 
intermediate state contains only a physical nucleon and 
the other state contains a nucleon, plus one meson. 
These terms correspond to the nine diagrams shown in 








(11) 


=Ar ’ 





A 1(0) > 
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Fig. 2, plus nine more obtained by interchanging k; 
and ko. 

Let us consider first the process r++ p—at-+-at-+-n. 
Since there exist neither doubly charged nor negatively 
charged physical nucleons, our initial physical proton 
cannot make a transition to another state of the 
physical nucleon by absorbing a ++ or by emitting two 
successive a+. Therefore the matrix elements corre- 
sponding to diagrams (a), (c), (f), and (g) of Fig. 2 
vanish. 

We are left with two pairs of diagrams, (d) and (e), 
and (h) and (i). These correspond, respectively, to 
resonance scattering in the first and in the second inter- 
mediate state. In Fig. 2, the open diagrams, (d) and 
(h), contain the energy denominators corresponding to 
the resonating intermediate state. The energy control- 
ling the resonance in diagram (d) (the singularity intro- 
duced by the energy denominator) is the total energy of 
the incident meson, whereas in diagram (h) it is the total 
energy of the second outgoing meson. We have investi- 
gated diagram (d) and its crossed counterpart, diagram 
(e), and we find that, since wi+we is well above the 
(3/2, 3/2) resonance energy, the contribution of these 
diagrams to the matrix element is less than 10% of that 
from diagrams (h) and (i). We shall consider only the 
latter two diagrams. 

Our amplitude is then 


(Bkik2| Ax|a) 

_ {Bl An*| yy] AeA) 

on me 
BIA n* | w"y)(w"y | A,|A) 
Ls w’ —w1—1€ 
Bl Aula’ Xo’ An*|A)|(\1Ane*la) 
+ 

wo’ +a1+wW2 we 


+the same expression with 1 and 2 inter- 











(12) 

In the new notation, |a) (|8)) represents the initial 
(final) physical proton (neutron) states; |X) and |) 
represent the four states of the physical nucleon, and 
these are to be summed over; |w) represents the nu- 
cleon, one-meson states. One sums over the spin and 
isotopic spin of the nucleon and the isotopic spin of the 
meson, and one integrates over the meson momentum 
from zero up to the cutoff value. The delta functions 
of the momenta of intermediate and initial and final 
states are taken into account by integrating over inter- 
mediate nucleon momenta, the nucleon in the static 
limit being infinitely heavy, and hence the absorber of 
any amount of momentum required for conservation 
at a vertex. 

In Eq. (12), we now neglect the w2 in the denominator 
of the last term in the curly brackets and the a; in the 
denominator of the same term in the curly brackets of 
the same expression with 1 and 2 interchanged. Our 


changed. 





\ if / re / 
(a) (b) 

* K, K, K K, Ke 
Me 2) : f ‘ 
(d) (e) 

K K, Ky K K, Ke» 
; ‘ ‘* w'-w, ; 
(g (h) 


Fic. 2. Feynman diagrams for meson production 
in the one-meson approximation. 


approximations are made in the terms coming from the 
“crossed” diagrams [(i) of Fig. 2]. These matrix ele- 
ments contain no poles and will therefore be small 
compared with the matrix elements coming from the 
“open” diagrams [(h) of Fig. 2]. More explicitly, the 
approximation is made in a term of the form 


cum (| Ani*| w’y)w"y| Ax|a) 
f pe! des! 1 k 
P w’+wi+we 


p= (w?—p')}. 
Dropping we in the denominator gives rise to an error in 
the integrand of the order of w2/(w’-++-wi-+we), which, at 
most, is about 2u/(u-+3u)=4. The error in the integral 
is less, since the integral diverges linearly, and hence the 
main contributions come from w’, several times yu. This 
can be seen from the following: 


(w’y| Axl) 
--> = 





» (13) 


where 





, ° 
n @ —W1—1€ 





{tlle atl 

i w'+we 

~ (1/0! {yA 5*| n)Xn| Aala) 
+(y|Ax|n)(n| A 5*|a)}, 


(14) 
where 
| Ag*= —i (4x)! fo-pri/u(2u')}, 


Therefore (w’y|Ax|a)«1/s/w’, and the above integral 
is proportional to wmax. 
Our amplitude now has the following form: 


(Bkik2| Ax| a) 
sf (8| An*|-y)y| Ax|A) 
P (B| Ars*|w"yw"y|Ax| A) 
w’—wi—1e 
\ (B| Ag|w’y)w"y| Ami*|A) | (A| Ata*|a) 


w+ ws 








(15) 
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The term in parentheses is the one-meson approxi- 
mation for the Chew-Low scattering matrix, 7;(h:) 
(in the notation of Chew*). It describes the scattering 
of a r+ of momentum (energy) k(w) into a r+ of momen- 
tum (energy) ki(wi), with the physical neutron going 
from state a to state £. 

A similar equation may be derived for the process 
xt+p—nt+2°+ . In this case, the matrix element 
corresponding to diagram (f) in Fig. 2 does not vanish. 
We neglect this diagram, since the energy denominators 
give rise to no poles. There is, in addition, a nonvanish- 
ing matrix element for the Born approximation repre- 
sented by diagram (c). The contribution from this 
diagram is given by 


(8| Az|y)(y| Ats*|A)(A| Ans*| aa) 
w1(w1+we) ; 
We neglect w; in the quantity (w:+-w). The part 
(8| Ax] yXv| Azs*|A) 


we 


(16) 








is then the “crossed” contribution to the Born approxi- 
mation in the Chew-Low scattering matrix. The error 
in the Born term is of the order of w2/(w:+we), which is 
quite small compared with the complete contribution 
to the matrix element from the Born terms plus the one- 
meson terms. The Born term can be treated exactly; 
however, we feel that to do so would alter the cross 
section by less than 10%. 

In Eq. (15), the matrix element (A| Ats*|a) is of the 
form 


(physical nucleon| fo-kr;| physical nucleon). 


Evaluating this matrix element is equivalent to taking 
the vertex operator between bare nucleon states and re- 
normalizing the coupling constant, f—f,.7: 

The scattering matrix may be expanded in terms of 
projection operators for the various states of total iso- 
topic spin and angular momentum. We keep only the 
I=3/2, J=3/2 part. Then 


4r 


kkyhs(k1) PsQs. 


4exw;)? saad 
1 


T (ki) = 
( 


Here P; and Q; are projection operators for the 
J=3/2 and J=3/2 states, respectively. P; is given 
explicitly by 


1 
Py=——{2k-k,+io- (kXk,)}. (18) 
3kky 


The expression for 43(k) in the “effective range ap- 
proximation” of Chew and Low is given by 
As 

w(1—wr/os)—arsk* 


*T. D. Lee, Phys. Rev. 95, 1329 (1954). 


(19) 





hs(ki) = 
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Here, f/ is the renormalized, unrationalized coupling 
constant; w; is the “resonance” energy. We take 
f?=0.08 ; w3=2.1y.° 

The matrix element for r++ p—>2++-2+-+-n is now 





Ti(Ri,ks) = er 


4r As 
2(ww)! = or 


X (2k-k,+ie- (kXk:)}Qslx) 


(. ~i(4n)!f,0-kyv2r_ «) 


V2 wwe! 





+the same expression with subscripts 


1 and 2 interchanged, (20) 
where x;(x,) is the initial (final) bare-proton (nucleon) 
spinor, spin up or down, and the intermediate bare 
spinors are summed over spin and charge states. 

The matrix element for x° production is given by the 
above formula with the v2r_ in the perturbation term 
changed to 7; when the subscripts 1 and 2 are inter- 
changed. 


RESULTS AND DISCUSSION 


The results for the square of the matrix element 
averaged and summed over initial and final spin states 
follow. 


Spin flip: 
4(4m)* f,°(kkik»)? 





| Tkike|*= 
81p5 (www) 


X [A of 4 sin’#; cos*#2+sin’#, cos’; 
+4 sin20, sin26, cos(¢2—¢1)} 
+Bo{12, 21} 
+Cof{2.5 sin26; sin262 cos(¢2—¢1) 
+4 sin, cos’#:+4 sin’, cos*6.} J. 
No spin flip: 
4(4ar)* f,®(kRiko)? 





| T.(Riks) |?= 
81y8(wiwaw) 


X[(Ao+Bo) {4 cos’6; cos’82+sin’#, sin’, 
—sin26, sin262 cos(¢i1—¢2)} 

+Cof{8 cos’, cos62 

+2 sin’#; sin*@, cos2 (6;—62) 


—2 sin26; sin26, cos(¢:—@2)}], (21) 
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where, for r+ production, 


1 
A 


MESONS 





1 


o= ’ 
w{w1?(1 —w/w3)?+A37k15} 





Bo= P 
: w1?{ wo" (1 —we/ws)?+A3?k2*} 
wwe (1—w1/ws) (1—we/w3) +A7k FR? 





- (wre) {cor (1 — ws /wrs)?+A37h 1°} (2? (1 —co2/ws)?-+Dath2} 


The coefficients for x production are 
Ao’ =4.5Ap, Bo’ =2Bo, Cy = 3Co. 
The differential cross section is given by 


do= (k/w) | T.(Rik2) [2 
218 (w— wi — we) Rikewwodwdw2dQidQ2/(21)*. 


Spin flip: 


(22) 


o=(5/4)(A+B)+2€. 


No spin flip: 
c= A +B+C. 


For x* production, 


A(B)(C)=2 f duyk1*k8 A o(Bo) (Co), 


where Z=0.7f,5k/u®, we=w—w1, ke=(w2’—w’)!, and 
T= incident meson kinetic energy =w—y. 

For r° production replace Ao by Ay’, etc. 

The angular distributions for each meson are given by 
the following: 


No spin flip: 
da/d(cos6) =a cos*0+, (24) 
where 
a=§(A+B)+9C, b=§(A+B). 
Spin flip: 
da/d(cos@) = g cos0+ f, 
where 


g=iL(7/4)A—3B+C], f=iGA+B+C). 


The integrations were performed numerically. At 
250-Mev incident-meson kinetic energy, the differential 
cross section for x+ production as a function of the polar 
angle between either outgoing meson and the incident 
direction is of the form 0.64+cos*@. At 350 Mev, the 
angular distribution is of the form 0.7+-cos*@. The dip 
at 90° is more pronounced than that obtained by 
Miyachi? for the angular distribution of the r+ from the 
process 1+ p—nt+-2--+n at 210 Mev. The latter cal- 
culation was done by using covariant perturbation 
theory with pseudovector coupling. The total cross 
sections for the two processes are listed in Table I. 


® Y. Miyachi, Progr. Theoret. Phys. Japan 12, 243 (1954). 





At 350 Mev, the cross section for production of an 
additional meson is about 12% of the total cross sec- 
tion.” The sharp increase in cross section at 350 Mev 
is due to the resonance behavior of the scattering part 
of the matrix element when one or both of the mesons 
may come out with kinetic energy approaching the 
resonance kinetic energy. At 500-Mev incident-meson 
kinetic energy, the production cross section becomes of 
the order of the total cross section of 20 mb, indicating 
the breakdown of this approximation. 

Comparison with definite experimental results is not 
yet possible. However, Blau and Caulton" have ob- 


TABLE I. 








Incident- Energy above 
meson kinetic threshold 
energy (Mev) (c.m.) (Mev) 


250 60 
350 130 


o(x*x*) o(x*r®) 
(mb) (mb) 


0.071 0.44 0.51 
0.86 3.5 6.4 


o(xtat) +o(xtn®) 
(mb) 











served inelastic collisions of 500-Mev m~ mesons in 
emulsions. They have estimated the cross section for 
the production of an additional charged meson, aver- 
aged over r-— p and z~—n collisions, to be between 3.5 
and 10 mb. We have taken the value of 3.5 mb and have 
deduced, on the basis of the isobar model, a lower limit 
on the production cross section in r+— collisions of 
about 6 mb. Yuan and Lindenbaum” have recently 
indicated, on the basis of their total-cross-section 
measurements, that meson production in r+ — p collisions 
is likely to become important above 300 Mev. 
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Photoproduction of Pi-Meson Pairs 
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The cross section for photoproduction of pion pairs from hydrogen has been calculated from the cut-off 
static theory, assuming the energy is sufficiently low that one of the mesons is produced in an S state, the 
other in a P state. It is shown that the cross section for this process can be expressed exactly in terms of 
the P-wave scattering phase shifts, provided the S-wave meson-nucleon interactions and the meson-meson 
interaction can be neglected. The theoretical predictions obtained here are in general agreement with 


preliminary experimental results. 





T has recently been shown that a good understanding 
of the main experimental features of meson physics 
can be obtained from a simple phenomenological 
model.' This model assumes that the only important 
interaction is the absorption and emission of single 
mesons by a nucleon, and that only low-energy inter- 
mediate states are important for describing the behavior 
of low-energy processes. This cutoff Yukawa theory has 
been applied by Chew, with considerable success, to the 
scattering of P-wave mesons and the photoproduction 
of single mesons. The scattering of S-wave mesons, for 
which this model is inadequate, is relatively weak. 

It is of course possible that the agreement with 
experiment might be fortuitous, and since the linearity 
of the interaction is the most arbitrary assumption in 
the theory, the most direct further test can be obtained 
by a study of states containing two mesons, in addition 
to a nucleon. Thus similar tests of the cutoff Yukawa 
theory can be obtained by a study of either inelastic 
meson-nucleon scattering, or the simultaneous photo- 
production of two w mesons from a single nucleon. The 
photoproduction of a pair of mesons is especially useful 
for this purpose, because, as will be shown, some de- 
tailed predictions can be made without resorting to 
approximate calculations, provided the meson-meson 
interaction and the S-wave meson-nucleon interactions 
are negligible. 

Since it is assumed that the only interaction is a 
P-wave interaction between a meson and a nucleon, the 
cross section for producing two S-wave mesons will 
depend only on recoil effects, and therefore is expected 
to be very small. The cross section for emitting both in 
P states is difficult to estimate; we suppose that the 
bombarding energy is low enough that the contribution 
of this process to the cross section is much smaller than 
the cross section for producing the S-wave and one 
P-wave meson. We shall calculate the matrix element 


*N.S.F. postdoctoral fellow, now at Carnegie Institute of 
a TA Pittsburgh, Pennsylvania. 
F. Chew, Phys. Rev. 94, 1748, 1755 (1954); 95, 1669 
(1950). 
2M. Gell-Mann and K. M. Watson, Ann. Rev. Nuclear Sci. 4, 
219 (1954). 


for production of an S-wave and a P-wave meson, 
neglecting recoil effects. 

We use the methods of Wick, Low, and Chew,?4 
which have been applied with great success to the 
problems of scattering and photoproduction of a single 
meson. We wish to calculate the matrix element 


Maa (oe ~ fits-Aniayaret), (1) 


where Wo is the wave function of the physical nucleon, 
VW, is the wave function for a state in which two mesons, 
with momenta p and q (and ingoing scattered waves), 
are present in addition to the nucleon, while j(x) and 
Ax(x) are the current and the electromagnetic potential 
for a photon with momentum K. The isotopic spin 
indices have been suppressed. The units are such that 
h=c=1=y (the meson mass). We may write 


Vpq=0q*Vp— (H—w,—wp tic) Vp, (2) 


where V, is defined by 
[H,aq* ]=waq*+V 4. 
Then (1) becomes: 


Mai (¥. f j-Adts, aa} ) 
+ (5, Vett—e,-w,~ie fj-atew) 
-(, fi-derages), (3) 


If we specialize to the case that one of the mesons, the 
meson with momentum 4q, is in an S state, then Vz=0 
and ag¥o=0, so only the first term of (3) remains. 
Since the final state is of course symmetric, we must 
later symmetrize M pq. 

3G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 


4F. Low, Phys. Rev. 97, 1392 (1955); G. F. Chew and F. Low, 
Phys. Rev. 101, 1570, 1579 (1956). 
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To evaluate the commutator of a, with the current, 
we note that we get contributions from two types of 
terms; first, there is the ordinary meson current, 


| fin(a) een) "PX, da 


= 2ieq: e[ 8Kww(q— K) }- ‘esay[ Oq_—K, yt@K-q, e"t. (4 


The isotopic spin index is here indicated explicitly, with 
an implied sum over the repeated index. The matrix 
element of (4) is reduced to a simple form by using the 
identities, 
(WV, Qq—K, yo) 

=— [wptw(q- K) } “(Y,, Ve_x, y*WVo), 


(V,, aK~q, Wo) == [w(q— K) —w,}" (W,, on yWVo). 


(5) 


Secondly, we get a contribution from the interaction 
current term which is required to provide continuity 
of current: 


| fie) -0(2K) eae, tge| Je (AK) (6) 


We can express the matrix element of (6) in the same 
form as (5) by noting that in the Yukawa (linear) 
theory 
V pa=tfo-p(2wy)*ra0(p?) = pi(Qwy)} (7) 
and 
Jqa=efesayT. (8) 
Therefore, 


(9) 


Jqa= —i€€3a,U,, 
U,*=—U,. 


Equations (9) are valid in any theory in which only the 

gradient of the meson field variable, (V@), enters the 

interaction Hamiltonian (provided the source size is 

small compared with the wavelength); however, the 

interaction may involve an arbitrary function {(V¢,,*). 
Combining Eqs. (4) to (9), we find 


1e€say 2q: e( Ki~4qi) 
aah aaa 
(4Kw,)! Scone “q 


X (Wps,U iaVo). 
In order to obtain a consistent neglect of higher partial 
wave effects, we may separate out the part in which one 
meson is an S state; this gives 


M 5,, oo ie€zay(4Kw,) *F (q)ei(V pa, Uiyo). 


M pa, “a 


(10) 


(11) 
where 
Wat q 


tes og— “]=1-—e.-0). (12) 
4Kq wa-q 3K 


It is evident that the meson current term gives a small 
part of the total effect. Finally, we remember, that 
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Wick, Chew, and Low’ have shown the remaining 
matrix element in (11) to give the matrix element for 


scattering of a P-wave meson with energy wp, 


(Wp8,V qa¥o). (13) 


Roa, qa 
We write 
(14) 


Ra, qa (4wp9)™ 1g; ($0, Ty, Ba (p)do), 


where the @¢o are bare-nucleon states; then 


M53, qa= —1(8wgwpK)“he€3aF (9) 
X pie (G0,T vi, sy(P)oo). 


Equation (15) is our final result—it has the form of 
an explicit relation between the matrix element for 
meson pair production and the P-wave scattering 
phase shifts. 

If we retain only the scattering phase shift 633, we 
have, writing 63;=64, 


Tj, 8y(p) = — 124 (83y— 


(15) 


§TaTy) (84j;— 30:05) 


Xp sind(p)e*. (16) 


We then find directly, for the cross section for produc- 
tion of a (x+,~) pair 


do*-=12a(4n)"*Kk, k_deo.d2,.d2_ 
x (ky72,7F_*(3 sin’6, +4) 
+$k ZF ,?(3 sin’@_+4) 
—4h,k_D,2_F,F_cos(5,—5_) 


X[(5/3) cosp—cos6, cosb_]}, (17) 


where we have written k,,. instead of p, g. Here 
F,=F (ky), and Y= (ky)~ sind,; also, 6, and 6_ are 
the angles of the r+ and ~ with respect to the photon, 
and ¢ is the angle between the two mesons. Similarly, 
we find for the cross section for production of a 
(r+ 9°) pair 
8akskodw,. 
dat? = AN AD Rer-Z oF 
3(49)?K 


4°(} sin’o+4). (18) 


Equations (17) and (18) would be particularly useful 
when the P-wave meson has an energy close to the 
resonance energy for meson-nucleon scattering in the 
J=%, T= state. Note that the familiar ratios, 9:2:1, 
which occur in meson scattering, appear here as the 
ratios of the partial cross sections for producing a #* in 
a P state and am inan S state, a r° ina P state anda 
a+ in an S state, and a w ina P state and a w* in an 
S state. We therefore find o+~=5oe+°. In the (x+,x7-) 
differential cross section, there is a pronounced prefer- 
ence for emission of the positive meson at right angles 
to the photon beam, and with most of the available 
energy. This differs markedly from the result of Lawson® 


“®R. D, Lawson, Phys. Rev. 92, 1272 (1953), 
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Fic. 1. Theoretical curves of do/dw_ versus w_ for various 
photon energies K, in the center-of-mass system. 


who made a lowest order perturbation calculation using 
the relativistic theory. 

Near threshold the P-wave scattering in other states 
may not be completely negligible compared with the 
scattering in the (3,3) state. The smaller phase shifts 
are not given very accurately by the experimental data, 
so in this region we approximate them by the Born 
approximation to the cut-off Yukawa theory, which 
gives 


T ij, ap(p) =4rfPws oo jTaTg—9;0iT pT a | 
— 12% (6;;—40,0;) (6ag—4TaT8) 
Xp sind (p)e* — 47/3, ], 


where f*, the meson-nucleon coupling constant, is 
roughly 0.08. Using (19), we calculate 


do*-=12a(4e)-*K—1k, k_deo,dQ,d0_ 

x (ky?F_*(24?(5 sin’, +3) 

+24£; cosd,(3—} sin’#,)+ (€7/12) ] 

+$k FL 2(3 sin’6_+$) 

+23_£ cosd_((7/3)— (11/2) sin’#_) 

+£(5 sin*#_+ (49/12))] 

+4k,k_F,F_[2,>_ cos(6,—6_) 

X (cos, cos#_— (5/3) cosd) 

+2,£_ cosd,((19/6) cosp— (11/2) cos6, cosé_) 

+2Z_£, cosé_(} cosé, cos#_—} cos) 
+£,£ (5 cos0, cos6_— (4/3) cos) ]}, 


where £,=4/°/3w,. The perturbation theory result is 
obtained from (20) by replacing 24 by &4, and 6, 
by zero. 

Some of the recoil corrections may be taken into 
account in the following way. First we may replace the 


(19) 


(20) 


ZACHARIASEN 


scattering matrix in the center-of-mass system of all 
three outgoing particles by the scattering matrix in the 
c.m. system of the nucleon and just one meson. We 
multiply 24 by [1+(w,/M)], and to correct the sta- 
tistical factors in the expression for do, we replace 
K~ by »"[1+ (v/M) }", where » is the frequency of the 
photon in the c.m. system, and we replace dw, by 


dw,dw_/dlw,+w_+ (ky, +k_)?/2M]. 


In addition, there are recoil corrections to the meson 
theory, which we do not discuss here. 

In Fig. 1 is shown do*~/dw_, plotted against w_ and 
K. These cross sections were calculated assuming only 
5330, that is, from Eq. (17). Recoil corrections are 
not included. The phase shift 63; was taken from a fit 
to the experimental meson-nucleon scattering by Feld.® 

The present experimental results’ show the peaking 
of do*~/dw_ at low w_. No angular distributions are as 
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Fic. 2. Experimental measurements of the quantity J (@K/K) 
X (do /dw_dQ_) as a function of w_ for a laboratory angle 6_=60°, 
at laboratory photon energies of 575 and 595 Mev, in units of 
ub/sterad Mev. 


yet available. The best quantitative information is 
shown in Fig. 2 together with the theoretical predic- 
tions. The measured quantity is 


ie — da* 
ite. K tdwdQ_ ¢_=60° 


There appears to be a general qualitative agreement 
with the theoretical predictions. 


ACKNOWLEDGMENTS 


In conclusion, we wish to thank R. F. Christy, G. 
Kallén, C. Mgller, and K. M. Watson for their sugges- 
tions and helpful discussions. One of us (R.E.C.) wishes 
to thank the National Science Foundation for a post- 
doctoral fellowship, and the Institute for Theoretical 
Physics for its hospitality. 


6B. T. Feld (private communication). 
7R. M. Friedman and K. M. Crowe, Phys. Rev. 100, 1799 
(1955) ; M. L. Sands (private communication). 





PHYSICAL REVIEW VOLUME 


103, 


NUMBER 4 


Charge Conjugation and the -° Meson 


GrEorGE A. SNow 
Nucleonics Division, Naval Research Laboratory, Washington, D. C. 


(Received April 10, 1956) 


The assumption of charge conjugation invariance, as used by Gell-Mann and Pais to discuss the decay 
of the #& meson into two + mesons, has been applied to the decay of the 7° meson into three 7 mesons. 
Analogous to the #-meson case, the r® meson must be considered a “particle mixture” exhibiting two 
distinct lifetimes. There is no absolute selection rule against three-r-meson decay for either of these two 
7 mesons, but their transition probabilities into three + mesons are quite different. For example, if the 
7 meson is a pseudoscalar particle, the ratio of these two transition probabilities is >>100. 

A brief discussion is given of other modes of decay of neutral heavy mesons and of some experimental 


consequences of this picture. 





I. INTRODUCTION 


ELL-MANN and Pais! have applied to the # 
meson the assumption that the interaction 
Hamiltonian is invariant under charge conjugation 
even for weak interactions. They conclude that the 
6 meson is a “particle mixture” of two types of mesons, 
6,° and @,°, corresponding to the charge conjugation 
quantum numbers +1 and —1, each with different 
modes of decay and with different lifetimes. The 
purpose of this note is to consider the consequences of 
the conservation of the charge conjugation quantum 
number for the decay of the neutral 7° meson. Although 
there are many examples of anomalous V° events,” 
there is no positive experimental evidence for the 
existence of a 7° meson. However, its existence follows 
naturally from the assumption that the r meson, just 
as the @ meson, has an isotopic spin of 3. Following 
Gell-Mann*® and Nishijima* we assume that the 7° 
meson has strangeness quantum number +1 and that 
the antiparticle 7° has strangeness quantum number 
—1. 
If we denote the complex field operators that create 
the r° and 7° mesons by the particle symbols themselves, 
and let C denote the charge conjugation operator, then 


CYCt=P, 


FC = 9, 


(1) 


The particles that belong to the eigenvalues +1 and —1 
of C are r;° and 72°, where the corresponding field 


operators satisfy 
CrYC> o 71°, 


Croc aa hm T?. (2) 


1M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

2A summary of most of the published anomalous V° events is 
given by R. W. Thompson, Progress in Cosmic Rays (Interscience 
Publishers, Inc., New York, to be published), Vol. 3, Chap. 5. 
See also the discussion of these anomalous V® events by Ballam, 
Crisaru, and Treiman, Phys. Rev. 101, 1438 (1956). 

3 M. Gell-Mann Phys. Rev. 92, 833 (1953); M. Gell-Mann and 
A. Pais, Proceedings of the International Conference, Glasgow, 1954 
(Pergamon Press, London, 1955). 

4T. Nakano and K. Nishijima, Progr. Theoret. Phys. (Japan) 
10, 581 (1953); K. Nishijima, Progr. Theoret. Phys. (Japan) 13, 
285 (1955). 


and 


Hence 
r= (79+ 7°)/vV2, 729 = (7°— #°) /V2i. (3) 

The 11° (72°) particles can decay only into a state 
of lighter particles that is an eigenstate of C with the 
eigenvalue +1 (—1), since we have assumed that the 
interaction Hamiltonian is invariant under charge 
conjugation. 

The most characteristic mode of decay of the r° 
meson would be the decay into three + mesons: 


at+a-+7° 
w+7°+7°. 


(4a) 


pP#— | 


Other possible decay modes include 
ut-at+y 
| 
e+-+nF+y, 
P—y+7, 


and various other radiative decay modes. 

The following discussion concerns the relative 
probabilities for the 7,° and 72° mesons to decay into 
these decay modes. 


II, 3x DECAY MODE OF THE *+° MESONS 


We wish first to establish the properties of the 
three-r-meson system under charge conjugation. The 
m meson is even under charge conjugation. The 37° 
state of (4b) is therefore an eigenstate of the charge 
conjugation operator with eigenvalue +1.° Hence the 
71° meson, but not the 72° meson, can decay into the 
essentially invisible 34° mode of decay. 

The x* and w~ mesons are interchanged under charge 
conjugation,® so that the classification of the (xt, a, 
m) state of (4a) depends upon its symmetry char- 
acter. Let Z denote the orbital angular momentum 


5 For some detailed discussions of the consequences of charge 
conjugation invariance see A. Pais and R. Jost, Phys. Rev. 87, 
871 (1952); L. Wolfenstein and D. G. Ravenhall, Phys. Rev. 88, 
279 (1952); L. Michel, Nuovo cimento 10, 319 (1953). 

6 See, for example, the excellent discussion of D. Amati and 
B. Vitale, Nuovo cimento 2, 719 (1955). Earlier references are 
given there. 
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TABLE I. Possible combinations of the two independent orbital 
angular momenta of the three-w-meson system for a few values of 
the spin and parity of the r® meson. The 7;° and 72° mesons have 
charge conjugation quantum numbers +1 and —1 respectively. 








(L ad 
(0,0),(2,2),--- 
(0,1),(2,1),- oa 
(0,2),(2,0),--- 


Spin Parity 














of the relative coordinates between the w+ and 2 
mesons, and / the orbital angular momentum of the 
m meson relative to the m+, x~ center of mass. Then 
the eigenvalue of the (r+, x, w°) state under charge 
conjugation is (—1)”, independent of /. Even and odd 
L’s correspond to eigenvalues +1 and —1 respectively. 
The allowed values of L and / for the 7;° and 72° meson 
decays are determined by the spin and partity of the 
r meson. Table I lists these possibilities for the first 
few possible values of spin and parity of the r. (Only 
those values that are not consistent with the decay 
into two 7 mesons are considered.’) 

Since the (+, x~, 2°) spatial states available to the 
v3’ meson and to the 7," meson are quite different, the 
transition probabilities of the 72° meson and 7;° meson 
into this mode will also be different. The forbiddenness 
of the 3° mode of decay for the 72° meson clearly has 
the effect of lengthening its lifetime relative to that 
of the 7;°. In the discussion that follows it will be shown 
that the (xt, x, r°) mode of decay also tends to be 
faster for the 7;° meson than for the 72° meson. 

Dalitz* and Fabri® have given arguments to justify 
the assumption that for a given spin and parity of the 
7 meson, the three-r-meson state with the lowest 
allowed value of Z+/ dominates the r-meson decay. 
They estimate that the transition probability decreases 
by factors 2100 for each successive increment of 
L+1l[A(L+/)=+2]. If the 7 meson is a 0- particle, the 
lowest value of (L+/) is 2 for the r2° meson but 0 for 
the r;° meson, so that the relative transition probability 
of 72° and 7;° into (4+, x-, 7°) would be expected to be 
<1/100. 

This simple criterion does not suffice to distinguish 
the 7;° and 72° transition probabilities if the spin of the 
7 meson is different from zero. There are some essential 
differences, however, between the spatial wave functions 
of the 3 x mesons for the two types of r° mesons. These 
differences become evident when the symmetry prop- 
erties of the meson wave functions are examined in 
more detail. For this discussion it is necessary to 
consider the isotopic spin wave functions, as well as 


7 The most recent analysis of r*-meson decays, as reported by 
J. Orear, Bull. Am. Phys. Soc. Ser. II, 1, 52 (1956), shows that 
the parity of the r meson is almost certainly —(—1)/. Further- 
more the assignment 1+ for the spin and parity of the r was 
reported to be much less probable than either 0~ or 2. 

®R. H. Dalitz, Phil. Mag. 44, 1068 (1953); Phys. Rev. 94, 
1046 (1954). 

* E. Fabri, Nuovo cimento 11, 479 (1954). 


A. SNOW 


the spatial wave functions, of the three-x-meson 
system. 

The complete (x*, x~, 7°) wave function, y, must be 
totally symmetric since the x mesons are Bose particles. 
y can be written as a linear combination of products 
of an isotopic spin wave function, xr7*~ (1,2,3), and 
a spatial wave function ¢(r1,r2,73). The total isotopic 
spin of the three (‘=1) x mesons can take the values 
T=0, 1, 2, or 3. The xr wave functions can be con- 
structed in a straightforward manner using the method 
of Van Hove.” An isotopic spin wave function, x, of 
arbitrary symmetry characteristics, can be combined 
with a general spatial wave function, ¢(r1,r2,r3), to 
form a totally symmetric three-r meson wave function ; 


y= $> px(1,2,3) ¢(11,%2,%3). 


The sum is carried out over all six permutations of 
(1,2,3). Only those parts of ¢ that have the same 
symmetry character as x will contribute nonvanishing 
terms to this sum. 

We can write x7° as a linear combination of products 
of a,, ao“, and a_™, where these a’s represent the 
three independent isotopic spin wave functions for a 
mw meson and (i,j,k) represent permutations of (1,2,3) 
(see Appendix). Charge conjugation applied to the 
wave function x7° is equivalent to the transposition 
a,+a_, with ap unchanged. This transposition of a; 
and a_ changes the wave functions x7W~0° and x72" into 
—xr-0° and — xr~2", while it leaves the wave functions 
xra-1’ and x73" unaltered. Hence the T=0 and T=2 
states have the eigenvalue —1 and the T=1 and T=3 
states have the eigenvalue +1 with respect to the 
charge conjugation operator. It follows that the 7:° 
meson can decay only into the states with T=1 or 
T=3, while the 72° meson can decay only into the 
states with T=0 or T=2. 

This selection rule, which follows from our assumption 
of charge conjugation invariance, restricts the types of 
spatial symmetry that are allowed for the three-7-meson 
wave function since the symmetry properties of the 
isotopic spin wave functions belonging to different 
values of T are different. There is one wave function 
with T=0 which is totally antisymmetric; there are 
three wave functions with T=1, one totally symmetric 
and two of intermediate symmetry"; two wave func- 
tions with T= 2, of intermediate symmetry ; and finally 
one wave function with T=3, which is totally 
symmetric. 

If we assume that there exists an isotopic spin 
selection rule for slow decays, namely AT=+},” then 


Van Hove, Marshak, and Pais, Phys. Rev. 88, 1211 (1952); 
L. Van Hove, U. S. Atomic Energy Commission Report NYO-3074 
(unpublished). Socks 

"These are usually denoted by the Young symbol: ink F 


See H. Weyl, The Theory of Groups and Quantum Mechanics 
(Methuen and Company, Ltd., London, 1931). 

12 See references 3 and 4; G. Wentzel, Phys. Rev. 101, 1215 
(1956); and R. Gatto, Nuovo cimento 3, 318 (1956). The fact 
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the spatial symmetry requirements on the 72° decay 
are considerably sharpened while those for the 71° 
decay are not changed.” The 72° meson can then only 
decay into the T=0, three-r-meson state. Hence the 
three-r-meson spatial wave function must be totally 
antisymmetric. This condition does not yield an 
absolute selection rule against three-r-meson emission 
for any of the possible values of spin and parity of 
the 72° meson. However, it does increase the number of 
nodes of the three-r-meson wave function within the 
small region of overlap with the 72° meson wave 
function, thus tending to reduce the r2°-meson decay 
rate. 

For example, in terms of the two independent 
relative coordinate vectors, r=r,—r_ and r’=r,+1r_ 
—2ro, the simplest totally antisymmetric meson wave 
function having zero spin and odd parity (including 
the intrinsic odd parity of the three + mesons), is" 


~ (er) [(e-r)P— (0 3e2)"], 


The complexity of these wave functions suggests that 
the very simple estimate of relative transition prob- 
abilities for different (Z,/) combinations consistent with 
a given J, as given by Dalitz® and Fabri? in terms of a 
momentum to the lowest possible (/+L)th power, is 
not reliable for these antisymmetric meson wave 
functions. Fabri explicitly points out that in order to 
justify Dalitz’s approximation, one must be able to 
write the 3-meson wave function as a totally symmetric 
function of the variables r and r’. It is probable therefore 
that the 72° transition probabilities for spins >0 are 
smaller than the 7,° transition probabilities even for 
identical values of (L+/). This is a qualitative argument 
that is hard to make quantitative without some very 
detailed assumptions about the meson decay mechanism. 

In summary, it is likely that the 7° transition 
probability into 37 mesons is substantially less than the 
corresponding 7° transition probability for all values of 
spin and parity of the r meson. If the simplest hypo- 
thesis prevails, namely that the r meson is a 0~ particle, 
then the 72° decay probability should be particularly 
small, (1/100) of the 7:° decay probability. 


Ill. OTHER DECAY MODES OF THE *+° MESON 


Dalitz'® has extensively discussed various prob- 
abilities for radiative r+ decay, such as 


that the ratio (r*r+-+-2++27)/(1*+2*+2°+7°) lies between 
1 and 4 is consistent with this selection rule. If the experimental 
data yield a result of 4 for the ratio, it would imply that only the 
totally symmetric 7 = 1 wave function plays a role in the r* decay. 

131f the 7:° decays into a pure J7=1 state, it follows that 
0 < (71°32) / (79+ +27 +2°) <3. See R. H. Dalitz, Proc. 
Roy. Soc. (London) 66, 710 (1953). I am indebted to R. Glasser 
for pointing out a misprint for this ratio in Dalitz’s paper. 

“Jn the (L,J) notation, this wave function is a combination of 
(1,1) and (3,3) states. There does not exist a totally antisymmetric 
pure (1,1) wave function. [See R. G. Sachs, Nuclear Theory, 
(Addison-Wesley Press, Cambridge, 1953) for a discussion of 
this point. ] Similarly the, simplest J=2~ wave function that is 
totally antisymmetric involves combinations of (1,1) and (1,3) 
wave functions. 

15 R. H. Dalitz, Phys. Rev. 99, 915 (1955). 
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rho tat ban ty (7) 
tta>gt+7+y,. (8) 


and 


One might expect that such decays would be less 
probable by a factor of a=1/137 and Dalitz’s conclu- 
sions in most cases confirm this.'® For pseudoscalar r 
mesons, the probabilities of these radiative modes are 
particularly small. His arguments should apply equally 
well to neutral r mesons. These decay modes are 
available to both the 7,° and the 72° mesons, but they 
would be relatively more important for the 72° meson 
since a transition probability that is ~a times smaller 
than the transition probability of a 7:° into three 7 
mesons, could be of comparable magnitude to the 
allowed three-z-meson transition probability of the 
72° meson. (The y ray has an eigenvalue —1 with 
respect to charge conjugation so that the decay r2°—t 
+72-+7°+7 demands that the three-r-meson state 
belong to the eigenvalue +1 with respect to charge 
conjugation. This is the same requirement as that for 
the 3-4-meson state in 7;° decay.) 

If the r meson is a 0 particle, the essentially invisible 
decay, r°—y++7, is allowed for the 7°. It is never 
allowed for the 72°. It is difficult to estimate the relative 
transition probability of this decay mode relative 
to the three-7-meson mode of decay of the 7;°, but again 
one might venture that it is smaller by a factor ~a. 
In any case this essentially invisible mode does not 
contribute to the 72° lifetime. 

So far we have considered modes of decay of the 72° 
meson which imply that its lifetime is much longer than 
the lifetime of the 7;° meson. (This factor is >>100 if 
the + meson is a O~ particle.) Such large a priori 
differences of decay probabilities between the 7,° and 
72’ mesons do not exist for the K,;° or K,3° modes of 
decay*’; that is, 


7 t-+ 


pt 
_jteer D. (9) 
€ 


By forming appropriate linear combinations of the two 
charge combinations on the right-hand side of Eq. (9), 
one can form eigenstates with eigenvalues +1 and —1 
of the charge conjugation operator. For either of these 
two modes, the 72° and 7;° meson decay rates are equal. 
Of course it is still an open question as to whether it is 
the @* meson or the r+ meson or both that contribute 
to the observed K,3* and K,3* events. If these modes of 
decay are available to the r° meson, then it is probable 
that this is the dominant mode of decay of the 712° 
meson, particularly if the r meson has spin 0. It might 
also be noted that if the K,; and K.3 modes of decay are 
available to the # meson, they, rather than the radiative 
decay (6,°>x++2-+7) that was discussed by Gell- 


16 See also S. B. Treiman, Phys. Rev. 95, 1360 (1954) on the 
radiative ® meson decay. 

1” Yekutieli, Kaplon, and Hoang, Phys. Rev. 101, 506 (1956); 
Bull. Am. Phys. Soc. Ser. IT, 1, 64 (1956). 
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Mann and Pais,! could form the dominant modes of 
decay for the @.° meson. 


IV. DISCUSSION AND CONCLUSIONS 


The basic idea of invariance of the Hamiltonian 
with respect to charge conjugation of Gell-Mann and 
Pais has been applied to the 7° meson. Corresponding 
to the existence of two distinct types of 6° mesons, 6,° 
and 6,°, there are two distinct types of 7° mesons, 7;° 
and 72°, with different lifetimes and different modes of 
decay. From the experimental point of view, the ease 
of observation and clarification of this complicated 
state of affairs depends upon the quantitative lifetimes 
of these mesons and on the relative transition probabil- 
ities into the different modes of decay for each particle. 
A few qualitative remarks on these questions seem 
appropriate. 

The best known neutral heavy meson is the @ meson 
that decays into a + and a m-. (We shall call it the 
6,°.18) It is a striking experimental fact that the lifetime 
of the 6,;° meson is less by a factor of 100 than the 
lifetime of its isotopic brother the 6*. An attractive 
explanation of this effect in terms of the approximate 
validity of the AT=+(3) selection rule has been 
proposed.” The application of this selection rule to the 
7 meson decay into 3 + mesons does not yield any 
speed-up of the 7;° decay as compared to the r+ decay. 
This follows from the fact that the same (T=1), 
three-r-meson wave functions in isotopic spin space are 
available to the 7:° as to the r+, and that from our 
previous arguments the 7=0 state that is available to 
the 72° meson will have a much smaller three-z-meson 
decay probability than the 7;° meson. The absence of 
any evidence of a neutral particle that decays into 
(x+, x-, x°) with a lifetime comparable to that of the 
® is in agreement with this conclusion.” As for the 
K,3 and K,3 modes of decay, there is no @ priori reason 
why these should be faster for neutral particles than for 
charged particles. However, our ignorance of this whole 
subject of slow decays certainly allows such a speed-up 
as a distinct possibility. 

Neglecting any speeding-up factors for the neutral 
r’s, one might then try to estimate the 7° and 72° 
lifetimes from the observations on 7+ mesons. Unfor- 
tenately, the absolute transition probability for a 
7+ meson to decay into three x mesons or into (u++-2+ 7) 
is not uniquely determined by the measured r* lifetime 


18 The 6,°, as we have defined it heretofore, is the particle with 
eigenvalue +1 under charge conjugation. If the parity of the 
meson is even, then this is the particle that decays into the 
a* and x” mesons. 

19 A. H. Rosenfeld and M. L. Stevenson, University of California 
Radiation Laboratory Report UCRL-3314 (unpublished), come 
to a similar conclusion as to the predicted absence of fast 1°32 
decays. They argue that the difference in lifetimes between the 
@—2rt+2x- decay and the r*-+3m decay is due primarily to the 
difference in available phase space. See also M. L. Stevenson, 
University of California Radiation Laboratory Report UCRL- 
3275 (unpublished). These papers contain references to the 
measurements of the lifetimes and branching ratios of K+ mesons. 
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and the branching ratios of the K+ meson into its 
various modes. A further assumption is necessary 
concerning the breakdown of the K,:+ and K,s* (Kes*) 
decays among the two candidates 6+ and r+. Roughly, 
the reciprocal of the transition rate of the r+ meson into 
3 x mesons is ~ 10~’ sec. The reciprocal of the transition 
rate of some mixture of r+ and 6+ mesons into the 
K,3* and K,3+ modes is about twice as long. Equating 
the transition probabilities of the neutral + mesons to 
that of the charged r+ meson, in a way consistent with 
our previous discussions, one obtains for the lifetimes 
of the 71°, r(r1)~10-7 sec, and for the ratio of the 
lifetimes of the 7;° and 72° mesons 7(r1%)/7(r2%) <4. If 
the K,; and K,; modes of decay were dominant for 
the 6.° meson, then again one would estimate a lifetime 
7 (62°) 10-7 sec. None of these estimates take into 
account any enhancement of the neutral meson decay 
probability over that of the charged meson decay 
probability.” 

If enhancement is ignored, the estimated lifetimes 
for the 7;°, 7°, and 42° mesons are indeed long compared 
to the time needed to cross a typical cloud chamber. 
Hence experimental observations of these particles 
would be very difficult. Such observations would be 
further complicated by the possibility that a single 
decay mode, such as the K,;° or K,;°, could arise from 
three different particles, the 7°, 72°, and 62° mesons, 
with distinct lifetimes. 

On the other hand, the observations of a large 
number of anomalous V» events could only be consistent 
with lifetimes much shorter than ~10-7 sec. This 
would necessarily imply some enhancement of the 
neutral meson decays, the most probable being the 
K,3° and K,3° modes." Such an enhancement would 
also have the effect of making our discussion of the 3x 
modes of decay of the 7;° and 72° mesons somewhat 
superfluous since both particles would have the same 
transition rate into the K,3° or K.3° modes of decay, and 
this transition rate would essentially determine their 
lifetimes. 

If 7° mesons and # mesons are produced with equal 
probabilities, as has been suggested by Lee and Yang,” 
then in three-fourths of the production events of neutral 
heavy mesons, the neutral meson would be either a 
62°, ri°, or 72°. All of these particles are sufficiently 
long-lived so as to have only a small probability of 
being detected in association with a A° or 2 hyperon.” 

The above discussion on the possibility of experi- 
mental observation of the different types of neutral 
heavy mesons has been predicted upon the assumption 

” As mentioned previously, such an enhancement could not 
reasonably be expected for the three-r-meson mode of decay. 

*1 This point has been made by S. Treiman (private communica- 
tion). See also Ballam, Grisaru, and Treiman, Phys. Rev. 101, 
1438 (1956). 

22 T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956). 

% The observations of the Columbia cloud chamber group: 
Blumenfeld, Booth, Lederman, and Chinowsky, Bull. Am. Phys. 


Soc. Ser. II, 1, 63 (1956). Is consistent with this ratio of observable 
to nonobservable V° mesons. 
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that the 6+ meson and r* meson are different particles 
that each have a long lifetime (~10-* sec). Some of 
the conclusions would be changed if the cascade 
scheme of Lee and Orear*™ prevailed. There is then a 
bewildering number of alternative combinations of 
decays of @’s into 7’s or vice versa, and we shall not 
engage in an exhaustive discussion of all the possibilities. 
We merely note that, if the #° and r° mesons both have 
zero spin, the possibile cascade decay schemes that are 
consistent with charge conjugation invariance are 


7°90 +y+7, 
729 +y+7, 


if M,»> M,, or conversely, 7° if Mg>M,». If both 
particles do not have zero spin, then for M,o>Mg 
we have 


(10) 


TY +7, 
(11) 
7909+, 


and conversely for My>M,». 

These cascade possibilities can obscure to some extent 
an experiment that has been proposed by Pais and 
Piccioni*® as a direct test of the theoretical suggestion 
of Pais and Gell-Mann that the 6° meson is a “particle 
mixture.”’ Essentially they propose that one look for 
(x*+, x-) decays of neutral mesons just below an absorber 


that is located sufficiently far from the production 
source of the neutral mesons so as to ensure that the 
elapsed time is long compared to the lifetime of the 
ordinary #°—2++7- decays (~10- sec). The point 
is that a 7° meson that has a lifetime >10~" sec and 
that can decay into a @° meson will act as a source of 6° 
mesons that appear to have lived a long time. The 
possibility of the existence of a long-lived 7° meson 
is clearly independent of the theoretical idea of “particle 
mixtures,” which follows from the assumption of charge 
conjugation invariance. It is true, however, that this 
source of #° mesons would not be distributed more 
heavily below the absorber than above the absorber, 
as is predicted by Pais and Piccioni in their #°-meson 
discussion. The proposal of the Columbia cloud chamber 
group” to look for A° or =* particles after the neutral 


* T. D. Lee and J. Orear, Phys. Rev. 100, 932 (1955). 
25 A. Pais and O. Piccioni, Phys. Rev. 100, 1487 (1955). 
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mesons have traversed the absorber would not be 
affected by such long-lived r° mesons, provided that 
the production of the neutral mesons took place at an 
energy below the threshold for direct 7° production. 
[ Analogous to the decays depicted in Eqs. (10) or (11), 


the 7° mesons could act as a source of 6° mesons via 
y emission. | 
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APPENDIX 


As an illustration we list the isotopic spin wave 
functions belonging to T=0 and T=2 with T,=0: 


x7=0°(1,2,3) = (1/4/6) > pepo, ay a_, 


where P denotes a permutation (7,7,%) of the numbers 
(1,2,3), and e, is +1 or —1 depending on whether P 
is an even or odd permutation ; 


(12) 


dec — 
XT=2 =F {a0 (a, a_ —a_ aq, @) 


tay” (a4. %_® —a_a,®)) 
ixT=2’= (1/2V3) (aoa_® —a_May Jay 
+ (1/V3) (a, %a_® —a_ Ma, Jag 
+ (1/2V3) (a4 a — ana, Ja_®. 


(13) 


(14) 


The subscripts 2 and 1 on the left side of xr-2 denote 
the total isotopic spin state of the first two 7 mesons. 
This is then combined with the third x meson. It is clear 
that 

xT=0° xr—0° 
XTm2 p= — 4 XTH2" p. 


1X T=. 1iXT=2" 


(15) 


Piss 


Hence all three of these functions belong to the eigen- 
value —1 with respect to charge conjugation. Similarly 
the T=1 and T=3 wave functions with T,=0 satisfy 


x x ° 
x3" x3” 


Under charge conjugation, the T=0 and 2 isotopic 
spin wave functions belong to the eigenvalue —1, 
and the T=1 and 3 wave functions belong to the 
eigenvalue +1. 
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Invariance Property of the Brillouin-Wigner Perturbation Series* 


EUGENE FEENBERG 
Wayman Crow Laboratory of Physics, Washington University, St. Louis, Missouri 
(Received May 14, 1956) 


The complete perturbation series for the energy is invariant under the operation of adding a velocity- 
dependent interaction to the zeroth order Hamiltonian and subtracting the same quantity from the 
perturbation operator. The same invariance property appear to hold also for an optimum formulation 
of the terminated energy series generated by the mth order approximation to the wave function. An explicit 
proof is given for the first- and second-order wave functions and also for the complete energy series. 
Variational procedures for determining (a) the optimum velocity dependence of the zeroth order 
Hamiltonian and (b) the optimum uniform displacement of the zeroth order energy spectrum are 


discussed in relation to the invariant formulations. 





1, INTRODUCTION 


N effective single-particle potential function can 

be derived from two-particle interactions by a 
Hartree-Fock type calculation starting from a zeroth 
order wave function in the form of a Slater determinant. 
Calculations with plane wave orbitals and exchange- 
type two-particle interactions yield a velocity-depend- 
ent single-particle potential well.* The velocity 
dependence of the well depth can be interpreted as a 
reduction in the dynamical mass of the nucleon when 
it moves through nuclear matter. A similar effect 
occurs in calculations which include configuration 
interaction by more complete self-consistent procedures.‘ 

In a recent note Swiatecki® discusses the problem of 
determining an optimum velocity- (or energy-) depend- 
ent term in the zeroth order Hamiltonian in relation to 
the rate of convergence of the Brillouin-Wigner 
perturbation series. There is need for further discussion 
with emphasis on (a) the extremum property of the 
energy series and (b) the explicit dependence of the 
third and higher order energy terms on variations in 
the zeroth order Hamiltonian. These energy terms 
contain diagonal matrix elements of the perturbation 
operator and consequently depend explicitly on the 
assumed velocity-dependent interaction. 

To make physical sense it is necessary that the 
complete perturbation series for the energy be invariant 
under the operation of adding a velocity-dependent 
interaction to the zeroth order Hamiltonian and 
subtracting the same quantity from the perturbation 
operator. The same invariance property appears to 
hold also for an optimum formulation of the terminated 
energy series generated by the mth order approximation 
to the wave function. An explicit proof is given for the 
first and second order wave functions and also for the 
complete formal series. 


. Senpereed in part by the Office of Naval Research and the 
U. S. Atomic Energy Commission. 

1J. H. Van Vleck, Phys. Rev. 48, 367 (1935). 

2C. Fay, Phys. Rev. 30 560 (1936). 

3 J. Bardeen, Phys. Rev. 51, 799 (1937). 

‘4K. A. Brueckner, Phys. Rev. 96, 508 (1954). 

5 W. G. Swiatecki, Phys. Rev. 171, 1321 (1956). 


2. PERTURBATION METHOD 


The analysis is based on the resolution of the given 
Hamiltonian operator into the sum of a zeroth order 
operator Ho and a perturbation operator W. The 
eigenfunctions and eigenvalues of Hy are y; and EF), 
respectively; also EySE;SEy1---. Some of the 
arbitrariness in the assumed resolution is removed by 
requiring Woo.=0. Wave functions and energy values 
should be labeled with a complete set of quantum 
numbers 8=f;, B2, ---8, in addition to the index /. 
These quantum numbers are derived from the invariance 
properties common to Ho, W, and Ho+W, and hence 
can be used to label eigenfunctions of H» and also of 
the complete Hamiltonian H)+W. The eigenfunctions 
of Ho are thought of as grouped according to values of 
8; the given functions Yo, ---y, --- belong to one of 
these groups. Thus Ep is the lowest eigenvalue for the 
given 8, not necessarily the lowest eigenvalue of Ho. 
In the same way, W and E refer to exact or approximate 
eigenfunctions and eigenvalues of Ho+W for the 
given value of 8. 

We begin with the approximate wave function 


1 W no 
v= —| Wt GE's 
N E 


“n 


WreW es°’ 
(E—E,)(E—E,)::- 


*W mo 


+: 7 +Gidi'y: | (1) 
(E—E,) 





and setting Gj=---=G,=1 we obtain the implicit 
formula for the energy: 


E=Eoteotest: ++ te€2n41, (2) 
in which 
W onW no 
, —EE 
E-E, 
WomW mn** 
(E—Em)(E—E,):** 


These are the basic formulas of the Brillouin-Wigner 
perturbation procedure. The lowest root of Eq. (2) lies 


‘WreW oo 





€2k+1>= 
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higher than the corresponding lowest eigenvalue of 
Hot W. 

A closer approach to the lowest eigenvalue and the 
corresponding wave function can be attained by 
minimizing the expectation value of Ho+W with 
respect to the parameters Gi, G2, ---G;,. The explicit 
general formulas are then rather complicated but 
reduce to simple forms in several special cases.® In 
particular, if all the G’s except G; vanish, then 


1 
G=—— (4) 


1 rice €3/€2 


€3 
E= Eyt+e+- aids 


1—€3/€2 


€2 
= Ey +——— 


1 ane €3/ €2 


The lowest root of Eq. (5) falls below E,, the lowest 
root of ¢2.—e3; = 0, and also below £». It is clear from 
the explicit forms of €2 and e€3; that e2—e3 is negative 
below £,. Consequently, 

€2 


€2+€3>— ’ (6) 


1—e; ‘€2 


for a range of values of the energy including the lowest 
root of Eq. (5). 

If only G; and G2 do not vanish, the general varia- 
tional formula for the energy is® 


E= Eot+ (2G,;—Gy")e2+ (G+ 2G2— 2G;G2) €3 
+ (—Ge?+2G1G2)es+Ge'e5. (7) 


The stationary value of the right-hand member as a 
function of G; and G2 is found most simply by a process 
of completing squares, with the result 


€2 
E=E,+—— 


1—€3/€2 


[er€4— e3? - ‘€2 
POM eosle. acs . (8) 
(1—€3/€2)[ (€2— €3) (€4— €5) — (es— €4)” 


The stationary form actually is a minimum if the 
conditions, 





€2—€3<0, (€2—€3) (€s—€5) — (€3— €4)?>0, (9) 


hold for a range of values of E including the lowest 
root of Eq. (8). If the odd-order energy terms vanish, 
E, the lowest root of Eq. (8), falls below E,, the lowest, 
root of €,—¢,=0, and also e2—«, is negative below E, 
and 0<e/e.<1. Thus Eq. (9) certainly holds if 
odd-order terms in the energy series vanish. 


6 P. Goldhammer and E. Feenberg, Phys. Rev. 101, 1233 (1956). 


PERTURBATION SERIES 


3. VELOCITY DEPENDENCE AND 
INVARIANCE PROPERTY 


Consider now the possibility of introducing an 
explicitly energy-dependent term into the zeroth order 
Hamiltonian. This is accomplished by adding a term 
proportional to Hy— E to Ho and subtracting the same 
term from W, with the result 


H=H)'+W’, 
Ho = Hot (u—1)(Ho—£), 
Hi'—E=y(Ho—5), 
W'=W-— (u—1)(Ho— E) 
=W—[(u—1)/u](Ho’—E£). 


These definitions and relations now yield 


E=Eyt ¥ ens! 
n=() 
in which 
Wom’ W mn'- a i: W-.'W ao 
éna2 =>,’ ————$ 
(E 


?—E,)(E—E,’)---(E—E,') 


(12) 
L'a: SR 
= z. ( Junta 
pnt =O 5 


The discussion of Eq. (11) may begin with the 
approximate formula derived from the first-order 
wave function (with G;=1): 


E= Ey+e2'+e;' 
2u—1 
= Eot+ : 
2 
The minimum value of E occurs for 


(14) 


u=1—€3/e2, 


and is the lowest root of Eq. (5). Equation (14) actually 
implies €;’=0; thus the optimum value of u associated 
with the conventional first-order wave function is 


determined by the condition 
€3' = 0. 


(15) 
This result justifies the initial assumption G,= 1. 

The diagonal matrix element W,,, may be expected 
to increase algebraicly with increasing E,,; a plausible 
inference then is that diagonal terms, 


; | Won|?Wan 


(E-E,)?’ 
determine the sign and approximate magnitude of ¢3. 
The conclusion, 
1—€3/e2>1, 
then follows; thus u>1 and (u—1)/u>0 appears to 
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be a reasonable expectation in the absence of actual 
numerical values. 

In the simple problem of free particles in a box, 
M/u is identified with the effective mass of a nucleon 
in nuclear matter. If an oscillator Hamiltonian, 


Ho= thod (p?+q?)+U, 


is chosen to define the zeroth order description of the 
physical system, then yhw is the effective oscillator 
energy unit. 

An alternative procedure starts from 


1 
G\= ax 
1 —€3'/€9' 


(16) 


, 


€2 
Si, PARR 
1— €3 "lest 


(17) 


Equation (5) for E then follows independently of the 
value assigned to uw in consequence of Eq. (12). 

Thus G; and yu accomplish the same end in a curiously 
complementary fashion. If E is minimized with respect 
to G;, the resulting equation for E does not depend on 
nu and has the same form as results from minimizing 
with respect to yw starting from Gi=1. 

The preceding analysis can be extended readily to 
the energy formula generated by the second order 
wave function. In Eqs. (7) and (8), €, may be replaced 
by e,’. If we eliminate the primed quantities with the 
aid of Eq. (12), all dependence on yu cancels out and the 
primed form of Eq. (8) reverts back to the original 
unprimed form. 

The preceding results suggest a general statement to 
the effect that the formula for E obtained by minimizing 
E(Gi, Go, ---G:, w) with respect to the amplitudes 
Gi, Ge, ---G, does not depend on yz. The proof of this 
statement appears to require an elaborate algebraic 
technique. However the corresponding formal proof 
for the complete perturbation series with Gi=--- 
=G,=---=1 is quite simple, as shown below: 
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) z ( Jo tyrres 
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@ 
= > €s+2, 
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subject to the restriction | (u—1)/y| <1. If the restric- 
tion fails, the proof of invariance can be carried through 
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in identical steps with » defined by the condition 


Mal lp-1 |e! 
=-——, <1. 
Mn n pb Bn 


A general proof of invariance for an optimum 
formulation of the finite perturbation series may also 
throw light on the conditions under which the optimum 
values of Gi, G2, ---G,, --+ tend to unity as the order 
of the perturbation series is increased without limit. 


4. UNIFORM DISPLACEMENT OF THE ZEROTH 
ORDER LEVEL SYSTEM 


The condition Wo9=0 enters the preceding discussion 
only in the qualitative discussion of the sign of ¢;(W). 
While Woo=0 fulfills the purpose of making W,, 
small when | E—£,,| is small, it does not represent the 
optimum condition in calculations with a limited 
number of terms in the perturbation series. 

To discuss the possibility of an optimum condition, let 


W=X-—Xvw, 
W'=W-—(U-Xw), 
Hi =Hyt+ U—-Xw, 
E,'=E,+U—Xoo, 
|Won|? 


vi (W)=L' —., 
E-E, 


(19) 
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Consider the invariant energy formula 


E— Eo= ex! (W')?/Lex!'(W’)—es'(W’)], (20) 
subject to the supplementary condition 9E/dU=0. 
The supplementary condition requires 


eo Ns! (W) —2N2'3'(W) 
U—Xoo= ’ 


(21) 
2[ ee’ Po! mased N 2? | 





and this relation in combination with Eq. (20) gives an 
implicit equation for E—E)—U+Xo. The possible 
numerical values of E—Eo—U-+Xoo inserted in Eqs. 
(20) and (21) then determine E— Ey and U—-X . 

The numerator factor in Eq. (21) is expected to be 


small because of the relation 
N3' (W)/2No'~es' (W)/e', (22) 


which is suggested by the form of the normalization 
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and energy quantities. Explicitly, 
e's! (W) —2e;' (W)N,! 
| Wom|?| Won|?(En’— Em’) 


>>’ E,'— 
. (E— Em’) (E—E,')? 
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| (23) 


suggesting a high degree of internal cancellation. 
Internal cancellation is relatively ineffective in reducing 
the magnitude of the denominator since it is actually 
a sum of positive-definite terms: 
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(E— Ew’) (E— E,’) 
(E,’ 
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=z, 


—E,)*. (24) 

Finally, the formal invariance of the complete 
perturbation series with respect to uniform displace- 
ments of the zeroth order energy spectrum can be 
demonstrated by a calculation closely resembling that 
of Eq. (18). 
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We show that what has previously been considered the “accidental” degeneracy in the energy levels of the 
n-dimensional, isotropic, harmonic oscillator is actually a consequence of its symmetry group. The additional 
symmetry, beyond the -dimensional rotation group, arises from the symmetry between the coordinates 


and momenta. 


F the Hamiltonian for a given quantum-mechanical 
problem is invariant under a group of operations 
(for example, rotations of the coordinate space), then 
the eigenfunctions which correspond to each energy 
eigenvalue form the basis of a representation of this 
symmetry group. As any representation is a sum of 
irreducible representations, we see that the degeneracy 
of an eigenstate is directly related to the dimensionalit, 
of the irreducible representations. In many cases we can 
enlarge the symmetry group so that each energy 
eigenstate is composed of only one irreducible repre- 
sentation, although all irreducible representations need 
not appear.' In specific cases, however, it is not always 
easy to find the complete symmetry group. Fock? has 
found the symmetry group for the hydrogen atom and 
shown that the degeneracy of its energy levels is a 
necessary consequence of the symmetry properties of 
its Hamiltonian, but the degeneracy of the n-dimen- 
sional, isotropic, harmonic oscillator (hereafter referred 
to as n-oscillator) has not been understood in terms of 
the symmetry properties of its Hamiltonian. We shall 
now show that the degeneracy of its energy levels is a 
consequence of invariance under the n-dimensional 
unitary group. 
* University Predoctoral Fellow. 
1H. Margenau and G. P. Murphy, The Mathematics of Physics 
and Chemistry (D. Van Nostrand Company, Inc., New York, 


1950), Sec. 15.19. 
2? V. Fock, Z. Physik 98, 145 (1935). 


The Hamiltonian operator for the m-oscillator is 
H= ¥ [(pi2/2m)+22?mv*q,7]. (1) 
k=1 


If we introduce*® the non-Hermitian operators a;, which 
are defined by the relations 


ax=[1/(2mhv)*](2emvg.+ipr), (2) 


we obtain 


n 


H=hv be (a,*a,+}). (3) 


k=1 
The a, satisfy the commutation relations, 


4,.0,— 0,0, = a,*a,*—a,*a,*=0, 


(4) 


a,a,;*—a,*a,=Ddkr. 


We shall now show that the quantum mechanical 
problem of the m-oscillator is invariant under the 
n-dimensional unitary group. Let us define 


Ax= Lo Vira, (5) 
r=] 


3 See, for instance, P. A. M. Dirac, The Principles of \“"" 
Mechanics (Oxford University Press, New York, 1947), Sec. 34. 
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where U;, is an m-by-m unitary matrix, i.e., 


jr= Oye. 


> Ui-*U. 
r=] 
Then the new Hamiltonian, 3, 
R=hv b (A,*A z+) 
k=l 


=v | 


k=1 


D~ (ae*U ee*Upja;)+ | 


r=] j=l 
n 


=hv > (a,*6 


r=] j=l 


rj0j+}6,5) 


=hv 5 (a,*a,+4)=H, (7) 
r=] 


is equal to the original one, as defined by Eq. (1). We 
further verify that the A; satisfy the same commutation 
relations as the a,: 


r [Ui;U,«(aa;—aja;)]=0, (8) 


j=1,i=1 


A,A,—A,Ai= 


A,*A,*#—A,*A,*=0, (9) 


and 


a. [U;; U,* (aja i—e i*a;) J 


i=1,j=1 


A 7A a A oh a= 


= DL (UijgU 13*) = bur. 


j=l 


(10) 


To construct unitary, irreducible representations of 
this group, we consider the monomials in m variables: 


(acyl tarelt- + x9!*)/(falfel--+ fal), (11) 


y fi=f, 


which are homogeneous of degree f, where the f; are 
non-negative integers. If we think of (x, ---, %,) asa 
unitary vector space, and let the group act on it, then 
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the monomials (11) transform among themselves and 
hence form the basis for a representation. Weyl‘ shows 
that this representation is irreducible and unitary. By 
counting the number of monomials of degree f, we see 
that the dimensionality of this representation is 
[(m+f—1)!/(f)!(n—1)!], which is just the degeneracy 
of the fth level of the m-oscillator.* 

It is worth noting that these irreducible representa- 
tions, while sufficient for our purposes, do not exhaust 
all the inequivalent, irreducible representations of the 
n-dimensional unitary group. Wey] also shows that not 
only the symmetric tensors [our monomials, (11) ], but 
also the antisymmetric tensors from the basis of irreduc- 
ible representations. To see that they need not be 
equivalent, consider the antisymmetric tensors of the 
second order for the 3-oscillator. They form a three- 
dimensional pseudovector representation, which we 
know is inequivalent to the three-dimensional vector 
representation (11) already obtained. 

That the irreducible representations we have ex- 
hibited are the ones actually formed by the eigen- 
functions of the m-oscillator may be seen by following 
the transformation properties of the highest power in 
the polynomial part of the known solutions (products of 
Hermite functions) under the real orthogonal subgroup 
of the unitary group. Under this subgroup it is evident 
that our irreducible representations have the same 
transformation properties as do those formed by the 
known solutions. One can verify by somewhat tedious, 
but straightforward calculation that the same result is 
true under the full unitary group. We remark that the 
remaining terms of the eigenfunctions must, of course, 
transform properly. 

The degeneracy of the energy levels of the n-oscillator 
is therefore a necessary consequence of the symmetry 
group of the Hamiltonian. 

The author has profited from several conversations 
with Professor Robert Karplus, who called this problem 
to his attention. 

4H. Weyl, The Theory of Groups and Quantum Mechanics 
Gee Publications, New York, 1932), pp. 139 and 299. 


H. Fowler, Statistical Mechanics (Cambridge University 
sant New York, i955), Sec. 2.21. 
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The relationship between nuclear density and potential is determined, taking account of the saturating 
character and the finite range of the two-body forces. The former characteristic alone leads to the nonlinear 
relation between nuclear density and potential pointed out by Wilets, and accounts for an increase of poten- 
tial radius over density radius of about 5X 10-4 cm. The finite-range effect is estimated by using pseudo- 
potentials to represent the two-body interaction operators generated by the two-body potentials. The com- 
bined effects of nonlinearity and finite range give an increase in the rms potential radius which is very close 
to that observed experimentally. The fall-off distance of the potential surface predicted is, however, some- 
what greater than that empirically determined. It is pointed out that this discrepancy may be removed if 
proper account is taken of the nonlocal character of the nuclear potential. 





I. INTRODUCTION 


INCE the studies of the u-mesonic atom and of 

electron scattering first indicated that the nuclear 
charge density corresponded to a mean radius close to 
R=1.20X10~-A}, it has not been easy to reconcile this 
value with the considerably larger radii of (1.33 to 1.45) 
10-4? cm deduced from nuclear interactions. The 
discrepancy in radius is about (1.5 to 2)X10-%A! cm 
or in lead, for example, (0.9 to 1.2)X10-" cm. 

A possible explanation of the larger potential radius 
was given by Teller and Johnson,' who pointed out 
possible effects in nuclei with considerable neutron 
excess which would lead to greater radii for neutrons 
than for protons. These arguments do not apply in 
nuclei with N=Z, where the large radii are found just 
as is the heavier nuclei; furthermore, recent studies by 
Wilets’ of the neutron and proton densities have shown 
that the effects discussed by Teller and Johnson are 
nearly compensated in heavy nuclei by the effects of 
the nuclear symmetry energy. This compensation is a 
result of the tendency for neutron and proton densities 
to be equal; it is energetically unfavorable for regions 
of large neutron or proton excess to occur. 

More recently Drell* has examined the possible 
effects of the finite nuclear force range on the nuclear 
potential. Although this leads to some extension of the 
potential relative to the density distribution, Drell’s 
studies seem to indicate that for nuclear potentials of 
the form indicated by theory and by experiment, the 
increase in the nuclear radius is too small to account 
for the aforementioned discrepancies. Drell’s esti- 
mates neglected exchange effects and treated the inter- 
actions by perturbation methods; thus his results are 
somewhat inconclusive. 

It is the purpose of this note to elaborate upon an 
effect pointed out by Wilets* and to show that, when 
combined with the effects of the finite range of nuclear 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954). 

2L. Wilets, Phys. Rev. 101, 1805 (1956). 

3§. D. Drell, Phys. Rev. 100, 97 (1955). 

4R. A. Berg and L. Wilets, Phys. Rev. 101, 201 (1956). 


forces, it leads to an increase in potential radius com- 
parable to that deduced empirically. The essential 
point made by Wilets in his statistical analysis of 
nuclear structure is that because of the saturating 
character of nuclear forces, the potential seen by a 
neutron moving in nuclear matter cannot be a linear 
function of the density. Not only must the potential 
saturate at high densities, but in general it can be 
expected to fall off with decreasing density less rapidly 
than the density. This nonlinear relation automatically 
leads to an increase in the nuclear potential radius over 
that of the density. Wilets’ estimate was that the in- 
crease in radius would be of the order of 0.8 10~-" cm. 

We shall determine the magnitude of the Wilets 
effect using an analysis of the origin of the neutron- 
nucleus potential based on the detailed methods de- 
veloped in the saturation studies made by the author 
and others.>-? We shall then attempt to estimate the 
joint contribution of the Wilets effect and the finite 
force range to the difference in radii of potential and 
density. 


Il. POTENTIAL DENSITY RELATIONSHIP 
IN A UNIFORM MEDIUM 


We first determine the potential-density relationship 
in a uniform medium. We shall follow the several 
methods of the saturation work but as a simple example 
also give results based on some simple models. In the 
saturation studies, the determination of the interaction 
energy of a nucleus with its neighbors in a region of 
uniform density is 


V(1)=Di(Kis, i— Kis, a). (1) 


The reaction matrix K is determined by the solution 
of the integral equation 


1 
Kxp, 16= 01, 0+ > Pt, en Kaan, (2) 
mn E,\+£;—En—En 


5 Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954 


°K. A. Brueckner, Phys. Rev. 96, 508 (1954). 
7K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 
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where 
E,= (k?/2M)+V(), (3) 


and \’(k) is the interaction of a particle in the state k 
with its neighbors. The matrix elements are taken with 
respect to a set of states appropriate to uniform density, 
i.e., plane waves. We obtain the solution to this set of 
coupled equations, as in the saturation studies, by 
making the best fit to V(k) of the form, 


V (k)=V (0)+bF+ ck’, (4) 


and determining the self-consistent values of 6 and c. 
We shall not give the details of this computation, 
which follows closely the procedures of reference 7. 
The result for the potential energy of interaction is 
given in Fig. 1 as a function of density. The very non- 
linear relation between the potential and density is 
evident. Analysis of the origin of this result indicates 
that it depends most strongly on the great sensitivity 
of the solution of the self-consistency equations to the 
presence of a repulsive core. The relevance of the short 
range of the repulsion compared to the lower range of 
the attraction in the two-body interaction has pre- 
viously been emphasized by Drell.* 

As a second illustration of the Wilets effect, we con- 
sider simple two-body saturating interactions. We do 
not regard these two-body interactions as the actual 
two-body potentials, which should not be treated in 
first order, but rather as simple representation of the 
actual two-body reaction matrices which determine the 
binding energies.* Thus they should be related to the 
correct two-body potentials by coupled integral equa- 
tions similar to Eqs. (2) and (3). Accordingly, while we 
choose ranges of the order of those of the usual two- 
body forces, we will regard the strengths as adjustable 
and adjust them to give on the average a potential 
energy of interaction of nucleon with nucleus equal to 
that determined empirically. 

The examples we choose to consider are 


ov) (r)=—V1(1+4P, Je, 


ar 


exponential, 


»®) (r) = —V2(1+4P,) Yukawa, 


’ 
rT 
eer 


v® (r)= —V3(1+4P,)— 
r 


eter 


+V.—(4+P,), 


r 


“hard core” Yukawa, 


where P, is the space exchange operation and 1/y is 
the meson Compton wavelength. The saturation in the 
last case in a consequence of both the exchange char- 
acter and the short-range “repulsive core.” 


5 A similar assumption has been made independently by T. H. R. 
Skyrme in an analysis of nuclear surface structure (to be pub- 
lished). 
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Fic. 1. Interaction energy of a particle moving near the Fermi 
momentum, as a function of density (assumed uniform). The 
curve labeled “reaction matrix” is the prediction of Eq. (1). The 
density po corresponds to a radius parameter R= 1.20 10-43 
cm. 


The interaction energy of a particle in a state “1” 
with its neighbors is 
VN=E f ete*@o|r—n1) 
X[¢1(1) ¢.(i) — ¢1(2) gi(1) ]dridr;, (6) 
where the sum runs over the filled states. In a uniform 
medium, the states are plane waves 


1 
¢:(7)= . ‘"*spin functions, (7) 


where V is the normalization volume. Writing the 
interactions as 


v(r)= f(r) (a+ bP,), (8) 


and going from summation over the momentum state to 
integration, we find 


vas fans | 1b)-+(b—4a) 
=—f nif(tm—r,)| (a—} la 


XD(kr|1—1:|) 


in(Ri| m1— 1%; 
sin(ki|r =) 0) 
ky|m—1r| 


3 /sinx 
D(x) --(=*- cosx }. 
e\ x 


(10) 


The Fermi momentum fy is determined by the equation 
kp=1.52y/n, (11) 

where 7 is a parameter related to the density by 
V/A = (4/3) (a/u*)n. (12) 


Thus at a radius R=1.40X10-"A!=A?/p, 7 is equal 
to one. 

The momentum f; of the interacting particle will be 
close to the Fermi momentum if the particle is in a 





RELATION BETWEEN NUCLEON 


state close to the last filled level, so that we will replace 
k; by kr. Thus we determine the interacting energy of 
particle “1” with the rest of the system by integrating 
an “effective potential” of interactions between particle 


“1” and particle “‘7i’’: 
sink pry; 
——- (13) 


PG 


stra) = rad | (0-10) + 6-40) (ber) 


over the density distribution (uniform) of particle “7.” 
To carry out the integration in an elementary way, it is 
convenient to replace the density-dependent factor 
D(x) sinx/x by the very good approximation (sin$r/6r)?, 
where B=0.90kr. We then find for the three choices of 
potential given in Eq. (5) the potential energy of 
interaction 


4rmA15V, 1 


V 4 4u wtp 


497A 15 V2 6° 
y=————-"in( 14+), 
V 46 we 


4rA 15 [V; B° Vs 
VO=u— : ‘|= in( 1+) -—*] 

V iP 4? 16? 
In the last case it is necessary to specify a ratio of 
V4/V3. This is taken to be 2.40 to give a minimum in the 
total energy at close to normal density. These results 
are given graphically in Fig. 1 together with the results 
of the saturation calculation; the qualitative similarity 
is apparent. The potential as a function of variable 
density can be obtained if these results are assumed to 
hold in a region of varying densities. Taking the density 
distribution determined by the electron scattering and 
computing the potential, gives the result of Fig. 2. The 
increase in potential over density radius due to this 
nonlinear potential-density relation is about 0.5X 10-" 
cm. This corresponds to an increase in the radius param- 
eter (at A'=6) from 1.12 to 1.20X10-" cm. It is to be 
emphasized that the finite-range effect is not yet in- 
cluded in this result ; we consider this in the next section. 


you — 
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Fic. 2. Potential as a function of variable density, neglecting 
finite-range effects, but including nonlinear saturation effect. The 
intermediate curve gives the result for the reaction matrix. The 
oe labeled “Saxon potential” is taken from the work of Saxon 
et al” 
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III. FINITE RANGE EFFECT 


We next attempt to extend the results of the pre- 
vious section to media of nonuniform density. If the 
change in density occurs slowly, the interaction of 
particle 1 with the remaining bound particles of the 
medium, is correctly given by the effective interaction 
ve(|ti—ri|) of Eq. (13) with kr determined by the 
local value of the density. We shall assume that this 
relationship still holds even when the density change is 
rapid and evaluate kr at an average value of the density. 
This procedure certainly is approximate, but it does 
allow a very simple determination of the varying inter- 
action strength which is a consequence of the saturating 
character of the forces at the same time that the finite 
range effect is included. Our procedure then is the 
following; we determine the interaction energy of 
particle 1 by evaluating the integral 


Vin= f o(rae(| nina) (15) 


where ky, which enters in 2,, is evaluated at the density 
p(4|ri+r12|). This integral is not easily evaluated in 
general; we shall approximate to it by taking simple 
forms for v,(r). The correction due to the exclusion 
effect primarily alters the effective range of the poten- 
tial, and can be approximately represented by simply 
altering the range of the interaction. This is evident 
from the form of »,(r) given in Eq. (13), the correction 
due to the exchange term vanishing at r=0 and in- 
creasing monotonically with r (out to 0.9ker=7). The 
correction we make is to replace the range of the inter- 
action by a density-dependent range, the value being 
taken to give the correct result for the interaction 
energy in the case of a uniform medium. This approxi- 
mation will correctly reproduce the general effects of 
the exchange terms. The appropriate alteration in the 
ranges is apparent from Eq. (14); it is 


2u—>2u[_1+-6?/y? }!,exponential, 


log —} 
pal n(14+=) | , Yukawa, 
i 
2 


B 
24-4) in( 1+— 
4 


(16) 


—t 
=) | , “hard core” Yukawa. 
4u—4u 


In this approximation the integrals are easily carried 
out numerically; the results are given in Fig. 3 for the 
exponential and “repulsive core” Yukawa. The result 
for the Yukawa well is intermediate between these 
cases. The rather peculiar shape of the curve in the 
“repulsive core” case is due to the short range of the 
repulsion compared with the attractive. In the surface 
region of the density, the short-range repulsion exerts 
its full effect, while the larger-range attraction is not 
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Fic. 3. Potential as a function of variable density, including 
finite-range effects. The curves are normalized to the same 
potential volume. 


yet fully effective. On the other hand, well outside the 
matter, the long-range attraction alone acts. Thus the 
potential first increases rapidly as the matter distribu- 
tion is approached, then less rapidly as the short-range 
repulsion exerts its full effect, and finally reaches its 
full value in the central region. This complex behavior 
does not occur in the case of the exponential since both 
attraction and repulsion have the same range. 

To compare these results in detail with the semi- 
empirical results of Saxon,’ it is necessary to choose a 
normalization, i.e., to choose a value for the inter- 
action strengths Vi, V2, V; of Eq. (5). A general 
measure of the range which is independent of the 
normalization, however, is the mean radius. This we 
define to be 


(17) 


rea fo reine | fo rv(r)dr. 
0 0 


For the case we have taken, the results are 
R= 8.98X10-" cm, 
= 10.47X10-* cm, 
= 10.73 10-* cm, 


density distribution, 

Saxon potential, 

predicted from exponential inter- 
action, 

predicted from “repulsive core” 
Yukawa interaction. 


= 10.76X 10-* cm, 


Thus the mean radius of the computed potential dis- 
tribution is considerably larger than the density distri- 
bution and is close to that given by the Saxon results. 
To make a more detailed comparison, we normalize the 


distribution so that 
«oe 
f V (r)r'dr 
0 


is the same as for the Saxon distribution. The normalized 
distributions are those given in Fig. 3. These differ 


(18) 


® Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 
507 (1956). 


considerably in shape, but there is general agreement 
in the surface regions so that the effective mean radius 
agrees with that of Saxon. 

It is to be emphasized that the large mean radius of 
the computed potential is nearly the same for the two 
cases considered in detail. This is true although the 
“hard core” Yukawa has a considerably shorter range 
than the exponential. As we have shown, the difference 
in range of the two-body potential is not meaningful 
by itself but must be considered together with the origin 
of the saturation of the forces. 


IV. NONLOCAL CHARACTER OF GENERAL 
POTENTIAL 


An effect neglected in the preceding section arises 
from the nonlocal character of the correct effective 
interaction operation between the incoming and the 
nuclear particle. This is most easily seen if we consider 
the interacting energy between two particles, which to 
second order in the potential is 


(rire! | K | rire) =0(11— 12)6(t1— re— ry'+ 12!) 


+0(r— re!) (r're!|G| rire)0(ti—re), (19) 


where G is the appropriate Green’s function. Thus we 
cannot expect in general that the potential seen by a 
nucleon will be local; it will instead have the form 


(ral (n)=E ff vee) otra K Ine) 


Xvi(rdrdr?, (20) 
neglecting exchange terms. The corresponding Schréd- 
inger equation which determines the motion of particle 1 
in the field of the nucleus thus will be 


P v(t)+ f d\(r|W|e)y(r')=Bp(1). (21) 
2M 


The range of nonlocality of W will certainly be of the 
order of the range of the two-body interactions, i.e., 
not small compared with the nuclear edge depth. An 
even more complicated situation arises in the case of 
the imaginary part of the potential, which not only 
can be nonlocal, but also will not have the same shape 
as the real part of the potential. Thus it cannot have a 
precise meaning to make a comparison of “potential” 
shape (assumed local) with density shape, since the 
former can be at best a qualitative representation of the 
true nonlocal potential. It would seem desirable, con- 
sequently, to extend the range of potential considered 
in the analysis of nucleon-nucleus scattering to include 
such nonlocal interactions. 
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Paramagnetic Resonance Reorientation 
of Atoms and Ions Aligned by 
Electron Impact 


H. G. DEHMELT 
University of Washington, Seattle, Washington 
(Received June 29, 1956) 


IMPLE angular-momentum conservation con- 
siderations indicate that considerable alignment 
should result when atoms are excited to non-S states 
by electron impact. If, e.g., the energy of the impinging 
electron is just above that of the level to be excited, it 
will nearly be at rest after the collision. The angular- 
momentum transmitted to the atom can then have no 
component in the direction of the exciting electron 
beam and, therefore, the selection rule AM,=0 applies. 
This is borne out by experiments! on the polarization of 
the light emitted by electron impact excited atoms and 
also in accordance with a more refined theoretical 
treatment of the collision process.? Similar considera- 
tions apply to the formation of ions from neutral atoms 
and molecules. With ions, the intriguing possibility 
even exists to trap them by suitable fields* and maybe 
preserve the alignment for milliseconds. The great 
variety of states that can be reached by electron impact 
gives this excitation method a marked advantage over 
the optical excitation used in the related “Double 
Resonance” experiments.‘ 

Once the alignment has been achieved under con- 
ditions favorable to its preservation for a sufficiently 
long time, the angular momenta can be reoriented by 
paramagnetic resonance, the resonance being the 
sharper the longer the alignment persists. The central 
problem of detecting the paramagnetic resonance is 
thus transformed into that of monitoring the align- 
ment. A variety of ways exist to accomplish this. 
Besides, as already mentioned, observing the emitted 
optical radiation with respect to polarization and/or 
directional distribution, it is possible in the case of 
metastable or long-living states to observe the absorp- 
tion of polarized optical radiation corresponding to a 
transition to some higher state. A further possibility 
is based on the angular dependence of the ionization 
cross section. It is quite possible to collect the ions 
produced by a parallel electron beam fast enough to 
ionize from the metastable level but too slow to do so 


103, 


NUMBER 4 AUGUST 15, 1956 


+1 


7's, — 





ABSORPTION OF 
POLARIZED 
5461 (AM=0) 





Fic. 1. Levels and 
transitions involved 


+2 in paramagnetic res- 
+1 
Va: 
\& 
= 4 








onance experiment 
RF TRANSITIONS On aligned  meta- 
(AM=*21) stable *P. mercury 
atoms. 











eR, 














ELECTRON IMPACT 
| "(aM 0, 21) 











6s, 





from the ground state. Details of a resonance experi- 
ment employing such double-hit ionization undertaken 
by I. Duck and the author will be reported elsewhere. 
A description of an experiment performed on Hg atoms 
in the metastable *P2 state will serve to illustrate the 
method and demonstrate the feasibility of the absorp- 
tion scheme. 

A planar diode containing Hg-vapor saturated at 
room temperature (~1X10~-mm Hg) with a gap of 
2 cm and a hot oxide cathode of 3 cm? area was operated 
at a current of about 200 ma and a plate voltage (<20 
volts) favorable for the excitation of the *P2 state. 
Under these conditions, the gap is filled by an equi- 
potential plasma and the cathode closely surrounded 
by an ion sheath. The electrons receive all their ac- 
celeration inside this ion sheath and enter the plasma 
in a beam normal to the planar cathode.® Parallel to the 
beam, a magnetic field Ho of about 8.3 gauss was ap- 
plied, which splits the *P» level into five sublevels about 
17.2 Mc/sec apart in the absence of nuclear moments 
(Fig. 1). Of these, the M=0O and, because of electron 
exchange, also the M=+1 levels are predominantly 
excited by the beam. The alignment is now monitored 
by the absorption of \5461 radiation from an external 
source which was focused through the gap of the ex- 
citation tube and suitable filters on a photocell. The 
absorption by the metastables of the radiation which 
corresponds to the 6 *P,—7 °S, transition amounted to 
about 10%. When the radiation is polarized parallel 
to Ho, the selection rule AM=O applies and the ab- 
sorption is mainly due to transitions from the M=0 
level and to a lesser degree from the M=+1 levels. 
This situation is appreciably changed when a rf field 
H, of a few milligauss or more and the proper frequency 
is applied perpendicular to Ho. AM = +1 transitions are 
induced between the magnetic sublevels, and the non- 
absorbing M=-=:2 levels are populated at the expense 
of the M=0,+1 levels which weakens the absorption. 
With the modulation techniques commonly used in 
paramagnetic resonance experiments, the variation of 
the absorption with the field Hy can be displayed on an 
oscilloscope (Fig. 2). The g factor of the resonance was 
found by comparison with the signal from a K-NH; 
solution® to be 1.48-+0.01, in agreement with the optical 
value. 
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Fic. 2. Oscilloscope traces of 
45461 absorption by *P2 mer- 
cury atoms versus field Ho. A 
shows the decrease in absorp- 
tion by paramagnetic reso- 
nance reorientation induced by 
a rf field of ~12.5 milligauss, 
B and C are for ~62.5 and 
~250 wmilligauss. Radiation 
polarized parallel to Ho was 
employed for A—C. D shows 
the increase in absorption when 
polarization perpendicular to 
Ho was used; rf field ~62.5 
milligauss. 


—— 


1 gauss 


Two weaker resonances corresponding to the F=3/2, 
5/2 states for the Hg™ isotope have also been observed 
at the expected field values. The extensions of the 
method to observe AF=-+1 transitions for the odd 
isotopes which would allow a precision determination 
of the hfs are obvious. 

The author wishes to express his appreciation to his 
colleagues for advice and equipment, and to Mr. D. A. 
Schow and Mr. J. Jonson for the construction of the 
potassium resonance equipment and of various ex- 
citation tubes, respectively. 

1H. W. B. Skinner, Proc. Roy. Soc. (London) A112, 642 (1926) ; 
H. W. B. Skinner and E. T. S. Appleyard, Proc. Roy. Soc. 
(London) A117, 224 (1928). 

2J. R. Oppenheimer, Z. Physik 43, 27 (1927); H. Bethe, 
Handbuch Der Physik (Verlag Julius Springer, Berlin, 1933), Vol. 
24, Part 1, p. 508. 

*K. H. Kingdon, Phys. Rev. 21, 408 (1923). 

‘J. Brossel and F. Bitter, Phys. Rev. 86, 308 (1952). 

5]. Langmuir, Phys. Rev. 33, 954 (1933). 

*C. A. Hutchinson and P. C. Pastor, J. Chem. Phys. 21, 1959 
(1953). 


Ferroelectricity in the Langbeinite System* 


F. JONA AND R. PEPINSKY 
X-Ray and Crystal Analysis Laboratory, Department of Physics, 
The Pennsylvania State University, University Park, Pennsylvania 
(Received June 29, 1956) 


PTICAL examination of (NH4)2Cd2(SO4)3 over 
the range from room temperature to 77°K re- 
vealed a crystal transition about 10° above the lowest 
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Fic. 1. Dielectric 
constant of (NH4)> 
Cd2(SOx)3 as func- 
tion of temperature, 
measured along cu- 
bic [111] direction. 
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temperature. The material is cubic above the transition 
point, and belongs to the Langbeinite [K2Mg2(SO,)s | 
family. An x-ray powder pattern establishes the lattice 
constant as @=10.359+0.005 A. Growth from water 
solution at 80°C results in predominance of octahedral 
(111) faces. 

Dielectric measurements were made on plates cut 
perpendicular to the cubic [111] direction. The 
behavior of the low-field dielectric constant e111 as a 
function of temperature is depicted in Fig. 1. The room- 
temperature value of 11: is about 9.5; the constant 
begins to climb slightly at — 160°C, and reaches a peak 
of 10.2 at —184°C. Below this point, ferroelectric 
hysteresis loops are observed. The coercive field at 
—190°C is approximately 15 kv/cm for an applied 
field of 25 kv/cm, and the spontaneous polarization 
above the former [111] cube direction is about 0.3 
microcoulomb/cm?. The hysteresis loops sometimes 
appear with noncentric symmetry, as in the case of 
guanidinium aluminum sulfate hexahydrate as reported 
by Holden et al.! 

Detailed dielectric, optical, thermal, and x-ray 
measurements on this and isomorphous crystals are in 
progress. 

* Development supported by contracts with the Air Force Office 


of Scientific Research and the Signal Corps Engineering Labora- 


tories. 
1 Holden, Merz, Remeika, and Matthias, Phys. Rev. 101, 962 


(1956). 


Effects of Superexchange on the Nuclear 
Magnetic Resonance of MnF, 


R. G. SHULMAN AND V. JACCARINO 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received June 29, 1956) 


UCLEAR magnetic resonances of F" in oriented 

single crystals of MnF: have been observed at 
77°K, 195°K, and 310°K. Two broad F" resonances 
were found (corresponding to the two nonequivalent 
fluorine sites in the unit cell) whose separation shift 
from the F" resonance in a diamagnetic material, were 
functions of the external magnetic field, crystal orien- 
tation, and temperature. 

Bloembergen and Poulis' have pointed out that for 
crystal orientations such that Ho is contained in the 
a-b plane, two F"” resonances are to be expected while 
only one is to be found for Hp in the b-c plane. With the 
former orientation we have observed the separate lines 
at 77°K, while at 310°K the lines were not resolved. 
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Fic, 1. The shift in the F® resonance field from w/yr vs the 
external magnetic field. The dotted curve rope the predicted 
Ey a shift when Hp is parallel to the b axis and is given 


y Eq. (1). 


At 310°K, with Hoi, a line was observed which 
differed from w/yr by an amount we designate by AH; 
AH is plotted vs Ho in Fig. 1. It is to be noticed that 
AH is proportional to Ho and is ~30 times larger than 
the “paramagnetic shift” expected. The “paramagnetic 
shift” arises from the time averaged magnetic field at 
the F position due to the paramagnetic Mnt* ions. 
Its magnitude for temperatures greater than the 
transition temperature can be shown to be 


, 8°B’HoS(S+1) _ (1—3 cos";;) 


t A ? (1) 
3k(T+0) 7 





7; 


where the summation is over the Mn** sites, 6; is the 
angle between r;; and Ho and the other symbols are 
conventional. In addition, AH depended upon the 
temperature. The experimental values are, for 15.33 
Mc/sec: T=310°K, AH=118 oe; T=195°K, AH=150 
oe; T=77°K, AH=2357 oe. These values roughly agree 
with the temperature dependence of Eq. (1). 

In Fig. 2 the measured separation of the two resolved 
lines is plotted as a function of the angle between Ho 
and the b axis at 15.33 Mc/sec and 77°K. There is 


T= K 
V =15 330 KC/SEC 


Ho IN OERSTEDS 


“45 -30 -15 1S 30 45 60 75 90 105 120 135 150 


ANGLE BETWEEN Hp AND Db AXIS 


Fic. 2. Resonant magnetic field for F¥ nuclei os angle between 
Ho and the b axis with H, in the a-b plane. The theoretical angular 
dependence including contributions from near neighbors only is 
indicated, normalized to the amplitudes of the experimental data 
at d=45°. 
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plotted as well (solid line) the theoretical angular 
dependence, where we have only included contributions 
from the three nearest Mn** normalized to a best fit 
with the experimental points. From the paramagnetic 
shift at this field and temperature, one calculates an 
extreme splitting of 60 oe and an average displacement 
of 7 oe from w/yr. These values are to be compared 
with the observed extreme splitting of 77 oe and the 
observed mean shift of 277 oe, when we include the 
demagnetizing correction for our spherical sample. 

When the lines were resolved it was possible to 
determine that they were Lorentzian in shape. In 
addition, the signal-to-noise ratio was directly propor- 
tional to H; indicating that (yH1)?717:<1. This sug- 
gests that the observed line widths of the resolved lines 
(28.5 oe peak to peak of the derivative curve) arise 
from uncertainty broadening and that 7,;=7.,=1.6 
X10-* sec at 77°K. The unresolved line widths at 
310°K are consistent with this value. Considering the 
line widths to be determined by the observed hyperfine 
interaction and exchange narrowing, one can calculate 
Ti~2X10~ sec. 

At 68°K, corresponding to the antiferromagnetic 
transition temperature, the lines disappear. 

The most reasonable explanation of the large shift 
is to suppose that an electron of the closed fluorine 
shell is promoted to the Mn** ion and that the F¥ 
nucleus is immersed in the large magnetic field of its 
own unpaired electrons for some part of the time. The 
magnitude of this field may be estimated from the 
calculated ¥7(0) for an s electron. The fraction of the 
time that the electron is unpaired can then be calculated 
to be 2.5%. This promotion of the fluorine electron is 
the superexchange? mechanism and we see that nuclear 
magnetic resonance can provide a direct measure of 
superexchange. 

We should like to thank P. W. Anderson for stimu- 
lating discussions about the applicability of super- 
exchange, B. J. Wyluda for experimental assistance, 
E. F. Dearborn for growing the crystals, and J. F, 
Dillon, Jr., for helping to prepare samples. 

1N. Bloembergen and N. J. Poulis, Physica 16, 915 (1950); 


N. Bloembergen, Physica 16, 95 (1950). 
2 P. W. Anderson, Phys. Rev. 79, 350 (1950). 


Nuclear Magnetic Resonance of Si*® 
in n- and p-Type Silicon 


R. G. SHULMAN AND B. J. WyLupA 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received June 29, 1956) 


E have observed the nuclear magnetic resonances 

of Si” in high purity silicon at room temperature 

and have determined the spin-lattice relaxation time 
as a function of sample resistivity. The resonance lines 
were observed with a Varian Associates variable- 
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Fic. 1. Recorder plot of adiabatic fast-passage dispersion 
derivative. In this plot H;~3 gauss>1/yT2>1/y7T:. Modulation 
is 100 cps and ~2 gauss. Notice that the phase of line changes by 
® as a result of soaking above and below the resonance field H*. 


frequency induction spectrometer with conventional 
lock-in detector and recorder. Because of the long 
relaxation times, it was necessary to use adiabatic 
fast-passage detection’ similar to the techniques 
recently applied to quartz.? A typical plot of the 
dispersion derivative vs magnetic field is shown in Fig. 
1, which illustrates the dependence of signal phase 
upon previous history. Before passing through reso- 
nance, the sample has been allowed to equilibrate with 
an external magnetic field under the conditions H,> H* 
and H,<H*, where H, is the “soaking” field and H* 
the resonance field. In one case the positive derivative 
occurs on the high-field side of the line and in the other 
case on the low-field side. The signal is symmetric 
because the adiabatic condition is fulfilled. However, 
as H, is decreased so that yH;’ approaches wnH,, where 
Ho(t)=Hot+Hn, cosw,t, then the passage is no longer 
adiabatic with respect to the modulation field and the 
magnetization is destroyed by passing through the 
resonance. 

The relaxation times measured by this technique 
are presented in Fig. 2 as a function of the mobile 
carrier concentrations. It can be seen that 7) is inversely 
proportional to the carrier concentration for the high- 
conductivity samples but approaches an asymptotic 
value in the purer samples. Bloembergen,’ in his 
analysis of relaxation times in semiconductors, came to 
the conclusion that the relaxation of Si® in the ex- 
haustion and intrinsic ranges should be accomplished 
by an I-S interaction between the nuclear spins and 
the spins of the mobile electrons or holes. His expression 
for relaxation by nondegenerate carriers, as modified 
by P. W. Anderson to include interband transitions and 
anisotropic masses, is 


27; 


2r 


on‘ 


1 25677’6*u “(= mk -); 


where n=V (O)/ iy Av over unit cell; NV =density of mobile 
carriers; |= number of equivalent minima (six for 
n-type silicon), and m, m2, ms are the anisotropic 
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Fic. 2. Plot of Si® spin-lattice relaxation times versus 
mobile carrier concentration. 


effective masses. From this we calculate that for n-type 
silicon »=186+18. The possible error arises from the 
uncertainty in the density of mobile carriers. The 
strength of the interaction in p-type silicon is smaller 
as can be seen from Fig. 1. This is expected because of 
the purely p nature of the hole wave functions. Several 
points of interest are: 

(1) One of the p-type samples with 1X10!* mobile 
holes was an indium-doped sample. At 310°K there 
should be ~5X10"* neutral indium acceptors. By a 
spin-diffusion mechanism,’ considering the neutral 
indium atoms to be paramagnetic and perfect sinks, 
one can calculate that 7, should be several orders of 
magnitude smaller than the observed value. In some 
way the neutral acceptor’s paramagnetism is not 
effective. 

(2) The crystals were grown under different con- 
ditions, some pulled from quartz crucibles, some zone- 
refined without crucibles. No differences were observed 
because of this. 

(3) The asymptotic values of p- and n-type silicon 
are different. 





LETTERS TO 


Measurements at lower temperatures and a more 
detailed discussion of these results and experimental 
techniques will be presented in the future. 

We wish to thank Dr. P. W. Anderson for helpful 
discussions on the interpretation of these results and 
Dr. G. Feher for the loan of some equipment. 

1 F. Bloch, Phys. Rev. 70, 460 (1946). 


* Holzman, Anderson, and Koth, Phys. Rev. 98, 542 (1955). 
5 N. Bloembergen, Physica 20, 1130 (1954). 


dc Magnetoconductivity and Energy Band 
Structure in Semiconductors 


R. M. Broupy AnD J. D. VENABLES 
National Carbon Research Laboratories, National Carbon Company, 
A Division of Union Carbide and Carbon Corporation, 
Parma, Ohio 
(Received June 26, 1956) 


HEORIES of the behavior of semiconductors 

under the influence of electric and magnetic fields 
give directly the magnetoconductivity tensor (LZ), 
whereas the usual measurements give the magneto- 
resistivity tensor (P=L~'). The comparison of theory 
and experiment is ordinarily made by mathematical 
inversion of ZL. This procedure often proves unwieldy 
and limits the usefulness of the theory, usually re- 
stricting it to low or high H regions. 

The purpose of this letter is to report an experimental 
method uniquely suited to the direct evaluation of the 
components of Z. Application of this method to n-type 
germanium and silicon reproduces the known energy 
band structure. 

Our technique consists in rotating H in one particular 
plane of crystalline symmetry, but in different sample 
planes in several experiments; all components of P can 
then be measured using only the usual Hall and re- 
sistivity probes—thence, L can be computed vs the 
position of H in the crystal plane. For cubic materials, 
which are here considered, only a single rectangular 
sample, cut with all three directions on axes of cubic 
symmetry, is required. The application to materials of 
other structure and to other directions in cubic materials 
becomes obvious. 

Let ¢ be the angle between H and a direction of cubic 
symmetry, H being rotated through a plane of cubic 
symmetry. Then Fig. 1 shows how one can obtain all 
four (the number is reduced due to the symmetry of the 
experiment) independent components of P(¢) by 
measurement of P;; and P2: for both ¢ and y. (P23 is 
the “planar hall” field first reported by Goldberg and 
Davis.'!) We have thus far performed the experiment at 
80°K for n-type germanium and silicon. The so-obtained 
L(#) contains considerable information about the band 
structure. 

We have developed the theory for this experiment 
in the mass tensor approximation: Using the distri- 
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Fic. 1. Measure- 
ment of the magne- 
toresistivity tensor 
for cubic materials. 


Pi(0) Poe) P3,(@) = -P2,(90- ¢) 
Pas@)=PulW)  Poold)*Py(90-¥) Pp lel Py ¥) 
P\(@) = Ppa) Pelt) =P,(e) 


bution function of Biochinzey and Nordheim,? we 
obtain: 


é 
j=- -[o'F+ (e/c)p'(M 'F x H) 


dar 


+(e/c)?\!(MH/|M!)(F-H)]}, (1) 


(0 fo ‘ OE) rvvdQ 


Cor= 


l= a4 > ‘i ? 
| creme |M|) 


where p! and 2! are identical to o! but for the replace- 

ment of r by 7? and 7’, respectively. Using the relation 

v=AM~k, a theorem of Herring’ concerning the 

equality of energy shell averages, and the original 

distribution function of Bronstein,‘ Eq. (1) becomes 
e 

j=- —[oMF + (e c)(1/|M|)p(MHXF) 


On 
+(e/c)?(1/|M|)\H(H-F)], 
(0 fo/dE)r (£)EdQ 


mf 1-+[er/cP(MH-H/|M|) 


(2) 


with similar expressions for p and ) in r and 7’. Thus, 
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Transverse magnetoconductivity for n-type germanium. 
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the transport integrals become scalars but are functions 
of H, making a convenient and simple calculation 
possible. These results and all the following are valid 
for all |H|. 

L(@) has been calculated from (2) by using the mass 
tensors for the three simplest cubic solutions (see, e.g., 
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Shibuya®): 100-type spheroids (case A), 111-type 
spheroids (case B), and 110-type spheroids (case C). 
In the principal axis system E=}h((k2+h,?)/b 
+k,?/a]. We show here only the results for L1:4(¢) and 


2+ (wr)*(1+a/b) 





1 
_ aol = F (0 fo/0E)rEdQ 


Cie) 


67° 


“14 (wr)*(1+a/b)+ (wr)[ (a/b) +3 (1—a/b)*(sin24)*] 


Lu3(¢): 


2+ (wr)?X}(2+a/b) 





=" 
——1L1?=§ 
e 


a 
() (2+) f (8 fo/ aE) i0| 1+ (wr)? 


Lu® is of the form CyLi.4+C2Li*, w= (eH)/(ab)#c. 
Figures 2 and 3 show the experimental Zi:(¢) for 
n-type Ge and Si. Comparison of theory and experi- 
ment shows directly that the spheroidal assumption is 
the correct one and that case A must hold for Si and 
case B for Ge, in agreement with other work. Within 
experimental error, the angular dependence of the 
integrands exactly matches the experimental curves; 
thus r probably does not vary strongly with energy. 
Further application of the theory has resulted in the 
following relations for K=a/b for cases A and B, 


respectively : 
aes) 


| Ly — (Loot Les) 45° 
K(L,,">- Ly*") —_ 2Lo3 
B 
| Les 1/K) 
(~ ——) 


pr’+(RH)*—popr 
These expressions hold independently of any assump- 
tion on 7 except that it be constant on a surface of 
constant energy. Comparison with experiment gives 


K+(1/K)—2 
K(1+K)—2 
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Fic, 3. Transverse magnetoconductivity for n-type silicon. 
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K=15.540.5 for Ge and K=5.2+0.5 for Si. The 
accuracy can be improved by working at higher |H| 
and lower temperature. Comparison of various com- 
ponents of L(¢) shows that K>1 in both cases. The 
latter relation indicates a simple method for finding K 
for case B from pz, pr, and po (longitudinal, transverse, 
and zero-field resistivity) and R (Hall constant in the 
appropriate units). In addition, having found the 
effects of the band structure on the transport integrals, 
one is at liberty to make more exact investigations on 
the behavior of r. Further and more complete details 
will be subsequently reported. 

'C. Goldberg and R. E. Davis, Phys. Rev. 94, 1121 (1954). 

2D. Blochinzev and L. Nordheim, Z. Physik 84, 168 (1933). 

°C. Herring, Bell System Tech. J. 24, 237 (1955). 


‘M. Bronstein, Physik. Z. Sowjetunion V2, 28 (1932). 
5M. Shibuya, Phys. Rev. 95, 1385 (1954). 


Acceptors Quenched into Germanium 


SUMNER MAYBURG 
Electronics Division, Sylvania Electric Products, 
Woburn, Massachusetts 
(Received April 13, 1956) 


ECENTLY Logan! and Hopkins and Clarke have 

presented evidence which seems to be contra- 
dictory to my earlier experiments* and which appears 
to be mutually contradictory. The purpose of this Letter 
is to point out that the differences among us can be 
rationalized by noting the effects of dislocations on the 
annealing process which Logan has found. 
[{‘Logan claims that my data on the number of ac- 
ceptors quenched into Ge are larger by a factor of 5 
than his. However, if my data are plotted along with 
Logan’s, they are extremely close to the curve which 
Logan has drawn through his n-type data. My sample 
was 30 ohm-cm n-type, and therefore, it may be argued 
that the number of acceptors I observed should be 
compared with Logan’s data taken on p-type Ge. If 
this be the basis of comparison, Logan’s data and mine 
differ by a factor of at most 2.2. This factor includes the 
correction for the fact that my acceptor concentrations 
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were measured at dry ice temperatures while Logan’s 
were measured at room temperature. Furthermore, 
Logan’s points scatter as much as 100% from the line 
drawn through them, while my data when plotted 
yielded a rather good straight line. It therefore seems 
to me that, within the possible experimental errors 
inherent in this kind of experiment, Logan’s and my 
results agree for the number of acceptors quenched into 
Ge. Furthermore, we both find the same activation 
energy of 2 ev. 

Logan’s method of quenching is to drop his samples 
into an oil bath. His quench time is clearly faster than 
the quench time used in my experiments where the 
sample cools by its own radiation. On the other hand, 
this is not to say that one can conclude from Logan’s 
data that I could not possibly have quenched fast 
enough to trap these defects. Logan’s shortest annealing 
time is of the order of one minute; in order to conduct 
annealing experiments to determine whether a given 
quench is fast enough, he would need to control anneals 
for periods of only a few seconds. My quenching rate 
was 100°C /sec initially and 5 seconds were required for 
the sample to cool to 500°C. 

Logan has provided an interesting new fact on the 
quenching problem when he studied the effect of dis- 
locations on the annealing rate. Logan found that in a 
sample with a dislocation density of 10®/cm? (measured 
by etch pits) he could not quench in any acceptors. 
Clearly, this is an indication that dislocations influence 
the speed of annealing of the defects produced by the 
heat treatment. In the process of dropping samples 
into the oil bath, it would be quite likely that some 
dislocations were introduced through plastic flow during 
the thermal shock associated with the quench. Possibly 
for this reason Logan’s samples anneal much faster 
than my sample. On the other hand, the nature of his 
annealing curves is very similar to the annealing I 
observed. 

Because of the obvious importance of dislocations on 
the annealing rate which Logan has shown, I have had 
the dislocation density measured in the sample which I 
used for my annealing experiments. We‘ found a dis- 
location density of 10*/cm? by counting CP4 etch pits 
on the (111) surface. This density is typical of the 
dislocation density for crystals pulled from the melt, 
indicating no noticeable production of dislocations 
during my heat treatment. I, therefore, would like 
to suggest that the apparent differences between the 
annealing rates in Logan’s experiments and in mine 
arises from different dislocation densities. 

As far as the experiments of Hopkins and Clarke are 
concerned, it is conceivable that no quenched defects 
were observed because the dislocation density in their 
samples might have been too high for their quench rate. 
It seems clear from the importance of the dislocations 
on the annealing process that any future experiments 
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in this field should include measurements of dislocation 
density. 

1R. A. Logan, Phys. Rev. 101, 1455 (1956). 

2 R. L. Hopkins and E. N. Clarke, Phys. Rev. 100, 1786 (1955). 

3S. Mayburg, Phys. Rev. 95, 38 (1954). 


4S. A. Kulin and M. Dumais of the Lincoln Laboratories were 
kind enough to check our measurement of etch pit density. 


A°-Nucleon Forces* 


Don B. LICHTENBERG AND MArc Ross 


Department of Physics, Indiana University, Bloomington, Indiana 
(Received June 29, 1956) 


~~ analysis of the binding of A° hyperons in nuclei 
by Dalitz' has produced some definite information 
on the A-nucleon force. In particular the forces are 
strong and highly spin-dependent. It is the purpose of 
this note to show how this result may be predicted by a 
simple field-theoretic model, assuming the forces are 
due only to exchange of pions.? We assume spin } for 
the A and © and give them the same parity. The form 
of the fixed-source Hamiltonian is then prescribed for 
processes 

A@z+7. (1) 


Instead of writing this directly, the interaction is more 
conveniently expressed in terms of a model of some 
intrinsic interest,’ i.e., consider the A and & as cor- 
responding singlet and triplet isotopic spin states of a 
bound nucleon and some other isotopic spin 4 particle 
(such as the 6 meson). This picture, coupled with the 
assumption that the 6, say, does not interact with pions 
and so plays only a geometrical role, is equivalent to 
the assumption above. Now the A-nucleon potential 
is expressed in terms of the usual fixed-source pion- 
nucleon Hamiltonian 


H= Dox a(GtaViat Gia* Via"), 
Via= (th/u)[o-k/(2ux)*]ra. (2) 
We must, of course, consider that the coupling constant 
h may be different from the usual constant f. We shall 


consider only fourth order diagrams. All crossed dia- 
grams plus diagram (b) of Fig. 1, are those usually 


N 








Fic 1. Some processes 
considered in the A-nucleon 
potential. 
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Fic. 2. The calculated A-nucleon potential for /?=0.14/°, 
f?=0.08. The three curves are the singlet potential (S), the triplet 
central potential (7C), and minus the triplet tensor potential 
(—TT). 


summed to obtain the fourth order of the two-nucleon 
potential. The uncrossed diagrams such as (a) of Fig. 1, 
with no mesons present in oné intermediate state, are 
different from those usually considered in the two- 
nucleon problem.‘ The energy denominator in the zero- 
meson intermediate state is just A=M:—M,=80 Mev. 

The evaluation of the potentials is straightforward. 
The integrals are easily performed in closed form if we 
neglect A compared to w in the energy denominators. 
Noting that the expectation value of -*2 in the 
A-nucleon system vanishes, we obtain for the un- 
crossed diagrams such as that of Fig. 1(a): 


— 3[K? f?/ (4ar)* ](u?/A) (e**/x*) 
a-%- 13°06 
x| (14-4544) 
s ££ x x 
2. S. £3 
+ioi-0 A(- re er ae ) 
. nea 43 x4 


SS. 42 °-% 
-15.(- +ot+ot— =)|, 
= 


VoO— 


x 


where x=ur and h=c=1. For the remaining contri- 
butions, merely set *:-t2=0 and let f*~/*h? in the 
expression given, for example, by Brueckner and 
Watson.‘ As might be expected, the V® is about five 
times as large as the latter potential except in the 
singlet state where V is very small. 

The total potential (see Fig. 2) is very singular near 
the origin as in the two-nucleon case. Since the static 
model fails for small x, these potentials are not valid 
there, and we therefore adopt repulsive cores for +< xo, 
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in analogy with the two-nucleon case. The quantitative 
results are sensitive to the core, so we will just illustrate 
the situation roughly with two examples. In the fol- 
lowing the relatively weak tensor force has been neg- 
lected and distances are expressed in meson Compton 
wavelengths. There is a strong attraction in the triplet 
state which we know experimentally should not bind 
the A-nucleon system (at least, not strongly). Then let 
us ask: (A) what core radius corresponds to a just 
unbound state using h?/4r= f?/4r=0.08; and (B) what 
coupling constant h® corresponds to a just unbound 
state using the Brueckner-Watson two-nucleon radius 
xo=0.3.° The results are approximately : 


(A) : xo= 0.49, ro= 135, 
(B): #=0.14f?, ro=1.04, 


where the ro’s are the corresponding triplet effective 
ranges. Equivalent square-well potentials® have ranges 
equal to ro. Their depths and volume integrals, 
U=— SV dr in Mev cm*X 10-*, are: 


(A): Vo=26 Mev, U=710, 
(B): Vo=44 Mev, U,=570. 


These results compare with the empirical value of 
Dalitz (assuming that the spin of the A is } and its 
parity is +): U,=380. In the singlet state the attrac- 
tion is too weak to dominate the repulsive core and a 
discussion of the volume integral of the equivalent 
square well is not meaningful. However, a crude esti- 
mate of the role of such a hard core potential in a 
nucleus, assuming the nucleon-nuclear forces are rela- 
tively long-ranged, indicates that U,~—U,, a result 
which agrees to an order of magnitude with Dalitz’ 
finding: U’,= —480. Thus this model is qualitatively 
in agreement with the highly spin-dependent A-nucleon 
force. 

The authors would like to thank Dr. J. S. Kovacs for 
helpful discussions. 


* Supported in part by the National Science Foundation. 

'R. H. Dalitz, Proceedings of the Sixth Annual Rochester Con- 
1956 (Interscience 
Publishers, Inc., New York, to be published). 

2 Forces due to exchange of K mesons have received special 
attention up to the present. See, for example, K. Nishijima, 
Progr. Theoret. Phys. 14, 527 (1955) and G. Wentzel, Phys. Rev. 
101, 835 (1956). 

3M. Goldhaber, Phys. Rev. 101, 433 (1956). 

‘We follow the procedure of K. A. Brueckner and K. M. 
Watson [Phys. Rev. 92, 1023 (1953) ] in making this statement 
about the two-nucleon potential. Fukuda, Sawada, and Taketani 
[Progr. Theoret. Phys. 12, 156 (1954) ] have shown that the 
omission of those diagrams corresponding to repetition of the 
second-order potential is not quite correct. This omission seems 
reasonable, however, if the potential is used only in a low-energy 
region. Of course, there is no ambiguity in deciding which fourth 
order diagrams to evaluate in the A-nucleon potential, since 
second-order diagrams are absent. 

5 The authors would like to thank Dr. M. Sugawara for in- 
formation about the repulsive core in the two-nucleon potentials. 
See also, Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 
217 (1954). 

* A proper investigation should of course be made of such hard- 
core potential in A-nucleus systems. This difficult task is not 
undertaken here; instead we feel that it is reasonable to consider 
the A-nucleon square- -well potential yielding the same low-energy 
scattering results, 
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Evidence for Reduction of M1 K-Shell 
Internal Conversion Coefficient 
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HE internal conversion coefficients calculated by 
Rose et al.! assume a point charge for the nucleus. 
Calculations of Sliv? indicate that the finite nuclear 
size should appreciably reduce the M1 K-shell internal 
conversion coefficient for high Z. The very limited 
experimental evidence which has been reported *:* seems 
to confirm this reduction. We wish to report information 
on K-shell internal conversion coefficients and values 
for E2/M1 derived from Coulomb excitation experi- 
ments which give evidence in support of this reduction. 
The ratio of K x-rays to gamma rays for a-particle 
Coulomb excitation of nuclei with Z=73 to 83 has been 
determined. From these measurements, one can deduce 
the K-shell internal conversion coefficients for several 
gamma-ray transitions. The absolute yields of K x-rays 
and gamma-rays were measured with a 3-inch X3-inch 
Nal(Tl) scintillation spectrometer for 3.0-Mev a 
particles incident on thick targets. The yield of K 
x-rays resulting from the stopping of the a particles 


3x 1072 
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— K X-RAY YIELD ———;— 











Fic. 1. Yield of K-shell vacancies resulting from the stopping 
of 3-Mev a particles incident on thick targets as a function of Z. 
Ix, the number of K-shell vacancies per microcoulomb of singly 
charged helium ions, is the yield of K x-rays corrected for the 
fluorescent yield. 
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is as much as two times smaller than the yield of K 
x-rays resulting from internal conversion of nuclear 
y rays following Coulomb excitation. The number of 
K-shell vacancies produced by the stopping of the 
a particles in targets of different Z was determined for 
a few elements for which either there is no appreciable 
nuclear excitation (Bi, Pb, Tl, and Ce) or the yield of 
K x-rays from internal conversion could be determined 
from the intensity of the nuclear y ray of known E2 
multipole. The results are given in Fig. 1. No correction 
is assumed for £2 K-shell internal conversion coeffi- 
cients, a2“. (A reduction in a2“ would produce an even 
larger reduction in 6;*.) In the cases of W'*, W!86, and 
Os, the yield of K x-rays from internal conversion was 
67%, 58%, and 10% of the total yield, respectively. 
The X-shell internal conversion coefficients deduced 
for several y-ray transitions in odd-mass nuclei are 
listed in Table I. The £2 and M1 internal conversion 
coefficients ao* and 6;* are taken from Rose et al. 

Tantalum-181.—E2/M1 ratio is taken from direc- 
tional angular correlation measurements® which have 
been reinterpreted in light of the new spin assign- 
ments*® for the 482- and 615-kev states in Ta!®!. 
With this £2/M1 ratio and using aX and 6;* as given 
by Rose, the expected aX is 1.57+0.10 and the yield 
of K x-rays from stopping 3-Mev a particles on a Ta 
target would fall well below the curve of /x/Z‘ vs Z as 
shown in Fig. 1. We list in Table I the reduction factor 
G to be applied to 8“, assuming no correction for ae*, 
to fit the experimental ax)“. If we were to assume a 10% 
reduction of aX for the measurements on W!*, W!86, 
and Ta'*!, the factor G becomes 0.49 for the 137-kev 
transition in Ta!*, 

Gold-197.—From the angular distribution of the 
277-kev y rays following Coulomb excitation we know 
(E2/M1)!=— (0.75+0.20).2 The large uncertainty in 
E2/M1 results from the fact that A», the angular dis- 
tribution coefficient, has a broad maximum at this 
value of E2/M1. This uncertainty has been reduced 
by a polarization-direction measurement which is 
rather sensitive with regard to E2/M1 (a brief account 
of this type of measurement has already been re- 
ported.) This result for E2/M1 in Table I is not com- 
patible with the E2/M1=0.12+0.03 deduced from a 
y—vy directional correlation measurement by Kane and 
Frankel." Using their result, the factor G is 0.70. 


TABLE I. Evidence for reduction of M1 K-shell internal 
conversion coefficients. The reduction factor G is given 
by Qexp* = I ge gk + Ty 6i1*G. 








Ey 
Nucleus (kev) E2/M1 aexpX anXk Bik G 


0.2540.10 1.05 +0.15 
(1/9) 


1.50 +0.29 
0.30 £0.07 
2.25 £0.25 





0.65 +0.15 
0.69 +0.15 


0.47 1.84 
0.48 2.34 


7aT a's! 137 
7sRe!8? 134 
75Relss 128 
7eAul9? 277 
a T1228 279 


2.10 +043 0.54 
0.29 +0.03%.> 0.077 
0.159 +0.004¢ 0.0763 


2.65 
0.45 
0.53 


0.79 40.12 
0.65 +£0.07 








* Huber, Halter, Joly, Maeder, and Brunner, Helv. Phys. Acta 26, 591 
1953). 


b J. W. Mihelich and A. de-Shalit, Phys. Rev. 91, 78 (1953). 
° See reference 4. 
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Thallium-203.— Extensive measurements of the 
internal conversion coefficients of the 279-kev transition 
in Tl? have recently been made by several groups of 
workers.** Starting with experimental values for a*, 
eI, and a" and with the assumption Gce=Gu;=Gin 
they found £2/M1=1.38+0.25 and Gx=0.53+0.08. 
Since this reduction factor depends rather decisively on 
the value of £2/M1, we felt that a measurement of 
E2/M1 independent of internal conversion coefficients 
would be desirable. The measured angular distribution 
of the 279-kev y rays following Coulomb excitation 
could be fitted equally well by (£2/M1)'=1 to 2. 
However, a polarization-direction measurement is very 
sensitive to this range of (E2/M1)? for a transition of 
the type 3/2(£2+M1)! and the value observed for 
E2/M1 is listed in Table I. 

Rhenium-187, -185.—These transitions are of limited 
value as evidence for a reduction in 8,“ because of the 
uncertainty in E2/M1. The determination of the 
E2/M1 value from the angular distribution is un- 
favorable for these transitions because the transition 
of the type 7/2(£2+M1)5/2 is nearly isotropic for a 
wide range of E2/M1. The angular distributions have 
been measured and they are found to be isotropic. A 
K/L measurement has been made for the transition in 
Re!87, ® and the £2/M1 value of 1/9 is based on this 
measurement. 


1 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951) and “Tables of internal conversion coefficients” (privately 
circulated by M. E. Rose). 

*L. A. Sliv, Zhur. Eksptl. i Teort. Fiz. 21, 77 (1951); L. A. Sliv 
and M. A. Listengarten, Zhur. Eksptl. i teort. Fiz. 22, 29 (1952). 
8 A. H. Wapstra and G. J. Nijgh, Nuclear Phys. 1, 245 (1956). 

* Nordling, Siegbahn, Sokolowski, and Wapstra, Nuclear Phys. 
1, 326 (1956). 

5 F. K. McGowan, Phys. Rev. 93, 471 (1954). 

*H. Paul and R. M. Steffen, Phys. Rev. 98, 231 (1955). 

7 Heer, Ruetschi, Gimmi, and Kundig, Helv. Phys. Acta 28, 
336 (1955). 

8’P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 
Ser. II, 1, 264 (1956). 

* F. K. McGowan and P. H. Stelson, Phys. Rev. 99, 127 (1955). 

”P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 
Ser. IT, 1, 164 (1956). 

uJ. V. Kane and S. Frankel, Bull. Am. Phys. Soc. Ser. IT, 1, 
171 (1956). 

2 Cork, Brice, Nester, LeBlanc, and Martin, Phys. Rev. 89, 
1291 (1953). 


Beta Decay of a C® Nucleus* 
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N a systematic survey of photographic emulsions, 
exposed to 3-Bev protons, for excited nuclear frag- 
ments, a connected double star was found which is 
interpreted to be the disintegration of a C* nucleus. It 
was thought worthwhile to describe the event in detail 
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Fic. 1. A photograph of an event interpreted as the beta decay 
of C*. The C* nucleus (track F) was produced in star (A) and 
disintegrated into a proton, two alpha particles, and a positron 
(tracks 1, 2, 3, and 4, respectively). 


since there has been no evidence for a long-lived C® 
nucleus. 

A photograph of the connected stars is shown in Fig. 
1. The primary star (A), which was probably produced 
by a neutron, has three outgoing tracks. Track F is 
saturated, 6.2 microns long and was caused by a slow 
multiply-charged particle. The absence of 5 rays and 
the presence of some visible scattering along F suggest 
that the particle came to rest before it gave rise to the 
secondary star (B). The secondary star which appears 
at the end of track F consists of four charged particles. 
The main characteristics of the secondary star and the 
fragment are given in Table I. Measurements of 
multiple Coulomb scattering and grain density along 
track 4 indicate that it was caused by a 3.1-Mev 
electron. Tracks 1, 2, and 3 are coplanar to within one 
degree. The coplanarity strongly suggests that the 
fragment that caused track F came to rest before it 
decayed and that no neutrons were involved in the 
decay. Since track 1 was produced by a singly-charged 
particle, the coplanarity and the momentum balance 
uniquely determine that the particles which produced 


TABLE I. Characteristics of C® decay. 











Range in 


Energy in 
microns y 


Identification Mev 


6.2 Oo 

341.0 P 
9.9 He* 
7.8 





Het 


9.4 
7.6 
2.7 
2.1 
3.1 
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tracks 1, 2, and 3 were a proton and two alpha particles, 
respectively. With this assignment, the momentum 
unbalance for tracks 1, 2, and 3 is 15410 Mev/c. 
Depending on the sign of the charge of the beta particle, 
the fragment (track F) was either Be® or C*. Since Be® 
is stable, the fragment was probably a C® nucleus and 
the beta particle was positive. The possible decay 
schemes are 


(1) 
(2) 


C*Be*+ p+v+6+Qi, 
Be*—He'‘+ He'+(Q2, 


(3) 


The similarity in the energy of the two alpha particles 


C*—He'+ He!+ P+v+6+Q3. 
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suggests the formation of Be® in an excited state, in 
which case Q is found to be 3.8 Mev. 

For the decay scheme (3), the value of Q; is found 
to be greater than 15.4 Mev. Of course the energy of 
the neutrino cannot be measured. However, if (3 were 
greater than 16.4 Mev, C® would be unstable against 
decay into B® and a proton. Hence the maximum 
energy of the neutrino is 1.0 Mev. The limits on the 
mass of C® are 8408.6 and 8409.6 Mev. 

The authors are greatly indebted to Dr. George 
Collins and Dr. R. K. Adair for their assistance in 
exposing the plates. 
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